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PREFACE 


llie present volume is, in part, the outgrowth of a text publish 3 d 
by the author in 1930. That book, bearing the title ^^E]le(?tricity and 
Magnetism, was designed to serve as the basis of a 3~hr semester course, 
following a course in general college physics. The original text went 
through several printings, but because of the exigencies of war, with the 
resulting destruction of the plates, the book is now out of print. Because 
of this fact, and because the field has greatly expanded, the author has 
i)een led to prepare a new and more comprehensive text. 

Th(‘ present otfeiing is d(^signed to present the material hich would 
iKjrmally be covered in a 3-hr year course given to juniors and seniors 
in colkiges and univei’sities. The text is based on the assumption that 
the student has had a thoi-ough course in general college physics and 
that he is also' acRjuainted with differential and integral calculus. The 
material presented is intended to serve as a basis for advanced study in 
physics and chemistry and also to lay the foundation for courses in 
electrical engineering. 

The text embodies t}>e experience gained from many years of teaching 
the subject and from engineering practice. The constructive criticism 
of both teachers and students who used the original shorter text has 
also been an important factor in the preparation of the present volume. 
It is believed that the order of presentation will be found to be logical 
and adapted to students^ needs. 

The electron theoiy of matter has been adopted throughout the 
text. Such a procedure raises the question as to what convention should 
be followed in regard to the direction of the el(‘ctric current. It is 
fairly well agreed that the time has come when formal steps should bo 
taken to abandon the ancient convention that the current proceeds 
from a point of high potential to a point of lower potential. However, 
the older convention is so thoroughly incorporated in the literature of 
the subject that it has been felt that undue confusion would result if a 
single text w^ere to adopt the newer (and correct) convention. Accord- 
ingly, the author has, in the main, followed the established custom. 
Often the direction of both the electron and the conventional current 
has been indicated. In discussing electrolytic and electronic phenomena 
the direction of electrons is in all cases indicated. 
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It is to be hoped that, in the near future, the American Institute of 
Electrical Engineers and the Institute of Radio Engineers will jointly 
take formal action in this matter, to the end that our conventions may 
conform to known facts, rather than tradition. 

The terminology and symbols are in accord with the recommendations 
of the AIEE. 

In the discussion of principles and laws an effort has been made to 
lead the student to see how analytical tools, in the form of working 
equations, are developed and applied. In that connection special 
attention has been given to a discussion of the units involved. Certain 
analytical problems are left for the student to solve. 

In a few instances a concept has been referred to before it has been 
discussed in detail. In a subject as broad as modern electricity and 
magnetism, this is inevitable. However, in such cases reference to the 
place in the text where that particular subject is discussed is always 
given. 

The problems are more or less graded as to difficulty, and the data 
involved are taken largely from actual cases. 

References to specialized texts and original papers will be found 
embodied in the text itself rather than in footnotes. It has the 
author's experience that students pay little attention to footnotes or to 
references placed at the end of chapters. Students should be encouraged 
to examine original sources. 

It is the hope of the author that the present volume will be as favor- 
ably received as its predecessor and that it may be found to serve as a 
thorough foundation for advanced study in this field. Information 
Concerning any errors which may be noted will be gratefully received. 

Charles A. Culver 

Northfield, Minn. 

July, 1947 
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CHAPTER I 
INTRODUCTORY 

1. The Constitution of Matter. Any discussion of the theories, con- 
cepts, laws, and applications of electricity and magnetism necessarily 
involves an examination of our understanding of the nature of matter. 
At the present time the picture may be sketched as follows. 

All atoms are considered to be made up of certain electrical entities, 
these entities being associated in various ways, and subjec^t to certain 
laws. In certain respe(‘ts the most important of these entities is the 
electron, the smallest quantity of negative electricity yet isolated. As 
we shall see later, the orderly migration of elec^trons constitutes what we 
commonly speak of as an electric current. An atom appears to consist of 
a relatively massive central assembly of entities called the nucleus, about 
which revolve definite configurations of electrons. It is thought that 
each orbital electron spins about a symmetrical axis. 

A second elementary electrical entity, the positron, having the same 
mass as the electron is known to exist; though its existence as an inde- 
pendent entity is more or less transient. This entity will not concern us 
greatly. 

The basic positive electiical charge is the proton, having a charge 
equal to that of the electron and a mass approximately 1,838 times that 
of the electron. The proton constitutes the nucleus of the ordinary 
hydrogen atom. 

There is also evidence tending to indicate the existence of an entity 
known as the mesotron. This particle appears to have a mass of the 
order of 200 times that of the electron. Some mesotrons have been 
observed which exhibit a positive charge; others show a negative charge. 
These entities are transient and will enter but little into the discussions 
which follow. 

A fifth entity is known as the neutron. This particle^’ is considered 
to be made up of a proton closely associated with an electron. As its 
name implies, it does not manifest a charge. 

Still another particle is designated as a deuteron. This entity 
consists of a neutron and a proton. It extiibits a positive charge, and is 
in fact the nucleus of the heavy hydrogen atom. It has twice the mass 
of the proton. 

An entity which will enter into our discussions in a later chapter is 
referred to as the alpha particle. This particle consists of a fairly closely 

1 
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associated group of two neutrons and two protons. It exhibits two 
positive units of charge and has a mass four times that of the proton. 

The manner in v\ hich tlu^se various entities are associated in an atom 
is illustrated in the structure of the helium atom. The nucleus of an 
atom of helium gas consists of two neutrons and two protons. Tvv^o 
orbital electrons complete the structure (see last item in the following 
chart). The nucleus of the helium atom constitutes the a-particle, as 
indicated above. The orbital electrons of all atoms move about the 
nucleus in definite paths; the orbits are probably not coplanar, and have 
different radii. For reasons which we shall examine later, a given orbital 
electron may shift its orbit to one having a smaller or a greater radius. 
Some of the orbital electrons of certain atoms may be detached from the 
atomic structure of which they form a part. The means whereby this 
may be accomplished will form the subject matter of a later chapter. 
In the case of metals at least some of the orbital electrons appear to move 
more or less freely from atom to atom, though at any given instant each 
atom has its normal complement of electrons. These meandering^’ 
electrons are referred to as free electrons. We shall find that, by suitable 
means, it is possible to cause these free electrons to move in an orderly 
fashion, thus establishing what has already been referred to as an elec- 
tric current. Bodies that exhibit this electronic behavior are classified as 
conductors. There are, however, bodies in which little if any interatomic 
movement obtains; such bodies are referred to as nonconductors or 
insulators. The chart that follows may serve to show, in a diagrammatic 
way, the facts briefly referred to above. The foregoing outline, together 
with the following chart, will serve as a preliminary basis for our discus- 
sion of charges at rest (electrostatics) and charges in motion (electro- 
dynamics). Later we shall examine the subject of the electrical nature 
of matter in greater detail. 

2. A Charge. It is important to arrive at a clear understanding of 
the terms “a charge’’ and **a charged body.” What do these expressions 
mean? On the basis of the electron theory of matter, neutral atoms are 
those in which just enough electrons are present to neutralize the positive 
charges (protons) in the nucleus. If, by any means, one or more of 
the electrons of an atom be removed, the remainder of the atomic struc- 
ture will manifest a positive charge, and the body of which it form^ a 
part will exhibit a positive charge. If, for example, one of the orbital 
electrons of a helium atom were to be removed, the remainder of the 
atoms would show a positive charge. For instance, if a piece of silk 
cloth be brought into intimate physical contact with a glass rod and then 
these two bodies are separated, it will be found that the silk has gained a 
number of electrons and the glass has lost an equal number. Thus the 
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glass becomes positively charged and the silk negatively charged. Elec- 
trification is thus seen to consist of the transfer of electrons to or from 
a body. A charged body thus may be said to be one that has a shortage, 
or an excess, of electrons. It will thus be seen that we are to be con- 

NUCLEAR CHART 

ENTITIES GRAPHIC COMPOSITION 

REPRESENTATION 

ELECTRON 0 ELEMENTARY 

POSITRON 0 ELEMENTARY 

(HYOROCEI? NUCLEUS) E ELEMENTARY 

MESOTRON ^ A C?) 


NEUTRON Q (?) 


DEUTERON 
(HEAVY H NUCLEUS) 



1 NEUTRON 
+ 1 PROTON 


ALPHA RMITICLE 
(HELIUM NUCLEUS) 



2 NEUTRONS 
42 protons 



2 NEUTRONS 
4 2 PROTONS 
42ELECTR0NS 


cenied, chietl 3 ^ with electrons. It will therefore be convenient, in the 
discussions which are to follow, to think of electrons as discrete entities. 

3. Units of Charge. As we proceed, we shall have occasion to deal 
with definite numbers of electrons, i.e., with specific quantities of charge. 
It becomes necessary, therefore, to establish a unit of electrical quantity. 

As already indicated, the smallest definite quantity of electricity (or 
charge) that has been isolated is the electron, and all larger quantities 
are found to be exact multiples of this fundamental unit. Since the 
electron is an exceedingly small quantity of electricity, it is customary to 
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use a larger unit of quantity. Since, as we shall see later, electrical 
charges produce certain definite mechanical force actions, it is convenient 
to define unit charge in terms of the fundamental unit of force. Stated 
thus, it may be said that unit quantity of electricity is that quantity which 
when concentrated at a point in a vacuum at a distance of 1 cm from an 
equal and similar quantity of charge will be repelled by a force of 1 dyne. 
This is an arbitrary, but convenient, quantity in which to express the 
magnitude of electrical charges. It will be noted that we here revert to 
the basic unit in mechanics as a starting point from which to build up a 
system of electrical units. This intimate relation between the science of 
mechanics and the domain of electricity will become more apparent as 

proceed. 

The unit above defined is known as the electrostatic unit of charge 
and is commonly abbreviated by the letters esu. In terms of this unit, 
the electron has a value of (4.8029 ± 0.0005) X 10~^^ esu. For most 
purposes of ordinary computation 4.8 X lO""^^ may be taken as a working- 
value. This electronic charge value is commonly designated })y the lettei' 
e. The electronic charge e is one of the basic quantities in science and is 
comparable in importance with such quantities as g, J, h, and r. The 
student should fix the magnitude of this quantity clearly in mind. While 
the electrostatic unit of quantity is very much larger than the charge 
represented by the electron (there are more than 2.08 X 10^^-— over 2 bil- 
lion — electrons in 1 esu), it is, however, inconveniently small when deal- 
ing with practical quantities of electricity. Hence a multiple of the 
electrostatic unit has been agreed upon; it is known as the coulomb and is 
equivalent to 3 X 10® esu. On this basis the electron has a value of 
1.601 X 10“^® coulomb. The reason for taking the particular number of 
esu, as indicated above, to serve as a practical unit of quantity (the 
coulomb) will become apparent in later discussions. 

The electrostatic unit of quantity is frequently referred to by the 
name statcoulomb. Statcoulomb and electrostatic unit are therefore 
synonymous. 

For convenience, positive charges are designated by a + sign, and 
negative charges by a — sign. 
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THE ELECTRIC FIELD 


4. First Law of Electrostatics. Du Fay, an earJy F rench investigator, 
found that unlike charges exert an attractive force for one another and 
like charges a repellent force. This may be thought of as the first law 
of electrostatics. No satisfactory explanation of this force action has 
as yet been arrived at by the scientific world. Apparently Faraday 
could not accept the idea of action at a distance. To him, and to 
others, it seemed more reasonable to assume some sort of a universal 
medium, and that electrostatic stresses developed strains in this hypo- 
thetical medium. On this basis Faraday introduced certain conventions 
that, it may be said in passing, still serve a useful purpose. He thought 
of lines of force having their origin on positive charges and terminating 
on negative charges. Faraday considered these lines to be under tension 
longitudinally and subject to mutual repulsion laterally. Today we 
utilize these hypothetical lines to represent direction of force action, and 
the number of the lines per unit area to represent what we shall presently 
define as field strength. Whether we postulate the existence of a uni- 
versal medium, or proceed on the basis of ‘‘action at a distance,’^ we do 
know that the space in the vicinity of a charge exhibits certain special 
characteristics, and that these properties can be graphically represented 
by the lines-of-force convention. A region in which an exploring (test) 
charge experiences an electrostatic force action is said to constitute an 
electrostatic field. A graphic representation, in one plane, of such a 
field in the region of two equal charges is shown in Fig. 1. 

There is no such thing as a completely isolated charge. The lines of 
force in Fig. lb terminate somewhere on an equal and opposite charge. 
If, however, a given charge is far removed from its complementary charge 
we sometimes speak of it as an “isolated charge. The arrows indicate 
the direction in which a positive test charge would tend to move. In 
making use of these conventions, however, the student should keep clearly 
in mind that the lines have no physical existence ; they are used solely 
to assist in setting up a graphic representation of a field of force. 

6. Second Law of Electrostatics. In 1784, Coulomb reported the 
results of an important experimental investigation which he had carried 
out to determine the relation between the magnitude of reacting charges 
and the resulting force. By means of a torsion balance, he compared the 
mechanical force between two small electrified bodies when separated 
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by different distances in air. While the experimental conditions were 
not entirely satisfactory, owing to the fact that the charges could not be 
concentrated at points, the data tended to show that an inverse square 
law obtained. The empirical evidence indicated that the force between 
two charges could be expressed by the relation 

Mechanical force = F ~ ^ (1) 

( 1 ^ 

when q and q' represent the magnitudes of the two charges involved 
(defined as in Sec. 3), F the force in dynes, and d the distance (in ems) 




P^iG. 1. — PJlectrostatic held in the region of adjacent like and unlike charges. 

separating the two charges. This law holds for charges in free space, 
or for charges which form a part of what we speak of as a ‘‘material body.’’ 
In the latter case, the body, of which they are a part, will experience the 
force. It has been shown by analytical methods that an inverse square 
law is the only relation which is consonant with the known physical 
phenomena. In fact, it has recently been shown^ that the exponent of d 
in Eq. (1) is correct to within one part in a billion. 

Subsequent to Coulomb’s work, it was found by Cavendish and Fara- 
day that the nature of the physical medium separating the two charges 
is also a factor in determining the magnitude of the mutual force exhibited 
by the charges. They found that the electromechanical force acting 
between charged bodies is, in general, less when a nonconductor (insula- 
tor) other than air separates the charges, f'or instance, the force is only 
about half as great when two charges are surrounded by some oil, such as 
kerosene, as when the intervening medium is air. ,'The ratio of the force 
in the first case to the force in the second instance is called the dielectric 
constant, and is usually indicated by the letter K, For reasons that will 

‘ Plimpton and Lawton, Phys. Rev.y 60 , 1066 (1936). 



THE ELECTRIC FIELD 


appear later, Faraday used the term specific inductive capacity, to desig- 
nate this factor. In view of the findings referred to above, it becomes 
necessary to introduce the factor K into the electrostatic force relation. 
The expression accordingly becomes 



(2) 


It is now known that K is not unity except in a vacuum. The value for 
air is 1.00059. This value is, however, so nearly unity that it is com- 
monly so considered in practice. 

A practical problem will serve to illustrate the utility of the j’elation 
embodied in Eq. (2). 


Problem. Assume two concentrated charges of -f-5 and —10 esu (statcou- 
lombs) respectively to be 10 cm apart in air. What will be the resulting force? 
What would be the magnitude of the force if the same two charges were immersed 
in oil having a dielectric constant of 2.5? 

Solution. Substituting in Eq. (2), we have 


^ (-b5)(-10) 
102 


— 0.5 dyne. 


The negative sign indicates an attractive force. If the sign had turned out to 
be -f , it would have indicated that the force was one of repulsion. In the second 
case, 


2.5 X 102 


— 0.2 dyne. 


(-)ne additional word regarding the factoi* K\ In order to seq^arate two 
unlike charges force is required; work must be done. Sinc^e the force 
required depends upon the nature of the medium it must follow that the 

energy involved in the process of separation of the charges resides in the 
dielectric and not in the charges themselves. We shall return to this 
thought later. 

6. The Charging of a Body. In any discussion of electric charges the 
question at once presents itself as to how one may bring about either a 
transient or a permanent displacement of electrons. As we shall see 
later, there are a number of methods whereby this end may be attained. 

Perhaps the simplest, and possibly the first, method employed for 
the purpose of separating electrons from nuclei consists in bringing two 
dissimilar nonconductors, such as a piece of paper and a piece of woolen 
cloth, into intimate physical contact and then mechanically separating 
them. Upon separation the paper will manifest a charge opposite in 
character to that shown by the cloth. Why? The electrons of one of 
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the materials are probably held within the atomic structure more strongly 
than those in the atoms of the other material; hence, more electrons will 
be disengaged from one kind of material than from the other. The 
material whose atoms lose the gi-eater number of electrons will thus 
manifest a positive charge, and the other material will show a negative 
charge because it w ill have gained the electrons lost by the other piece of 
material. Such a procedure is commonly referred to as “charging 
by induction.” The term induction^' is unfortunate because it is later 
used in another sense. However, a careful reading of the following and 
subsequent statements will serve to avoid confusion. 

The process of charging by induction may be readily understood by 
reference to the electrical situation as sketched in Fig. 2. In the series 



(a) (b) (c) (d) (el 

Fio. 2. — Charging? hy induction. 


of sketches, (a) represents a conducting body attached to an insula ting- 
support. Electrically, it is neutral; the free electrons are so distributed 
that, at any given instant, each atom has its normal quota of electrons. 

Suppose now that we bring a charged body C, such as a hard-rubber 
rod, near one end of the body, as shown in (/>). Because of the laws of 
electrostatic force action, already referred to, at least some of the free 
electrons (indicated by the negative signs) will be repelled toward the 
end A, thus leaving the end on the right positively charged. The elec- 
trons at the nearest point on the earth will be repelled because of the elec- 
trons on A, thus leaving that part of the earth, or earth connec^tion, 
positively charged, as shown in (h). If now one were to remove the 
negatively charged body C, it would be found that the electrons would 
at once redistribute themselves throughout the body, and the situation 
would revert to that pictured in (a). If, however, before removing C 
from the immediate vicinity of J5, one connects A to the ground, the 
repelled electrons on .4 will be attracted by the positive charges at E 
and will therefore pass to earth, thus leaving the body with a permanent 
deficit of electrons. In other words, the body will be found to be posi- 
tively charged. If C is removed, the entire surface of the original body will 
be found to be positively charged, as indicated in (e). If C had been 
positively charged, a corresponding process would have taken place; 
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in that case, negative charges (electrons) would have passed from the 
earth to A, thus leaving the body negatively charged. By means of a 
procedure essentially^like the one outlined above, a body may be charged 
inductively, and the energy represented by the ^'induced charge may 
be utilized at will. Electricity has not been created; rather have charges 
been more or less definitely separated. If the energy of a body, in the 
form of a charge, is utilized, the procedure outlined above could be 
repeated by the expenditure of mechanical energy (the moving of the 
rod) ; and thus mechanical energy can be converted into electrical energy. 

There are several machines by which a repeat^’ process may be 
continuously carried out and the stored charges thus made available for a 
particular use. The Wimshurst electrostatic “generator,^' which is 
described in elementary texts, is such a machine. A more modern 
organization is one known as the Van de Graaff ‘ 'generator.’’ For a 
description of this machine, the reader should consult an original article 
b}^ Van de Graaff, Compton, and Van Atta, which appeared in the 
J^hymcal Review, for Feb. 1, 1933. 

7. Field Strength. In Sec. 4 reference was made to the electrostatic 
field and to tlie fact that such a region exhibits certain well-defined 
characteristics. It becomes necessary to have available some means 
wher(4)y these characteristics may be described quantitatively. To 
ac^complish this, recoui se is had to the concept of field strength, or field 
intensity. If we assume that we have a given concentrated charge 
located at a certain point, and we place a unit test charge (say, positive) 
at a gi\^en point in the region of the assumed charge, we may ask ourselves 
this question: What electromechanical force will our test charge experi- 
ence? If we should find that our unit test charge were subject to a force 
of 5 dynes, for example, we would say that the field strength is five units 
i.e.j 5 dynes per unit charge. To represent such a condition graphically, 
five lines would be drawn through an area of 1 cm^, the area to include 
the point in question. 

Our next question is: What quantitative relation exists between the 
field strength and the other factors involved? — viz., the magnitude of 
the charge and its distance from the point in question. 

If in Eq. (2) we let g', for instance, represent the unit test charge, the 
relation becomes 


F = 



(3) 


where represents the field strength, or field intensity, expressed in dynes 
per unit charge. 

From the foregoing it will be evident that the total electromechanical 
force exerted upon any charge placed at a point in a field will be given by 
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the product of the field strength and t he charge. This may be expressed 
by the simple relation 

F = (4) 

If 8 is in esu (dynes per unit charge) and Q in esii (statcoiilombs), F will 
be in dynes of force. 

Problem. By way of illustration, let us assume a point 30 cm from a con- 
centrated charge of 100 statcoiilombs. What force will be experienced by a 
charge of 1.5 X 10“® coulomb if placed at that point? The medium is air. 

SoliUion. Making use of Eq. (3), we have 

Kd‘ ^ chaise. 

Substituting the above value for in fCq. (4), 

/^’ = S X f*? = 0.1 1 1 X 1.5 X 10~^ X 3 X 10^’ — 5 dynes. 

In considering problems involving the concept of field strength, it 
should be borne in mind that we are dealing with a vector quantity. 
Field intensity is expressed in terms of force and hence may be dealt 
with according to the usual vectorial procedure. Further, if we are 
dealing with a case that involves the field strength at a given point, due 
to the presence of several charges, each charge produ(;es its own effect, 
regardless of the presence of the other charges. 

8. Electrostatic Induction. In Sec. 7 it was indicated that we might, 
let the magnitude of the field strength be represented graphically by the 
number of lines of force drawn normally through unit area. It will ])e 
convenient to restrict such a representation to the case where the charge 
is in free space, or air. On this basis the flux density (lines per unit area) 
in some medium other than air would be given by the expression 

N = AT,, (5) 

where N represents the number of lines drawn normally through eacli 
square centimeter. N is frequently referred to as the electrostatic induc- 
tion or electrostatic flux. The lines representing 8 stand for lines of 
force. Lines representing N are known as lines of induction. In either 
case, the number of lines passing normally through unit area is indicated. 
N indicates flux density; this quantity is sometimes designated by the 
letter D. But by adopting the above indicated conventions, it is pos- 
sible to have the number of lines remain the same if and when they 
chance to pass through several mediums in succession. Lines of flux are 
therefore continuous, even though they cross a bounding surface, and we 
shall encounter such cases. Later we shall have occasion to speak of the 
total flux over some given area. This total flux may be conveniently 
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expressed by either one of two equivalent relations, thus 


^ = DA, (6) 

where ^ stands for the total flux, N the flux density, and A the area 
involved. D is synonymous with N. 

The existence of electrostatic flux involves electronic displacement. 
In the case where a material medium, such as an insulator, separates two 
charges, it is found that, while there are few, if any, free electrons present, 
there is a slight displacement of the orbital electrons of the atoms con- 
stituting the dielectric. In fact, dielectrics placed in an electrostatic 
field do show surface charges. It is thus evident that some sort of tran- 
sient electronic movement takes place. The situation might be graphic- 
ally represented as shown in Fig. 3. In {a) the plates A and B are not 
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(b) 


Kicj. 3. — p]li*c*tronu* displacement due to an electrostatic field. 


charged. In ih) the plates are charged as shown, with the result that at 
least some of the electrons of the dielectric undergo a change of position; 
there is, in short, a momentary electronic displacement across any plane 
such as C. If the charges are removed from A and B, the atoms of the 
dielectric will revert to their original electronic status. The physical 
extent of any displacement will be a function of the magnitude of the 
charges on the plates. It is this electronic displacement with w^hich w^e 
are concerned. A dielectric thus acted upon by the forces which obtain 
in an electrostatic field is said to be polarized ; and an atom thus distorted 
is called an electric dipole or an electric doublet. As the result of this 
polarization process, the field within the dielectric is somewhat diminished 
in magnitude. The extent of the decrease of the internal field strength 
depends upon the nature of the mediunj; and this physical property of a 
dielectric is what we designate by the constant K. Tim dielectric con- 
stant is, accordingly, an index of the extent to which an insulating medium 
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may be polarized. As we shall see later, the field within a conductor is 
zero. Therefore the dielectric constant, in such a case, would be infinitely 
great. 

If one considers the case where the space separating two charges is not 
occupied by a material medium, the region may be thought of as beirig 
occupied with a universal medium (call it the ether, if you please) that 
possesses the property of elasticity, and will thertrfore be subject to a 
strain (distortion). This strain constitutes a polarization of the ether. 

The ether is present in the re- 
gion between the charges even 
though a material medium is also 
present. The total displacement 
t hrough unit area (the sum of tlu^ 
polarization of the ether and that 
of the material medium) is a vec- 
tor (piantity, and may therefore 
be represented by lines of induc- 
tion or lines of flux. The magni- 
tude of this electric induction 
normal to unit area is given hy the 
factor A* in Eq. (5). 

9. Gauss’s Theorem. Having arrived at an understanding of what 
is meant by electric flux, we may now proceed to find a quantitative 
relation between the total normal induction (the flux which passes out- 
ward at right angles to the surface) over a closed surface and the magni- 
tude of the charge which gives rise to it. 

Assume any closed surface surrounding a charge q, as sketched in 
Fig. 4. We shall further assume that the space inclosed by the surface 
contains a dielectric whose constant is K. Let ds be any small area on 
this surface and 8 the electric intensity at a point on this elemental area, 
due to the charge g. We are interested in the normal component of 
this field intensity; this, obviously, would be 8 cos d. By Eq. (r^) th(‘ 
normal flux (induction) through unit area would be given by 

N = K(8> cos 6). 

The normal flux through the area ds would then be 

Nda = A(8 cos 6) ds. 

By Eq. (3) the above becomes 

Nda = K ^^2 

where r is the distance from the charge g to the surface area ds. This 
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reduces to 

ds cos B 
Nd, = q “5 

Now the expression {ds cos e)/r'^ is equivalent to the solid angle du 3 sub- 
tended at the point when' the charge q is located by the area ds. Hence 
we may write 



Tlie total normal flux (displacement) over the entire surface would then 
})e given by the surface integral of qdoiy or 



or 

\l/s = Ittc/ (lines, normal, outward). (7) 

This is a mathematical expression for Ciauss^s theorem which, in w ords, 
is to the effect that the total normal flux (induction) across any surface 
inclosing a charge is numerically equal to 47r times the magnitude of 
the charge involved. Jf, then, q be unity, it follows that 47r lines of 
electrostatic flux terminate on unit charge. This is a point to be kept in 
mind. If the surface incloses a number of charges q may be taken as the 
algebraic sum of the charges inclosed by the surface. It is customary to 
say that if q is positive the flux is directed outward, and if negative it 
will be directed inward. Obviously, if there be no resultant charge within 
the surface the total normal displacement (flux) will be zero. It may be 
shown that any charge outside the surface would not contribute to the 
total flux over the surface. The relation embodied in Eq. (7) will be 
found useful in connection with the solution of a number of problems 
w Inch w^e shall encounter in our study of the laws of electrostatics. 

10. Surface Distribution. Before dealing with several cases to which 
Gauss’s theorem applies, it will be woll to consider what is meant by the 
term surface distribution.” There is abundant experimental evidence, 
as well as analytical reasons, for a statement to the effect that, in the 
case of a charged conductor, the charges which are in electrical equi- 
librium are to be found only on the outer surface. Faraday, Webb, and 
others strongly electrified a relatively large metal inclosure but were 
unable to detect any evidence which would indicate the existence of 
charge within the inclosed region. The distribution of the charge on 
the surface of a conductor depends upon the geometrical form of the 
conductor, and also upon the presence and distribution of any surrounding 
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charges. This follows from the fact that all charges give rise to fields of 
electrostatic force and thus interact upon one another in conformity 
with the relation expressed in Eq. (2). Since we are dealing with charges 
at rest, the lines of force must at all points be normal to the conducting 
surface. If this were not so the field intensity would have a component 
tangential to the surface and motion of the charge would therefore 
result. 

Quantitatively, what we may call the average surface density of a 
charge is given by the expression 


where Q is the total charge and .1 the area of the conducting surface. 
The surface density <r will be expressed in statcoulombs per square ceriti- 
meter. The density at any point would be given by dQ/dA, In general, 
the surface distribution will not be uniform. In a few special cases, 
however, a may approximate a constant value; such, for example, as in 
the case of a sphere far removed from other charges. 

It is a matter of common experience that the surface density on a 
conductor will be greatest on those parts of the conductoi* which Have 
the greatest surface curvature, approaching infinity in the case of sharp 
points. 

It is difficult to account for this distribution analytically. Coulomb' 
experimentally investigated the elementary laws governing the distribu- 
tion of electricity on conductors, but he found it extremely difficult to 
treat the general problem analytically. In fact, a complete analytical 
treatment has been attained in only a few special cases, one being that 
of the ellipsoid. 2 It is beyond the scope of this volume to review the 
mathematical analysis of this question, but it may be said that the dis- 
tribution of the charge is such that the resultant electrostatic field will be 
zero at all points within the conductor. Later we shall see that the high 
surface density which obtains in the case of pointed conducting areas i > 
of considerable practical significance. 

11. Electric Intensity at Any Point Outside a Uniformly Charged 
Surface. In connection with the study of various instruments and 

^ Coulomb’s fifth memoir, '‘HLstoire d TAcad^mie,” 1787. 

* First and second memoirs of Poisson, “Memoirs de Tlnstitut,” 1811. Green’s 
Fssay on the “Application of Mathematical Analysis to the Theories of Electricity 
and Magnetism,” 1828. “Papers on Electrostatics and Magnetism,” by Sir William 
Thomson (Lord Kelvin), Vol. XV, p. 178. See also the second paper in the same 
(collection. The student will find the consultation of original sources a fascinating and 
profitable juirsuit. 
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devices, it will be found useful to have available certain analytical tools 
which involve the concept of field intensity. With this end in view, we 
shall next derive expressions giving the value of the electric intensity, 
or field strength, in certain special 
cases. 

Let us first develop an expression 
for field intensity at any point out- 
side a uniformly charged sphere. 

To do this let us assume a sphere as 
shown in cross section in Fig. 5. 

Our problem is to find the field 
strength at a point p. It is possible 
to derive two expressions for the 
total normal flux; we may then 
equate these and solve for the field 
intensity. 

Let p be any point distant opfrom 
the center of a conducting spherical 
surface S having a charge Q. For convenience we will assume that the 
sphere is electrically isolated, thus making the flux normal to the surface. 
Draw a spherical surface S' concentric with that of the sphere and passing 
through the point p. The flux which leaves the charged sphere will 
pass through S'. 

Now the total normal flux over this hypothetical sphere will be given 
by the expression 

— K X X area of S' 

= Airop^KZ. 



By (iauss^s theorem 
Equating, we have 


^ 8 ' 
AwQ = 




Kop’^ 


- 4xQ. 

dy nes/sta t c oul omb . 


(9) 


Infinitely near the surface, op becomes practically identical with the 
radius of the sphere. Hut 

Q = area X surface density — 47rrV, 

where r is the radius of the sphere S. Hence we may write 


4w 


dynes/statcoulonib 
which gives the field strength infinitely near a charged sphere. 


( 10 ) 
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From Eq. (9) it is evident that for any point outside a uniformly 
charged sphere the field intensity is the same as if the entire charge on 
the conducting sphere were concentrated at its center. 

Problem. An insulated conducting sphere 10 cm in diameter carries a charge 
of 100 statcoulombs uniformly distributed over its surface, (a) What is the 
surface density of the charge? (b) What is the field strength 10 cm in air from 
the surface of the sphere? (c) What is the field intensity infinitely near the 
surface? 

Solution, (a) The area of the sphere would be 47r X 5^ or IOOtt cm-^. By 
Eq. (8) 

— irvA = - — 0.318 statcoulombs/ cm". 

IOOtt tt 

(b) By Eq. (9) 

8 = — 0.444 dynes/imit charge. 


(c) In this case r approaches the radius of the sphere as a limit; hence 

Q 8 — •^? 2 r> — 4 dynes/statcoulomb. 

As a check we might utilize Eq. (10) and 
get 



{4w) ^ 

TT 


4 dynes/ statcoulomb. 


Fig. 6. — Field within a charged sphere. 


12. Field Intensity at Any Point 
Inside a Uniformly Charged Shell. 

In this instance we adopt the same 
procedure as in the previous case. 
In Fig. 6, the point under considera- 
tion is at p inside the hollow spheri- 
cal conductor S. The sphere is 
again assumed to be electrically isolated, thus making the surface dis- 
tribution uniform. The hypothetical sphere is concentric with S and 
includes p on its surface. As before, the total normal flux over 5' would 
be 

yps' = KS X area of S' = Airop^K^^. 

Again applying Gauss’s theorem, the flux through S' would be 

\ps' = 4TrQ. 

Equating, we have 

4Trop^K8 = 4TrQ, 

which yields 
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But, since there is no charge within the sphere the value of Q is zero. 
It accordingly follows that the field intensity 8 will also be zero. In 
words, this means that there is no electric field inside a uniformly charged 
spherical shell. Actually, as pointed out in Sec. 9, there is no field within 
a charged conducting shell, whatever its shape. 

13. Electric Intensity at any Point Outside a Uniformly Charged 
Cylinder. Let us assume that we have an infinitely long cylinder having 
a uniform charge of q units per centimeter of length. The problem is to 
find an expj*ession for the field strength at any point p outside the cc^n- 



Kkj. 7. — Field outside of a charged Vylinder. 

ductor. As shown in Fig. 7, a coaxial cylindrical surface C of unit 
length is drawn so that its surface includes the point p. The planes form- 
ing the ends of the construction cylinder C are perpendicular to the com- 
mon axis. The radius of cylinder C will be taken to have a value r. 
The flux will be radial with respect to the conductor and to the stirround- 
ing c^ylinder C, and hence parallel to the planes at the ends of C, There 
will, therefore, be no normal flux through these planes. We have only 
to consider, th('n, the area of the (‘urved surface. The area of this sui- 
face will be 27rr. The total normal flux through the cylinder C will be 
given by 

\l/c ~ K8> X area of C = 27rrA"S. 

The application of (Jauss’s theorem to the problem gives us 


= ^Trq. 

I'^quating these tw o values for the total normal flux over C, we get 


therefore 


2irrK8> = 4^^. 



dynes/statcoul omb , 


( 11 ) 


where q is the charge per unit length and r the distance from the point in 
question to the axis of the charged cylindrical conductor. It will be 
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noted that the radius of the charged cylinder itself does not enter into 
the case. Further, Eq. (11) shows that, for points outside, the charge 
acts as if it were concentrated on the axis of the cylinder. In the case 
of a conductor of finite length, Eq. (11) gives the magnitude of the field 
strength to a first approximation if the point is at a distance from the 
conductor that is small compared to the length of the conductor. 

In a similar manner, it may be shown that the electric intensity is 
zero at any point inside a uniformly charged cylindrical shell. It is 
found that even though the conducting surface is irregular in shape there 
is no electrostatic field on the inside. In practice it is frequently neces- 
sary to shield conductors and instruments from the fields due to extrane- 
ous charges. By placing the conductors or apparatus in a metal inclosure 
they may be shielded from the effects of outside fields. It is not, in all 
cases, essential that the shielding surface be continuous; frequently a 
wire screen will answer the purpose. For reasons that we shall see later, 
it is usually necessary to connect the shield to the earth. 


Problem, What is the field intensity in air at a point 3 cm from a cylindrical 
conductor 10 m in length which carries a charge of 5 X 10"'^ coulombs/cm of 
length ? 

Solution. Bearing in mind that the charge in coulombs must be expr»->i;i.d 
in statcoulombs, and that the charge per unit length must be used, we may write 


2 X 5 X 10-^ X 3 X 10® 
3 X 10» 


100 dynes/stat coulomb. 


14. Electric Intensity at any Point near a Uniformly Charged Infinite 

Plane. In Fig. 8 let BD represent a plane of infinite extent. Assume 
that this plane is charged uniformly on both sides, say positively, and that 



Fig. 8. — Field due to a charged plane surface. 
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the surface density is everywhere equal to <r. Draw a hypothetical right 
cylinder C cutting the plane as shown. Let the area of a be 1 cm^. At 
a point not too far from the plane, the flux lines will be parallel and at 
right angles to the planers surfaces, and outwardly directed from both 
sides of a. Then, since the flux is parallel to the axis of the cylinder, 
only the ends of the cylinder will be cut by the flux. On the basis of the 
above indicated assumptions with regard to the significance of <r, the total 
charge inclosed by the Gaussian surface will be 2(t. By Gauss^s theorem, 
then, the total normal flux will be 

\l/c = 4x X 2 (t — Sttct. 


The total flux would also be given by 


\l/c = K& X area. 

Equating we have 

X area = Sira. 


Since flux is emerging from both ends of the cylinder, the total area 
involved would he 2 cm^ Accordingly, the last equation reduces to 

8 ^ dynes/statcoulomb. (12) 


Equation (12) embodies a relation which is frequently referred to as 
Coulomb’s law. In words, this equation means that, in air, the field 
intensity at any point very near a charged surface is numerically equal 
to the product of Air and the charge on unit area on one side of the con- 
ductor. It is to be noted that, on the assumption that the flux is normal 
to the conducting surface, the magnitude of the field intensity is inde- 
pendent of the distance of the 
point from the plane. It is inter- 
esting to observe that this is ex- 
actly the same expression that was 
derived for the case of the charged 
sphere: Compare Eqs. (10) and 
(12). In fact, this is a general re- 
lation that we shall presently find 
useful. 

16. Force Exerted by a Charged Plate on a Second Parallel and 
Oppositely Charged Plate. In practice, one sometimes encounters a 
situation where it becomes necessary to be able to compute the magnitude 
of the electromechanical force exerted by a charged conducting plate on a 
second parallel and oppositely charged plate. The case is diagrammati- 
cally shown in Fig. 9. If a charge of +Q statcoulombs is placed on plate 



parallel plates. 




20 


ELECTRICITY AND MAGNETISM 


A and an equal negative charge on the charges will reside entirely on 
the adjacent sides, as shown. The surface density, (t, in each case will 
be Q/area. Except near the edges, the lines of flux will be normal to 
the plates and hence parallel to one another. These lines may be thought 
of as originating on the positive charges and terminating on the cor- 
responding negative charges. It has been shown (Sec. 8) that Air lines 
leave each unit charge; therefore there will be 4^0- lines per square centi- 
meter between the plates. The field intensity 8, at any point between the 
plates, therefore, will be Aira dynes per unit charge. It is to be noted 
that the presence of the (‘harges of opposite sign does not increase the 
existing flux. A unit test charge (positive) placed anywhere between 
the plates in any dielectric medium will, therefore, be acd.ed upon by a 
force of Awa/K dynes. Half of this force, or dynes, will be due to the 
repulsion of the positive charge on A and the other half to the attraction 
due to the corresponding negative charge on B. Since, then, each unit 
area of one of the charged plates, say A, exerts a force of 27ra dynes on 
any unit (charge, and since a charge of a units resides on eac.h unit area of 
the other plate B, the for(*e experienced by that quantity of chai'ge will be 

IP _ (2ir<r)(7 2r<T- 

(') 

We have already seen (Sec. 14) that the field intensity in the region of a 
charged surface is given by the expression 


Solving for a in this equation, we obtain 



(iii) 


Substituting this value of a in (i), we have as a working relation for the 
force experienced by either of the charged plates 

F = dynes/unit ar*ea. (13) 

This is a general and an important relation; it will give the force on unit 
area of any charged flat conductor. The total force acting on the plate 
would be given by the product of the above expression and the area of 
one of the plates. 

16. Energy per Unit Volume of the Medium. It has already been 
pointed out that the medium surrounding a charge is in a state of strain. 
This holds even when no material medium occupies the field. In order 
to produce a state of strain, work must be done; energy must be expended. 
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The medium surrounding a charge must, therefore, be the seat of poten- 
tial energy. It will be found useful to be able to evaluate this energy. 

From Eq. (13) we see that the force (electrostatic) acting on unit 
area of a charged surface is dynes. If, then, we move unit area 

of such a charged surface a distance dx, the work done would be 


(tw 



dx. 


If the charged surface were moved unit distam^e, thus increasing the 
volume by unity, the total woik done would be 


/ 


dw 


Sir 




dx 


or 


W - P.E. 


Stt” 


ergs/cm^ 


(14) 


This, then, should give the energy content of 1 cm^ of the medium. 

ProhlcDi. What is the energy i)er unit volume at a point 0.5 cm from a plate 
whose dimensioiKs arc 10 X 10 cm, the charge on the plate being 500 statcou- 
lombs? The surrounding medium is glass having a constant of 5. 

SoliUion. 

^ TO^TO ~ ^ statcoulornbs/cm^. 

47r<T 47r X 5 . , / •. i 

= yv = — = 47r dynes/umt charge. 

,, 7v82 5 X (iw)- 

P. b. = — HtT ~ 107rergs/cm^ 


17. Refraction of Lines of Flux. At present we are studying charges 
at rest (electrostatics); later we shall consider the effect of electrons in 
motion. When charges are at rest the concomitant field has a fixed 
value at any given point. If the charges move, the accompanying field 
will vary in value; and if the motion is periodic, there will be developed 
what we shall later call electromagnetic waves. One aspect of such a 
wave disturbance consists of periodic variations in the value of the field 
intensity 8. These harmonic disturbances move and in so doing may 
encounter strata of mediums having various dielectric constants. Inter- 
esting and important phenomena often appear at the boundary between 
two such mediums. In view of this fact, we may with profit consider 
briefly what happens when electrostatic flux extends across a boundary 
between two dielectric mediums having different constants. 

It may be shown that at the boundary between two different dielectric 
mediums in an electrostatic field (Fig. 10) two conditions must obtain: 
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(1) the tangential component of the electric intensity 8 in the first medium 
must equal the tangential component of the intensity in the second 
medium; and (2) the normal component of the flux N in the first medium 
must equal the corresponding component in the second medium. The 
first condition cited above may be expressed thus : 


8i sin = 82 sin ^2, 


(i) 


and the second condition as 

K\Zi cos 0i = cos Bi. (ii) 

From these two boundary conditions it is possible to find the change in 
direction of the field as one passes from the first medium to the second. 
By dividing (i) by (ii), and remembering that 81 = 8? (Sec. 7), we get 

Ki ^ tan Bi 

K2 tan (92* ^ 

Equation (15) thus becomes an analytical tool by means of which one 



Fig. 10. — Refraction of electrostatic flux. 


may evaluate the refraction that electrostatic flux undergoes in extending 
across a boundary between two dielectric mediums. The distortion of 
the field can therefore be determined. From Eq. (15) it is evident that if 
Ki > Ki, Bi > 62] that is, when flux passes from a medium of one dielec- 
tric constant to another having a smaller value it is bent toward the 
normal, and vice versa. 
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PROBLEMS 

1 . How many electrons are present in a charpje of 100 statcoulombs? 

2 . What is the total flux emanating from a concentrated charge of 2 X 10"^ 
coulomb? 

3 . Two concentrated unlike charges of 100 stat(‘oulomhs each are separated 
by a distant^e of 1 0 cm. What is the magnitude of the force, in grams, tending 
to draw them together? What would be the value of the forc^e if the charges 
were immei sed in oil having a dielectric constant of 2.2? 

4 . An atom of hydrogen consists of a proton and a single electron. If the 
average distaiu^e between these two entities is taken to be 10“'* cm, and if we 
assume that the inverse square law holds (which may not be the case), calculate 
the magnitude of the force of attraction between the proton and the electron. 

6. What will be the field intensity at a point 25 cm from a concentrated 
charge of 3 X 10 ’^* coulomb? What electromechanical force will be experienced 
by a charge of 2 X 10~‘’ (‘oulomb at the point designated? 

6. Three point charges are located on the circumference of a circle at equal 
distances apart, the diameter of the circle being 10 cm. The magnitude and 
sense of the charges are +6, +10, and —12 statcoulombs, resjx^ctively. What 
is the field intensity at the center of the circle? 

7 . Two small spheres, ea(^h having a mass of m grams, are suspended by silk 
threads from a common point. The supporting tlireads are I centimeters long; 
the spheres take up a position d cm apart. Develop an expression which will 
give the magnitude of the charge on one of the spheres as a function of d, and g 
(acceleration due to gravity). Assume the spheres to have equal like charges. 

8. Utilizing the I'elation developed in Prob. 7, find the charge on each sphere 
when two such bodies stand U) cm apart. The threads are 60 cm long, and each 
body weighs 0.6 gm. Take g to be 9K0 cm/sec^. 

9. What is the field intensity at a point 50 cm from a sphere that has a 
charge of 5 X 10“*’ coulomb? Will it make any difference whether the charge on 
the sphere is positive or negative? 

10 . What will be the magnitude of the force, in grams, acting on a body 
carrying a charge of 500 statcoulombs if this charged body is located 0.5 cm from a 
cylindrical conductor which is 2 m in length? The conductor bears a charge 
of 2 X 10“® coulomb, and the surrounding medium is air. 

11 . What total flux will issue from a conducting plate measuring 10 X 10 cm 
which bears a charge of 5 X 10“® coulomb, the surrounding medium being air? 
What would the flux be if the medium were carbon dioxide gas at a pressure of 
20 atm? The field distortion at the edges may be neglected. 

12. In the previous problem, a second conducting plate of the same size is 
placed near and parallel to the first plate. This second plate is given an equal 
but opposite charge. What will be the force of attraction between the plates, in 
the two cases? 

13 . Under the conditions cited in the last problem above, what will be the 
energy content of the intervening medium when the plates are 2 mm apart? 
Will the energy content increase or decrease if the gas pressure is increased? 
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14 . Again referring to Prob. 12 above, how much work would be done in 
moving the plates 1 cm#farther apart? 

15 . Suppose the direction of a certain electrostatic flux in rubber makes an 
angle of 45® with the interface as it passes from rubber into glass. What will bo 
the angle of the flux direction in the second medium? Take K for the rubber to 
be 2.5 and for the glass to be 6. 

16 . Assume that we have an electron moving in free space in a straight line 
with a velocity of 3 X 10** cm/sec. At a certain point in its path it encounteis 
an electrostatic field due to a charged plate whose surface density is 100 stat- 
coulombs/cm If the direction of the field is at right angles to the original line 
of motion the electronic path will tend to be circular. Under the circumstances 
indicated, what will be the radius of the circle? 

17 . What will be the magnitude of the mechani(;al force, in grams, acting on a 
body which carries a charge of 2 X 10“® coulomb when located 10 cm from a 
cylinder which bears a charge of 5 X 10“^ coulomb per unit length? 

18 . Three positive charges are located at points equally distant apart on 
the surfa(^e of a hypothetical sphere. What will be the field strength at the 
center of the sphere if the charges are 100 statcoulombs each, and the radius of 
the sphere is 10 cm? What will be the field intensity at a point 50 (un from the 
center of the sphere? 

19 . Point charges of +25, —50, +75, and —100 statcoulombs, respectively, 
are located at the corners of a 10 X 10 cm rectangle. What is the field strength 
at the center of the figure? 

20 . Under the conditions sj)ecified in the last problem, h)cate a point w liere the 
field is zero. 

21 . Two long insulated, conducting, concentric cylinders have radii of 5 and 
6 cm, respectively. The inner cylinder is given a positive charge of 100 stat- 
coulombs and the outer one an equal negative charge. Find the field strength 
(a) at a point on the common axis, (6) at a point 5.5 cm from the axis, and (c) at 
a point 10 cm from the axis. 



CHAPTER III 
MAGNETOSTATICS 

18. Historical. Cei tain aspects of the phenomenon which we brtiadly 
designate by the term magnetism were know n to the ancients. The use 
of iron as a metal reaches back to a very early date; and the first knowl- 
(‘dge (^onc(‘rning magnetism probably had its origin in connection with 
the working of the iron ore which we know as magnetite^ (Fe 304 ). This 
particular ore, so tradition has it, was found in or near Magnesia, in 
Asia Minor, and Lucretius suggested that term ^^magnet^’ was 
derived from that geographic^al name. Other writers ascribe the origin 
of the term to other souri^es. Several of the ancient writers, including 
Jjucretius, Pliny, and Socrates, mention some of the more obvious facts 
in connection with the behavior of the magnetic ore; but magnetic 
polarity and the concomitant phenomenon of attraction and repulsion 
between pol(is apparently were unknown to Greek antiquity. Natural 
rnagne^ts, consisting of pieces of magnetite, were originally called by 
various names, among wiiich w as the designation loadstone^’ (sometimes 
spelled lodestone). The loadstone itself appears to have been utilized 
as a crude compass befoi-e the beginning of the Christan era, but it was 
probably not until the Middle Ages that it became known that permanent 
or ‘‘artificiaP^ magnets could be produced by the simple process of bring- 
ing pieces of steel into proximity with natural magnets. In 12G9 the 
writing of Peter de Maricourt indicated that he was acquainted* with 
magnetic polarity, the law’^ of attraction, and with other important 
properties of magnets. Indeed, it is to this investigator that we owe the 
term magnetic poles.’’ 

Magnetism as a definite branch of science had its beginning with the 
appearance in 1000 of an epoch-making treatise entitled ‘G3e magnete” 
by Dr. Gilbert, an eminent English physician. In this classical volumes 
Dr. Gilbert revicAvt'd the then know*n facts concerning magnetism and in 
addition presented many original and important observations of his own. 
It is to him that w^e owe the suggestion that the earth acts as a great 
natural magnet. Indeed, the terminology associated with the subject 
of magnetism is due largely to Gilbert. 

Though we now know that the property Ave call magntitism can be 
imparted either temporarily or permanently to a considerable number of 

‘ Magnetite is widely distributed, bcniig found in the Ural Mountains, Scandi- 
navia, Finland, Canada, and in the states of New Jersey, Pennsylvania, and New York. 
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substances; and though we have made extensive use of magnetic forces; 
we as yet know very little about the true nature of this strange but highly 
important phenomenon. Various explanations have been offered to 
account for the existence of magnetism, but as yet no single theory has 
been found to be entirely satisfactory. There is evidence which tends to 
indicate that magnetism has its genesis in the atoms or the molecules of 
certain substances. Ihit why in some atoms or molecules and not in 
all? In more recent times the question is being approached from the 
standpoint of the electron theory of matter. Possibly the motions of the 
orbital electrons may in some way account for magnetic properties. We 
shall return to this question after w'e have considered the properties of 
moving electrons (the electric current). For the present we may address 
ourselves to a study of the known laws that govern the interaction 
between centers of magnetism. 

19. Magnetic Poles and the Laws of Force. Magnetostatics has to 
do with the study of the laws governing the force interactions of magnetic 
poles at rest. While there are many striking similarities between the 
behavior of magnetic poles and electric charges, there are also a number 
of important differences. These similarities and differences will become 
apparent as we proceed. 

We have just used the term magnetic poles. What does that expres- 
sion signify? A piece of magnetite, or a piece of steel to which the prop- 
erty of magnetism has been imparted, will be found to have at least two 
centers w^here the magnetism is most pronounced. The regions are not, 
in general, at the geometrical ends of the piece of magnetic material; 
indeed their exact location is difficult, if not impossible, to determine. 
These regions, or centers, of maximum magnetic intensity are called the 
poles of the magnet. A line joining the poles is referred to as the mag- 
netic axis. If a magnet is suspended it tends to set itself so that its 
magnetic axis is roughly parallel to the north-south direction. One is 
called the north-seeking and the other the south-seeking pole. In elec- 
trostatics, as we have seen, it is possible to have an isolated charge, so far 
as a given body is concerned ; but, in dealing with magnetism, at least 
two poles of opposite character are always present in the magnetic body 
itself. There may, however, be many poles present in a body, such as 
in the case of a long steel tape or wire, as we shall see later. While we 
cannot isolate a magnetic pole, for purposes of analytical convenience, 
we do speak of a single pole. If the distance between the two poles of 
an ordinary magnet is relatively great, either one of the poles may be 
thought of, for some purposes, as isolated. 

As in the corresponding case in electrostatics, there are two laws of 
force action involving magnetic poles. The first law is to the effect that 



M AON ETOHT A TKUS 


27 


like poles repel and unlike poles attract. We mean by ‘'like poles'’ 
those that tend to point in a like direction if the magnet is free to rotate 
about a vertical axis. 

The second basic relation may be expressed symbolically thus, 


where F is the force of attraction or repulsion manifest between the two 
poles involved, m and m' the respective pole strengths, d the distance 
separating the poles in ciuestion, and g a factor which depends for its 
value on the nature of the intervening medium. This factor, called 
permeability, is not a constant, as is K in the corresponding relation in 
electrostatics. We shall find that the permeability of a giv(*n material is 
determined to some extent by a certain condition which will be touched 
upon shortly, (’oiilomb investigated the relation embodied in P]q. (IG) 
as well as the corresponding relation in electrostati(vs [Eq. (2)). in doing 
this he studied the force action between the pok^s of two long and very 
slendei’ magnets. Since a magnetic pole occupies a rather indefinite 
volume, high accuracy of measurement could not be attained. Ibit he 
found the inverse square law to hold, at least approximately. Latex- 
Gauss, by an indirect method, gave a more rigorous proof of this relation. 
Equation (IG) is frequently referred to as Coulomb’s law of magnetic 
poles. The similarity between the expressions embodied in P]qs. (2) 
and (IG) is striking. Here, as in electrostatics, we encounter an inverse 
square law; here we have pole strength corresponding to quantity of 
charge, and the factor permeability replacing dielectric constant. 

In considering the concept of pole strength we are dealing with a 
quantity, and hence it becomes necessary to agree upon a unit in which 
such a quantity may be expressed. As in the case of electrostatics, we 
may define that unit in terms of mechanical force. Referring to 
(46) it may be said that unit magnetic pole is one whose pole strength is 
such that when placed at a distance of one centimeter in free space from 
a like pole of equal strength it will experience a repelling force of one 
dyne. Thus pole strength will be expi'essed in terms of the unit pole 
just defined. The unit of magnetic pole strength has no special name; 
however, it serves as the basis of a system of electrical units referred to 
as the "electromagnetic system." It thus becomes evident that we 
have two fundamental systems of electrical units, one based on unit 
charge (the electrostatic system), and another based on unit pole. It 
will be pointed out, as we proceed, that there is a third system of electrical 
units (the engineering or practical system), each member of which bears a 
definite relation to the corresponding electrostatic and magnetic units. 
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The concept of pole strength can be made more real if we apply it t.o a 
definite case, such as the following. 

Problem. Suppose' that we have two bar magnets positioned as shown in the 
iK’companying sketch. Jf we assume the pole strength of magnet .4 to be 20b 

icm. 


12cni;~ >• 




units and the pole strength of B to be 250 units, what will l)e the magnitude of the 
forcre tending to move the magnets? 

Solution. The force of repulsion between the 8 poles will be 


Fs 


200 J< 250 
12 ^ 


50,000 dynes. 


The force of repulsion between the N poles will h(‘ 


200 X 250 


347 dynes. 


The force of attraction between each pair of N-S poles will be 

J^ss = - 7r).5)^" "" dynes. 

The resultant force will be one of repulsion as given by 

50,000 4- 347 - 2 X 1,181 = 47,98.5 dynes. 

20. Magnetic Field and Field Intensity. The interpole force action 
between magnetic poles indicates that the region surrounding a pole 
possesse)s certain characteristics that distinguish it from ordinary free 
space, as was the case in dealing with electric charges. Any region in 
which a magnetic effect may be detected is referred to as a magnetic 
field. The distance at which such effects may be detected is great, but, 
because of the operation of Coulomb's inverse square law, the practical 
extent of the field is quite limited. 

Reverting to Eq, (16) again, if we make one of the poles, say m', have 
a magnitude of unity, then the force which it would experience when in 
the field of a pole whose value is m and located at a distance d would be 
given by the expression 
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This force per unit pole is known as magnetic field strength and is usually 
designated by the letter H. Accordingly, the above equation is written 

// = ( 17 ) 

iid- 

In air the permeability factor becomes unity. Magnetic field strength is 
expressed in dynes per unit pole, or oersteds, in honor of Hans Christian 
Oersted, whose name we shall encounter in another important connection. 
While it is convenient to express field intensity in terms of a mechanical 
force, it should be (ilearly understood that in reality we are referring to a 
property of the field that gives rise to a mechanical force if a magnet is 
located at the point involved. Because it is expressed in terms of force, 
it is a vector quantity, as was the case in connection with electrostatic 
field strength. 

If a given pole is located in a field of // oerst eds, it will be subjected t o 
a force given by the expression 

F — mil dynes. (18) 

Problem. What is the niagiictic field intensity in air at a jX)int 10 eni from a 
pole of 500 units? wliat mechanical force will a pole of 200 units })e subjected 
if placed at that point? 

Sohdion. Applying Eq. (17) we find that the field intensity is 
// = = 5 oersteds. 

The magnitude of the mechanical force, under the (umditions cited, may be 
determined by the use of Ecj. (IS), thus 

F - 200 X 5 = 1,000 dynes. 

21. Field Intensity at a Point Near a Magnet. Thus far in our dis- 
cussion of the magnetic field we have confined our attention to the effect 
of a single pole. Let us now examine what the situation is when the effect 
of both poles of a magnet is taken into consideration. 

Let us assume that we have a bar magnet and that we wish to deter- 
mine the field intensity at any point in its field. In Fig. 11, the resultant 
field H at p will be the vector sum of the fields due to the N-seeking and 
the S-seeking poles. These components are designated by Hn and Hsi 
respectively. The distance between the pole centers is represented by /. 
To simplify the discussion we will assume that m = m', and that the 
medium is air. 

With the aid of a well-known trigonometrical relation, we may write 
H = + 2H^Hs cos 0 (19) 
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and 


cos B 

By Eq. 17, we may write 
and 

From basic relations 


7/2 + 

2HHs 




m 

d? 


Hs 


ni' 

d? 


cos 6 = ~ cos a. 


In order to be able to solve Eq. (19) and thus evaluate H, it will obviously 
be necessary to know the pole strength of the magnet, the distance / 
between the pole (^enters, and the magnitudes of di and ^ 2 . In any given 



s 


K I -H 


Fig. li.^ — Field intensity at a point near a magnet. 


case the magnitude of rn can be determined experimentally, and the value 
of I can be arrived at indirectly by finding the product of m and Z, as 
outlined in Sec. 23. Once these data are at hand, the magnitude and 
direction of the resultant field strength at any point in the region of the 
magnet can be computed. In the case of thin cylindrical bar magnets 
the value of I will be, roughly, five-sixths of the physical length of the 
magnet. 

If one thinks of a magnet as being very short, and its poles as being 
(concentrated at points exactly at the ends, we have what is I'eferred to 
as a magnetic dipole. Such a concept is useful in connection with mag- 
netic shells. The principles outlined in the above discussion are appli- 
cable to dipoles. 
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Prohlcm. Referring to Fig. 11, if one assumes rfi = 5 cm, »= 10 cm, 
/ ^ 10 cm, and rn = 100 units, what will be the value of the field intensity at the 
point p? What is its direction? 

Solviion. 

Hs ~ = 4 oersteds 

O" 

11 s — 1 <Vi> — I oersted 


hence 


cos 6 — — cos a 

.V 4. 10^ „ 10^' 

2 X 5 X 16 ' = 

y/-' = 4'^ -h r-i -f 2 X 4 X 1(0.25) 
II — 4.36 oersteds 
^ (4.36)'-^ + - 42 

- 2 X 4.36 X I 

<y) = ()3°^ nearly. 


= 0.459; 


22. Lines of Force. Alagnetic field intensity may be represented 
diagrammatically by lines between magnetic poles in a manner similar to 
the practice followed in representing the electric field. The lines are so 
drawn that at any given point, such as p in Fig. 12, they indicate the 



Ficj. 12. - Lines of magnetic flux in and about a magnet. 


direction of the force which would act on positive test poh^ if placed at 
that point. For convenience these lines are thought of as originating at 
the N-seeking pole and reentering the magnet at the S pole. Magnetic 
lines of flux, however, differ from electric lines in that they are considered 
to be continuous, threading through the body of the magnet between the 
S and N poles, as sketched in Fig. 12. 

In addition to indicating the direction of field intensity, it is also cus- 
tomary to give to these lines an added significance. In the preceding 
section reference was made to the magnitude of the field strength. In 
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dealing with magnetic fields, it is convenient to adopt the convention that 
t he magnitude of the field intensity at a point shall be represented by the 
number of lines per unit area, this area to include the point in question 
and be normal to the direction of the lines of force. If, for example, we 
liave a magnetic field whose intensity is 10 oersteds, it would be under- 
stood that there are 10 lines per square centimeter. 

By the same line of reasoning as followed in Sec. 9 it may be shown 
that there are 47rm lines of force emanating from a magnetic pole whosc^ 
strength is m. 



Fig, 13. — Forces acting on a bar magnet to rotate about its (‘enter. 

23. Magnetic Moment. It has already been pointed out that it is 
difficult to determine the exact points in a magnet which shall be taken as 
the ‘ ^ poles, or magnetic-force centers. Because of this uncertainty, 
the solution of a number of problems encountered in the study of mag- 
netism is greatly facilitated by the use of a quantity known as magnetic 
moment. (At this point the student should review the subject of 
moments’^ in general; it is important to have a clear understanding of 
the significance of that concept.) The moment of a magnet will be found 
to be a product of pole strength and the distance between the centers of 
magnetism. Let us see in what terms this quantity may be expressed. 

If we suspend a magnet NS of pole strength m in a uniform magnetic 
field Hy and in the position shown in Fig. 13, it will be acted upon by a 
couple tending to turn it into a position such that its major axis will be 
parallel to the direction of the field. The magnitude of the torque 
(moment of the couple) thus developed will be given by the expression 

L = mH{SC) 

= mHl sin By 

where I is the distance between the pole centers. 
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Now if an outside mechanical couple is applied to the system in such a 
manner that the magnet is held in a position perpendicular to the direc- 
tion of the field 6 becomes 90°, and hence sin ^ = 1. Under these cir- 
cumstances the applied torque would equal the magnetic torque and the 
last equation becomes 

L' = mlH, 

where L' is the magnitude of the applied torque. If the conditions are 
so arranged that the field intensity H is unity, this ecpiation reduces to 

jy = ml 


This product ml is the magnetic moment. 

Bearing in mind the condition giving rise to the last ecpiation, it is 
evident that, numerically, the magnetic moment of any magnet is equal 
to the moment of the couple (torque) which is acting on a magnet when in 
a position such that its major axis is perpendicular to the direction of a 
uniform field whose intensity is unity. The letter M is commonly used 
to designate the product ml and hence our final expression for magnetic 
moment is 

M = niL (20) 


Thus wo see that, while I cannot be definitely determined, magnetite 
moment is a quantity which can be accurately measured and expressed in 
terms of a torque. 

24. Intensity of Magnetization. Another concept which we shall find 
useful in dealing with magnetic problems is that of intensity of magnetiza- 
tion. Assuming that we have a body which is uniformly magnetized, 

intensity of magnetization may be defined as the ratio of the magnetic 
moment to the volume. This may be expressed as 


M ml m 
V al a 


(21) 


where 1 is the intensity of magnetization and a the cross-sectional area. 
From the last equality in Eq. (21) it is evident that intensity of mag- 
netization may be defined as the pole strength per unit area. In this 
lespect, intensity of magnetization corresponds to ele(;trostatic surface 
density and for that reason the letter <r is sometimes used instead of / 
to designate this quantity. 

Actual magnets do not exhibit uniform magnetization throughout 
their entire volume. It is therefore customary to consider the intensity 
of magnetization at a point, and to express the quantity in the form 

dM 
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26. Magnetic Shell. The quantity defined in the preceding section 
enters into the important concept which is refeiTed to as a magnetic shell. 

If we imagine a thin sheet of material so magnetized that all of one 
face exhibits a polarity of one sign and all of the other face a polarity of 
the opposite sign, we have a magnetic shell. Such a magnetized sheet, 
or lamina, may be thought of as made up of a large number of very short 
magnets (dipoles) all having like poles facing in one direction. In deal- 
ing with such a laminal magnet, it is considered that the material con- 
stituting the shell is magnetized at each point in a direction normal to 
the face at that point. 

What is known as the strength of such a magnetic shell, at any point, 
is given by the product of the intensity of magnetization and the thick- 
ness of the shell at that point. Thus 


S = //, 


(23) 


where S represents the strength of the shell, I the intensity of magnetiza- 
tion, and t the thickness of the shell. By Eq. (21) this relation may be 
given the form 


M 

^ a 


(24) 


where M is the magnetic moment and a the area of one face of the lamina. 
This means that the strength of the shell is numerically equal to the 
magnetic moment per unit area. The concept of a magnetic shell will 
be found useful when we come to deal with the magnetic effects produced 
by electric currents. 

26. Field Intensity at a Point on the Major Axis of a Magnet. Now 

that we have considered the concept of magnetic moment we are in a 


-m 


h 
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Fig. 14. — Field intensity at a point on the major axis of a magnet — the Gaussian .1 

position. 


position to return to the subject discussed in Sec. 20. There we dealt 
with the idea of intensity at any point in a magnetic field. There are 
two particular directions along which it is important to be able to compute 
the field intensity. One such direction is indicated in the sketch con- 
stituting Fig. 14. In his researches on magnetism. Gauss computed tln^ 
field intensity at various points in the region of a magnet. lie used th(i 
letter A to indicate a point on the major axis of the magnet and B to 
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represent a point on a median line at right angles to the principal axis. 
Accordingly, the case diagrammed in the figure is known as the Gauss A 
position. Let A, then, be the point at which we wish to determine the 
field intensity. The algebraic work will be lessened if we use the half- 
length X instead of the total distance I between the pole centers. 

The resultant field at A will be the vector sum of the fields due to the 
pules +w and — w; this sum may be written 




Assuming the medium to be air, and applying Loiilomb's law [Eq. ( 17)], 
we rewrite the above equation as follows 


//a = 


m 


m 


Arx7n 


2r{2x'ni) 


(r ~ x)'^ (r + (r- — x'')~ ir' — .r‘0“ 

Hut 2xm ~ hri = M, tlie moment of the magnet; In^nce 

2rM 


Ha = 


( y .2 _ ^ 2^2 


oersteds. 


(25) 


If A is far enough from the magnet so that is veiy small compared to 
(P, then the factor x‘^ may be neglected and Eq. (25) becomes 


//. = nt 


(2(5) 


If O’ is r/ 10, x'^ will be only 1 per cent of r'\ If greater accuracy is desired, 
Eq. (25) should obviously be used. It is als (2 to be noted that the dis- 
tances involved are measured to the pole centers, the location of which is 
somewhat uncertain. Unless the poles can be definitely located, a cer- 
tain amount of error in H will always be involved. 

27. Field Intensity at a Point on a Median Line Perpendicular to 
the Major Axis. This is the Gauss B position, as shown in Fig. 15. In 
this case our problem is to derive an expression which will give the 
magnetic field intensity at a point B equidistant from the poles of the 
magnet . 

The intensity Hn at B due to the N pole will he m /(H, directed towai’d 
D, The intensity Hs due to the kS pole will be m/d'^, directed toward C. 
The resultant intensity H will be the vector sum of Hn and Hs, 
directed toward R. On the assumption that -fm and — m are equal, 
Hn and Hs will be equal, and hence BR will be parallel to the magnet. 
Accordingly, NBS and BDR are similar triangles, and we may write 

I ^Hl 

d Hs 
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Substitiiiinf? the ecjui valent values for H n, <7, and /, and simplifying, we 
liav^e 

Tj „ 2,r7n _ 2xrn 

” " 7P{x^~+~r-^y^ ~ lx‘^^+7^)^' 

JUit 2xni^ or Irn^ is the magnetic moment, hence 


M 

{x^ + ^ 


oersteds. 


As in the previous case, if r is great compared wit h x, Eq. (27) reduces to 



Fie. 15. — Field intensity at a point on a line perpendicular to the major axis- -the 

Gaussian B position. 


A comparison of Eqs. (26) and (28) shows that at points considerably 
removed from the magnet the field intensity at a point in line with the 
axis is twice what it is at a corresponding distance on a median line per- 
pendicular to the magnet, but in both cases the magnitude of the resultant 
field varies inversely as the third power of the distance. 

Problein. A magnet has a pole strength of 100 units and its magnetic length 
is 10 cm. What is the magnitude of the field strength at a point on its major axis 
25 cm from its N pole? 

Solution. Make use of Eq. (25) and we have 

,, 2 X 30 X 10 X 100 ^ 

^ ^ 0.0622 oersted. 

The approximate formula [Eq. (26)] yields 



0.0742 oersted. 




MAGNETOHTA TICS 


37 


Thus we see that in this case the simplified foniiula gives a result which is 
nearly 20 per cent too large. Equation (26) is therefore not applicable under 
these circumstances. 

28. Comparison of Fields by the Oscillations of a Magnet. The fore- 
going discussions indicate that the mechanical interaction between the 
poles of a magnet and any magnetic field in which the magnet may be 
located depends upon (1) the magnetic moment M, and (2) the intensity 
of the surrounding field. It therefore becomes possible to compare the 
intensity of two fields by observing the mechanical behavior of the mag- 
net when suspended in the two fields. To carry out this procedure a 
magnet is supported in such a way that it is free to oscillate about a 
vertical axis — say by being suspended by means of a light untwisted 
thread. 

Suppose any bar magnet, for example, is supported in a field of known 
intensity, as indicated above. If, after the magnet has come to rest, it 
be mechanically deflected from its position of eciuilibrium through a small 
angle d and then set free, it will oscillate about the axis of support. The 
restoring couple will be supplied by the surrounding field. We hav(‘ 
already seen (Sec. 23) that the magnitude of this restoring torque is given 
by the relation 

L-i///sin(9; (i) 

and if sin 0 is small, this equation may take the foi’in 

L = Mire. (ii) 

This torque will give to the magnet an angular a(a;eleration indicated by 

the expression 

L = —/a, (iii) 

or 


where 1 is the moment of inertia of the magnet and a the angular accelera- 
tion. Obviously the angular acceleration is proportional to the displace- 
ment and is oppositely directed ; hence the negative sign in (iii) . Thus tln^ 
basic conditions for simple harmonic motion are fulfilled. We may 
equate the value of the torque as given in (ii) and (iii). This yields 

MHO = -la. \ 

Rearranging terms 

1 ^ 6 
MH a 

Since the angular motion is harmonic, the period will be given by 


(V) 
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(Vi) 


Substituting in (vi) the values as given by (v), vve have 



Thus we have a relation that expresses the field intensity // as a function 
of the magnetic moment of the magnet, its moment of inertia, and its 
period of angular oscillation. For a given magnet, the case may be 
expressed thus, 

(31) 


where A is the constant numerically ecpial to /M and n the frequency 
of oscillation. 

Jf then one desires to compare the intensity of two different magru»tic 
fields, either the period or the frequency of oscillation of a given magnet 
may be noted, when the magnet is supported by the same suspension 
in the two fields. From Eq. (31) we may set up the working relation 


Hi ^ 7V ^ 
ih Ti^ " a / 2 -' 


(32) 


and substitution in this equation will give us the comparison desired. If 
the field intensity in one of the cases is known, the magnitude in the 
second case can be computed. In practice a cylindrical or rectangular 
bar magnet is usually employed, and is suspended in such a manner that 
air currents may be avoided. 

29. Determination of Absolute Values of M and H. In Eq. (30) we 
already have a relation involving magnetic moment and field intensity. 
If, then, we can derive another expression in which these two quantities 
appear it will be possible to eliminate either one of these terms and thus 
evaluate the other. Equation (30) may be rewritten as 


MH 


f2 ^ 


(m 


thus making it possible to find the product of M and H once the moment 
of inertia and the period are known. I may be computed from the physi- 
cal dimensions of the magnet used, and its period can be determined 
easily by experimental means. 
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In order to find a second relation between M and use is made of the 
so-called tangent law. If and when external magnetic fields, at right 
angles to one another, are caused to act on a magnet, the magnet will tend 
to set itself parallel to the resultant field. The horizontal component 
of the earth^s field (Sec. 37) will serve as one of these two fields, and a bar 
magnet, so positioned that its major axis is at right angles to the earth V 
field, will serve to provide the second field needed. The situation is 


H 




Fig. 16. — Resultant inaj^netie fteld. (a) Position of a magnet when subjected 
to two mutually perpendicular fields; (6) magnetometer needle and auxiliary deflecting 
magnet, 

shown, diagrammatically, in Fig. 16a. In the sketch, // represents the 
earth's field and H' the field due to a bar magnet. A compass needle, or a 
delicately suspended small magnet, will take up a position along R parallel 
to the resultant field. When equilibrium is attained the suspended 
magnet mil make an angle B with the earth's field and an angle 90 — 0 
with The moment of the couple tending to rotate the magnet in the 
direction of H would be MH sin 0, and that tending to rotate it in the 
direction of i/' would be MH' sin (90 — 0), or M H' cos 0. When mechan- 
ical equilibrium obtains, these two torques are^ equal, and we may there- 
fore write 

MH sin 0 = MH' cos 0. 


H' _ sin 0 
H cos 0 


tan 0. 


This is equivalent to 


(34) 
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The arrangement of the components that is used to secaire data fi-om which 
to solve Eq. (34) is sketched in Fig. 1G6. NS is the suspended magnet 
(usually housed), the assembly being known as a magnetometer; N'S' is 
the magnet whose MH value has previously been determined. 

In order to eliminate //', use may be made of the relation expressed by 
Eq. (26). Such a step is justified because the setup shown in Fig. 166 
is essentially the Gaussian A position. If, then, the magnet N'S' is so 
placed that //' will equal 2M /r^. Substituting this for If' in 

Eq. (34) and rearranging terms, we have 


M _ tan 6 
If ” 2 ’ 


(35) 


which gives us the desired second relation between M and //. If r is not 
great in comparison to //2, it will be necessary to substitute the more 
exact value for H' as given by P]q. (25). The student should make that 
substitution. 

By combining Eqs. (33) and (35) we may secure the working relations 


and 



(36) 

(37) 


Thus we have a relation by means of which the magnetic, moment of a 
magnet may be computed, and another equation by which the absolute 
value of field intensity may be obtained. It is also to be noted that the 
expressions for M and H involve only quantities which may be readily 
determined experimentally. 

30. Magnetic Flux. In dealing with electrostatic induction it was 
found that a relation existed between electrostatic field strength and elec- 
trostatic flux, or displacement (Sec. 8). In that case, also, it was noted 
that any medium in the field was in a state of distortion (strain) and that 
this held for ^Tree^’ space. A corresponding condition obtains in a mag- 
netic field. Magnetic flux is related to field intensity by the equality 

B = g//, (38) 

where B is the magnetic density (lines of flux per unit area), g the permea- 
bility, and H the field strength (sometimes incorrectly called magnetizing 
force). But Eq. (17) indicated that 
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hence 



(39) 


Thus B (commonly referred to as magnetic induction) depends upon pole 
strength m and distance d, and not upon the medium. If the medium is 
air (strictly, free space) /x will be unity, and hence II and B will be given 
numerically by the same expression, viz. Magnetic; induction 

(dux density) is expressed in terms of lines per unit area, or in gausses. 
Magnetic intensity and magnetic induction should not be confused; the 
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Fig. 17. — Polation ])ct\voon magnetizing field and the resulting indiKdion. 


former has to do with the property of the field expressed in terms of force, 
the latter with the condition of the medium. Magnetic induction is a 
vector quantity ;dts direction is that of II. 

Referring again to the relation indicated by Eq. (38) it should be 
noted that, since permeability m is not constant (it depends upon the mag- 
nitude of the field intensity //), the induction B is not a linear function of 
H. For many magnetic materials, the graphic representation of this 
relation will be indicated by a curve such as that sketched in Fig. 17. It 
will be noted that, as the field intensity is gradually increased in magni- 
tude, a condition is reached (in the region of p) where an increase in H 
does not produce an increase in the induction (flux density). The mate- 
rial is then said to be magnetically saturated. The explanation for this 
behavior is that the dipole entities have probably all become magnetically 
aligned with the exciting field. The curve shown in Fig. 17 is a highly 
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important grapli and is commonly referred to as the B-H curve. Its 
exact contour will depend upon the particular material being tested. We 
shall return to this relation later. 

In dealing with the magnetic flux through some given area, we are 
usually interested in considering the normal component of that flux. On 
that basis magnetic flux may be defined by the relation 

^ B da cos Q, (40) 

where 6 is the angle between the normal to the surface da and the actual 
direction of the lines of induction. If and when the field is uniform, and 
the direction of the induction is normal to the surface, Eq. (40) becomes 

= BA, (41) 

where ^ is the total number of lines of flux and A the area involved. 
When dealing with total flux the unit is the maxwell. A maxwell is 
equivalent to one line of magnetic flux. 

The total flux emanating from unit pole is also of special interest. If 
we imagine a sphere of 1 cm radius surrounding a xinit pole, the total flux 
can be readily computed. The flux density at any and all points the 
surface of such a hypothetical sphere would be unity, and would be repre- 
sented by one line per square centimeter. The area of the sphere would 
be Air cm^. By Eq. (41) the total flux emanating from unit pole would 
therefore be 4ir maxwells. For any pole strength other than unity, the 
total flux issuing would be given by the expression Airm, where m is the 
pole strength in question. 

If the induction is not normal to the surface, we may apply Gauss’s 
basic theorem to the magnetic case and arrive at the conclusion that the 
total normal induction (total normal flux) over any closed surface drawn 
about a pole is given by the expression 

^ = 4xm maxwells. (42) 

It may be shown that if the pole is outside the surface the total normal 
flux over the surface is zero. 

Problem, A pole whose strength is 200 units is located at the center of a 
sphere having a diameter of 4 cm. What is the flux density at the surface of the 
sphere, and what is the total flux? 

SoliUion. By Eq. (39), the flux density will be 

B =* = oO gausses. 

The total flux, by Fq. (42), will be 

== 4ff-200 = SOOtt maxwells. 
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31* Force between Two Magnetized Surfaces. One important appli- 
cation of the principles discussed in the preceding section has to do with 
the determination of the magnitude of the mechanical force exerted by 
one magnetized surface upon another similar surface, particularly when 
the surfaces are close together; one familiar exam{)le being the force 
exerted by a permanent magnet or an electromagnet on a soft iron b()d\'. 
Let us develop a relation that will 
give the magnitude of the force in 
such a case. 

If the distance of separation of 
the two magnetized bodies is small 
in comparison with the area (Fig. 

18), the lines of flux will be parallel 
except very near the edges. We 
will assume the field to be uniform, 
be I and the area of each opposing surface l)e A . It has been shown (Sec. 
30) that 4Tr lines of flux leave each unit pole, and since there are I such 
poles per unit area, it follows that the flux density (induction) in the air 
gap will be 4x7 gausses. 

Since the medium is air, B ~ H; therefore the force experienced by 
unit test pole N placed anywhere (except near the edges) in the air gap 
will be equal to 4x7 dynes. Half of this force 2irl will be due to the attrac- 
tion of the S pole and the other half to the repulsion of the X pole. Since 
each unit area of a given pole, say the N pole, exerts a force of 27r7 dynes 
on a test pole anywhere in the air gap, and since 7 pole units exist on each 
unit area of the S pole, the force experienced by that area (1 cm-) will be 
equal to 2TrP dynes. The total force, therefore, which the X pole will 
exert on the S pole will be 

F - 27r7U, 

where A is the area of the opposing magnetized surfaces. As already 
indi(^ated, in this case 

B ^ H = AwL 

Substituting the value for / obtained from this ecpiation, in the above 
expression for force we get 

^ dvnes, (43) 

OTT 

where B is the flux density in gausses and A the area in square centi- 
meters. If A is expressed in square inches, and B in lines per square inch, 
Eq. (43) becomes 

f ^ - 

72,130,000 



Fio. 18.- Hold in thc^ rojrion 

hetwoini two unlike poles. 

Let, the intensity of magnotization 


lb. 


(44) 
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It will he noted that the distance of separation does not enter into the 
above expressions for force. However, as the bodies are moved farther 
away, moj-e flux vill spread into the region beyond the edges and thus 
contrii)ute less to the resulting force; hence F will tend to diminish some- 
what as the bodies are moved apart. 


Problem. One i)ok, of a magnet measures IX 1 cm. A piece of iron having 
an equal area is plac^ed (^lose to the pole face. A total uniform flux of 50,000 
maxwells passes from the pole face to the piece of iron. What force of attraction 
does the magnet exert ui)on the iron? Express the result in grams and in pounds. 
TiCt g — 980 cm /sec 

Solution. By Eq. (43), vve have 


^ (50,000)2 X 1 
SttWO 
= 10.18 kg 
= 22.5 lb. 


1.018 X 10^ gm 


32. Energy per Unit Volume of the Medium. It has already been 
indicated that the medium (including free space) in which a magnetic, 
field obtains is in a state of strain. This implies that energy has been 
expended to bring about that condition. A magnetic field must theref*jfe 
involve an energy content; and this potential energy plays a very impor- 
tant part in many electromagnetic processes which wo shall examine 
later. 

Following the line of reasoning that we employed in connection with 
the corresponding case in electrostatics (Sec. 10), we may make use of 
the force relation that was developed in the preceding section. 

From Eq. (43) we know that the force in dynes of the attraction 
between two magnetized surfaces, 1 cm'^ in area, is given by 



Referring to the situation shown in Fig. 18, let us assume an area 1 cm 2 , 
no part of which is near an edge. If we move the magnetized bodies 
involving the assumed area slightly farther apart, say a distance 
of dXy the work done in overcoming the above indicated force will be 


dw == o' dx. 

OTT 


If these magnetized surfaces are moved 1 cm apart, thus increasing the 
volume by unity, the work done would be 


/ 


dw 


Sir 



dx, 
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or 


Total work === P.E. = ^ 

OT 


ergs/cm*. 


(45) 


ThuvS each centimeter of a uniform magnetic field in free space has an 
energy content given by the above expression. If the region in which 
the field exists has a permeability other than unity, g will appear in the 
numerator of the right-hand side of Eq. (45). 


VroUem,. Referring to the numerical problem given in connection with tlie 
discussion in Sec. 31, what would be the energy content of 1 cm'^ in that case? 
Solution. Substitution in Eq. (45) yields 


P.K. 


(50,000)^^ 

Sx 


I.OIS X Kb ergs. 


33. Refraction of Lines of Magnetic Flux. The direction of magnetic 
flux is changed hen it crosses the boundary between two mediums hav- 
ing different permeabilities. The line of reasoning followed in dealing 



Fk;. 19. — liofraction of lines of magnetic flux. 

with the corresponding case in electrostatics (Sec. 17) is applicable here. 
The situation is sketched in Fig. 19. PP' represents the boundary 
between the two mediums, whose permeabilities are gi and 1 x 2 respectively. 
As in the electrostatic case, two conditions must be satisfied if the flux 
lines are to be continuous: (1) the tangential component of the magnetic 
intensity {H) in the first medium must equal the tangential component of 
the intensity in the second medium, and (2) the normal component of the 
induction (P) in the first medium must equal the corresponding com- 
ponent in the second medium. Accordingly, it follow^s that 

tan 61 gi 
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If, then, the medium above PP' was air (m = 1), and the medium below 
of such a nature that its permeability was greater than unity, the flux 
would be refracted away from the normal, i.e,^ 62 would be greater than 

^ 1 . Such a case is illustrated in 
Fig. 20. Here we have a field in 
air in which is located, say, a soft- 
iron cylindri(;al core. Due to the 
principle embodied in Eq. (46), 
the flux will be refracted at the 
boundary with the result that 
the flux is concentrated in th(^ 
iron core. Use is made of this 
possibility in the design of galva- 
nometers and portable electrical- 
measuring instruments, as wo 
shall see later. 

The reverse case is also impor- 
tant. While there is no known 
'^insulator^^ for magnetic flux, it can be diverted, in part at least, from a 
specified region by taking advantage of the relation embodied in Eq. (46;. 
Such a case is sketched in Fig. 21. It frequemtly happens that one desires 
to screen a given region from magnetic flux. This can be done by enclos- 
ing the region with a medium, 
such as soft iron, whose perme- 
ability is relatively high. An 
iron cylinder C wdll serve to re- 
fract the flux around the space S. 

By this procedure galvanometers 
and other electrical-measuring 
instruments may be shielded from 
the effect of the earth^s magnetic 
field, and also from the stray fields 
due to other sources, such as elec- 
tromagnets. 

34. Induced Magnetism. We 

may sum up our discussion of 
magnetostatics by briefly consid- 
ering the general relations which 
exist between several of the more important concepts w^hich we have 
examined in the preceding sections. 

If a piece of magnetizable material, such as a piece of soft iron, is 
brought into a region where a magnetic field exists, the atomic or molecular 


H 



H 


Fid. 21. — Showing the screening effect 
due to the presence in the field of a mate- 
rial having relatively high permeability. 
Note that no flux exists in the region S. 



H 

Fi(i. 20. — ^Showing the refraction of 
magnetic flux due to the presence of a body 
of magnetic material in the field. 
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dipoles will orient themselves in such a manner that each end of the piece 
will manifest polarity as long as the body remains in the field. ^ In any 
given case the intensity of magnetization (Sec. 22) developed will depend 
for its magnitude on the field intensity, as given by the expimsion 

1 - kH. (47) 

The proportionality factor k is known as the susceptibility of the material. 
By this is meant the extent to which magnetization may be developed in 
any given kind of material. A quantitative definition of susceptibility 
may at once be had from Eq. (47), thus 



i.e.j it is defined as the ratio of the intensity of magnetization to the field 
intensity. This factor has a relatively large numerical value in the case 
of such substances as iron, cobalt, nickel, etc., but it may even be negative 
as in the case of such materials as bismuth. Like permeability (m), 
susceptibility in the case of certain substances is not constant but is 
found to be a function of the temperature and of the magnitude of the 
magnetizing field H, 

A second important relation between H and I may be easily deduced. 
It has already been shown (Sec. 31) that at any point near a magnetized 
surface the flux density in air is given by the relation 

// = AtL (49) 

If and when a piece of magnetizable material occupies a position in a 
field, the flux within the region occupied by the material will consist of 
two components, viz., the flux H constituting the magnetizing field plus 
the flux, say H', induced in the material. This relation could be expressed 
thus 

B H + 

But H' is identical with the field value expressed by Eq. (49) because 
each of the lines issuing from the body must pass through the substance. 
It accordingly follows that 

B ^ H + Itt/. (50) 

We shall find this to be an important relation when we come to study the 
magnetizing effects of the electric current. 

From the above equality it is possible to deduce a relation between 
permeability m and susceptibility k. By substituting in Eq. (50) the 

’ This subject will be more fully discussed in connection with electromagnet ism. 
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value of 1 given in Eq. (47), there results 

B H + AivkH = (1 + AirK)H. 
But we have already seen [Eq. (38)] that 


hence it follows that 


B = nH; 

ju = 1 + Atk, 


(51) 


(52) 


The above expression gives us another definition of permeability. 

It should be pointed out that Eq. (50) does not quite tell the wiiole 
story when dealing with induced magnetism. In the first place th(^ 
magnetization may not be entirely uniform throughout the substance 
involved; and secondly, there is a certain demagnetizing effect due to 
the induced poles themselves. If a soft iron core is placed within a helix 
through which a current is passing the core will be magnetized, and the 
lines of flux extending from pole to pole of the core, outside of the bar, 
will be in a direction opposite to the inducing field. The resultant field 
will therefore be less than the value of H given by the above equations. 
Thus the effectiveness of H is reduced, and by an amount which depends 
upon the strength of the existing poles. 

This demagnetizing effect obtains in the case of perma- 
nent magnets as well as in a piece of material in whi(;h 
magnetism is being induced by an external field. It is for 
this reason that bars, or keepers,^’ are often placed across 
the poles of a permanent magnet. Hie situation is illus- 
trated in Fig. 22. If, in the case of the familiar horseshoe 
magnet shown, we can nearly close the gap by means of a 
soft iron bar By this bar will become magnetized by induc- 
tion and will become polarized as indicated. Accordingly, 
the poles of this bar, N' and S\ will tend to neutralize 
the demagnetizing fields due to N and S. Thus the 
demagnetizing tendency will be materially lessened, and 
the permanent magnet will maintain its pole strength for 
a longer period of time. 

All dielectrics behave in much the same way when placed in an electro- 
static field, but all materials do not react alike when subjected to a 
magnetic field. For example, od^.. encounters certain substances whose 
susceptibility is somewhat greatf.. than unity and whose permeability 
is correspondingly in excess of unity — something of the order of 1 per 
cent. Such materials are referred to as paramagnetic substances. 
Examples of this type of body are aluminum, manganese, titanium, and 
liquid oxygen. 



Fig. 22. — 
Horseshoe 
form of mag- 
net, with soft 
iron bar join- 
ing the poles. 
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There is a second group of substances that show a high degree of 
susceptibility and a correspondingly great permeability, in some cases 
reaching a m value of several hundred. Among these may be mentioned 
iron, cobalt, nickel, and certain magnetic alloys. Such materials are 
known as ferromagnetic substances. 

Magnetic alloys are bec.oming increasingly important. The first 
important magnetic alloy to be produced was that developed by Heusler, 
some 40 years ago. The Heusler alloy contains no ii on; it is composed of 
14.3 per cent aluminum, 28.6 per centmagnanese, and 57.1 per cent copper. 
In this alloy the permeability increases with the addition of manganese up 
to the point where the proportion of manganese and aluminum are in 
proportion to their atomic weight. The maximum magnetization whicii 
may be obtained with this alloy is about one-third of that of the best 
ii*on. The copper which enters into its composition apparently does not 
affect its magnetic properties, serving only to make the alloy more easily 
machined. 

Recently, other magnetic alloys have been developed which find wide 
use in c()nne(;tion with power and communication enginec^ring. These 
alloys are composed largely of iron and nickel in varying proportions. 
They possess several important magnetic characteristics which will be 
touched upon in connection with our later study of electromagnetism. 

A third group of bodies known as diamagnetic substances show 
negative susceptibility, and a permeability slightly less than unity. Such 
substanc^es tend to move into the weakest part of a magnetic field. Bis- 
muth, whose K value at room temperature is approximately — 1.5 X lO"*^ 
and whose g value is about 0.9983, is one of the few examples of this type 
of substances. No particular use has thus far been made of the peculiar 
magnetic behavior of diamagnetic bodies, but their existence does enter 
into the problem of accounting for magnetic phenomena. 

35. Permanent Magnetism. Certain substances, when subjected to 
a magnetizing field, retain a substantial amount of magnetization after 
the magnetizing force has been removed. It thus becomes possible to 
produce permanent magnets. Various kinds of steel exhibit this useful 
property to a marked degree. Steel, as is well known, consists of iron to 
which has been added a small, but definite, amount of carbon, the whole 
having been subjected to a special hect treatment. It would appear 
that the atomic dipoles in steel, when or' e magnetically oriented, do not, 
of themselves, readily return to their random arrangement. Why this 
is so has not yet been fully explained. Various other elements instead of 
carbon are used as the hardening component, notable among which are 
tungsten, cobalt, chromium, silicon, and manganese. Tungsten and 
cobalt steel are particularly useful as material for permanent magnets, 
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especially the latter. Recently, a special permanent-magnet type of 
steel, going under the trade name of Alnico, has been produced which is 
particularly useful for certain types of magnets. This alloy consists of 
iron, nickel, and aluminum. Such magnetic alloys are subjected to 
special and closely controlled heat treatment when being formed, and also 
during the subsequent process of magnetization. The extent to which 
these metallurgical and magnetizing techniques have been developed is 
attested by the permanence of the calibration of elcH^trical-rneasuring 
instruments of which permanent magnets form a part. 

When dealing with permanent-magnet material, the magnetization 
which remains after the magnetizing field is reduced to zero is called 
remanence. When the magnetic material has been saturated and the 
magnetizing field reduced to zero, the induction which remains is referred 
to as the retentivity of the material. In certain of the special steels above 
mentioned, both the remanence and retentivity are high. These concepts 
will enter into our study in a later chapter. 

36. Temperature Effects. Reference has been made to the part 
played by temperature in connection with several magnetic phenomena. 
One or tw^o statements should perhaps be added to the observations 
already made. 

When a sample of ferromagnetic material, such as iron, is subjected 
to an increasing temperature, it tends to lose its ability to become mag- 
netic and, at a rather definite temperature, it abruptly ceases to be ferro- 
magnetic and becomes paramagnetic in character. The temperature at 
which this change oc;curs depends upon the particular specimen being 
examined. For specimens of iron and steel the change occurs between 
700 and 900°C. Hopkinson, an early investigator in this field, called 
this transition temperature the critical temperature; it is often referred 
to as the Curie point, after another research worker. The exact form of 
the curve relating permeability and temperature depends upon the 
intensity of the magnetizing field at which the temperature test is cilrried 
out. This is strikingly shown by the several graphs appearing in Fig. 
23 ; these curves are for pure iron. In this case the transition occurs at a 
temperature slightly below 800®C. This is in the temperature region 
commonly designated by the term “dull-red heat.^^ In the case of nickel 
the critical temperature lies between 310 and 350°C; for cobalt it is in 
the region of 1150°C. If a permanent magnet is heated to the Curie 
temperature (787.5®C), it loses its magnetic properties and does not, of 
itself, regain them on being cooled to ordinary temperatures. 

It would appear that some marked atomic or molecular change occurs 
in a magnetic material at or near the critical temperature. For instance, 
in the case of iron the Curie point coincides wdth the temperature at 
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which one encounters rapid changes in such physical characteristics as 
density, specific heat, and electrical resistance. Indeed, the critical 
temperature is the same temperature at which recalescence^ oc<‘urs. 
Though a considerable amount of research has been carried out in this 



Fig. 23. — Showing the effect of heat on the magnetic perim^ability of iron, wht'n 
Kubjected to different magnetizing fields. {From ''Magnetic Phenomena^’ by E. R. 
Williams.) 

field, we have as yet no thoroughly satisfactory explanation for the exist- 
ence of these important concomitant phenomena. Here is a field which 
might well serve as a challenge to the efforts of any young and ambitious 
investigator. 

PROBLEMS 

1 . Two bar niagnets are placed parallel to one another as, shown. If the 
pole strength in each case is 100 units and the length 10 cm, what will be the 
magnitude of the force tending to push the magnets apart? 

$ I • • I N 

4 cm. 

s' l • • I n' 

2. Ill a bar magnet the distance between the poles is 10 cm, and the pule 
strength is 100 units. What is the field intensity at a point 5 cm from the N pole 
on a line at right angles to the major axis of the magnet? What direction will the 
resultant force make with reference to the axis of the magnet? 

^ When a piece of steel is allowed to cool rapidly from a bright, red heat., it will, at a 
certain well-defined temperature, suddenly become brighter and emit an umisiud 
amount of heat. 






52 


ELECTRIC rrv AND MAGNETISM 


3 . In Prob. 2, what would he the field intensity at the same distance from 
the same pole, but on the line of the axis extended? If a pole of strength 50 units 
were placed at this point, what would be the magnitude and direction of the force 
to which it would be subjected? 

4 . The distance between the poles of a magnet is 8 cm; the strength of each 
pole is 100 units. This magnet is suspended in a horizontal position in a field of 
0.2 oersted. What will be the magnitude of the torque tending to restore it to its 
normal position of equilibrium when it is deflected through an angle of 45° by the 
application of a horizontal mechanical torque? 

6. Ih’ove that the field intensity at a point neai‘ a large sheet of uniformly 
magnetized material is equal to 27r times the intensity of magnetization of the 
surface. 

6. The field intensity at a certain point is known to be O.bS oersted. At 
that point the period of a certain horizontally-susi)erided magnet is 12 sec. The 
same magnet, supported by the same suspension, when moved to another point 
in the field is found to have a period of 12.5 sec. Wliat is the value of the field 
at the second location? 

7 . A cylindrical bar magnet, whose length is 12 cm and whose diameter is 
1 cm, is supported in such a manner that it is free to swing in a horizontal plane. 
It is found to have a period of 10 sec. What is the magnetic; moment of the 
magnet? On the assumption that the pole centers are located 0.5 cm from the 
physical ends of the magnet, what is the value of the pole strength ? 

8. A magnet whose magnetic moment is 1,000, upon being suspended in the 
usual manner in a magnetic field, is found to have a period of 10 sec. What is 
the field intensity? The moment of inertia of the magnet being used is cSOO gm-cm 

9 . A cylindrical bar of iron, 5 cm in diameter, when placed in a magnetic 
field of 100 oersteds, is found to have a flux of 62,500 maxwells. What is the 
permeability of the sample? 

10 . The core of an electromagnet is 5 cm in diameter. When the magnetizing 
current is on it is found by experiment that a force of 150 lb is required to sej)arate 
a piece of soft iron of equal area from a pole of the iron core. What induction 
exists in the core? 

11 . If the iron core in Prob. 10 is 6 in. in length what would be the magnetic 
energy content of the iron? 

12 . The direction of a certain magnetic field makes an angle of 45° as it passes 
from air into a body of iron whose permeability is 400. What will be the direction 
of the flux in the iron? 

13 . In Prob. 9, what would be the intensity of magnetization under the cir- 
cumstances indicated ? 

14 . What would be the susceptibility of the iron referred to in Prob. 9? 

16 . A bar magnet weighing 10 gm is supported by a bifilar suspension 50 cm 
in length. A similar magnet is placed in a fixed position beside the suspended 
unit, parallel to it, and with like poles opposite. It is found that the suspended 
magnet takes up a position 2 cm from the fixed magnet. Assuming that all four 
poles have the same strength what is the magnitude of m ? 

16 . Deduce Eqs. (25) and (27) from Eq. (19). 
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37. The Earth’s Magnetic Field. It*is probable that the compass 
was in use as early as 1200, but the fact that the earth functions as a 
magnet appears not to have been known prior to KiOO. In that year J)r. 
William (Jilbert, English court physician, published his classical work on 
magnetism entitled ^^De magnete magneticisque (H)rporibus et de magno 
rriagnete tellure physiologia nova.” In this epoch-making volume, 
commonly referred to as ''Do, magnete,” (dlbert reviewed the then 



Fk!. 24. — Showing the general relation of the earth's magnetic field to the geo- 
graphical axis. 

known information concerning magnetism and added the results of his 
own careful studies, including his original theory that the earth acts as a 
great magnet. The science of magnetism began with the appearance of 
Dr. Gilbert’s treatise. 

Today we know that the earth acts as a magnet having a north pole 
located in the vicinity of Boothia Peninsula in Northern Canada, lat. 
76^00' N, long. 102°00' W, and a south pole in South Victoria Land, lat. 
68®12' S, long. 145°40' E. These points are not fixed. The terrestrial 
poles are below the earth’s surface. Recent observation indicates that 
the earth’s field extends to considerable distances above the earth’s sur- 
face. Obviously, the magnetic poles do not coincide with the geo- 
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graphical poles. The general situation is roughly depi(;ted in th(‘, sket ch 
appearing as Fig. 24. 

A plane passing through the center of the earth, the axis of support 
of the compass needle, and Polaris (the north star) would locate the 
geographical meridian. A plane including the major axis of a compass 
needle and passing through the center of the cart h would give the mag- 

H 


Fig. 25. — Tht? direction (if horizontal and vertical (aunponenis of tln^earth’H 
magnetic field relative to th(‘ actual direction of th(‘ ti(‘ld at any point on tin; 
earth’s surfacie. 



netic meridian. The angle l)etween these t wo jdanes is referred to as the 
declination. As indicated in the sketch the lines will not be parallel to 
the earth’s surface. In S(‘c. 22 it was pointed out that a test magnet 
assumes a position tangential to the direction of the lines of force at the 
point of observation. It therefore follows that if free to rotate about 
a horizontal, as well as a vertical axis, a compass needle will not assume a 

horizontal position. The angle which 
' ' ^"4 - the needle makes with the horizontal 

designated as the inclination, or dip. 
The magnitude of the earth’s field 
* varies from about 0.18 to something 
like 0.4 oersted, the latter value occur- 
Philippine Islands. The 
' V ' ' I angle of dip varies from 0 to 90°, being 

, h " ^ y zero at the magnetic equator (see chart, 

mm , ; , v page 59). At the North and the South 

I " ' * ' ^ ^ ‘ » poles a needle, if free to rotate about a 

^ ^ ^ ^ ^ horizontal axis, would assume a vertical 

b w r - position. In dealing with the earth’s 

; field it is necessary to resolve the actual 

' i field intensity into vertical and hori- 
'f! zontal components, as shown in Fig. 

f 25. The horizontal component H acts 

Fig. 26.-Magnetic needle used to turn the compass needle about a 

m determining declination and in- yg^ical axis, and the vertical compo- 

clmation. y inclination. The 

ordinary compass needle is mechanically weighted at one end to compen- 
sate for its tendency to dip. If the instrument is designed to be used to 
measure the angle of inclination, it is mounted as shown in the illustration 
appearing in Fig. 26. 


Fig. 26. — Magnetic needle used 
in determining declination and in- 
clination. 
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There are various u ays of (leierrnining tlie magnitude of the horizontal 
eornponent of the earth's field and thereby indirectly arriving at the valium 
of the earth’s total field. We havf» already discussed (Sec. 29) the princi- 
ples involved in one method of determining the horizontal component. 
In carrying out. this determination use is made of what is known as a 
magnetometer. This ap})arat.us consists of a small magnet suspenrled in 
a nonmagnetic housing by a fairly long fiber which is free from twist. 
Idle magnet, or tlu^ stirrup supporting it, bears a small mirror by means of 
which any angular deflection may be noted Avith the aid of the usual 
telescope and scaha A section of a meterstick ext(anls horizontally in 



Fkj. 27. “-I\Iaguctoin(‘t(‘r a.ssoin])]y. The dark rectangular ineinbor within th(' 
liousing carri(‘.s the mirror and the small magnet. It also serves as a damping A^ane. 

opposite directions through the axis of su])port. Some form of slid- 
ing clip is provid(Hl A\diereby a second or auxiliary magnet ma}^ be 
supported on, and parallel Avitli, the m(^asuring extensions. The gen- 
eral arrangement of the magnetomeier components may be seen in 
Fig. 27. 

The j)eriod of the auxiliary magnet and its moment of inertia are 
first determined. Next the small magnetometer magnet is allowed to 
come to rest in the magmdic meridian and its exact position noted by 
means of the opticnl system provided. The auxiliary magnet is then 
placed direeddy on a line at right angles to the miignetometer magnet 
and with the center distant r centimeters from the axis of the magne- 
tometer needle. By noting the angle through Avhich the magnetometer 
needle is deflected due to the presence of the auxiliary magnet one is then 
in a position to make use of Eq. (37) and thereby evaluate H, the 
intensity of the earth's field. 

In carrying out this determination it is necessary to observe certain 
precautions if accurate results are desired. The magnetometer needle 
may not be exactly at the center of the scale which carries the auxiliary 
magnet. To correct for this possible error, deflection readings are taken 
with the bar magnet in both east and west positions. Also, to compen- 
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sate lor any lack of magnetic, symmet ry in eith(‘r the ruMulle or t.h(3 auxil- 
iary magiiet, readings are made in both the east and \vest positions with 
the ends of the auxiliary magnet reversed. Similar sets of four readings 
are made with different values for r. 

Another method of determining the magnitude of the earth's field 
involves the use of a piece of ecpiipment known as an earth inductor. 
This method will be outlined after we have considered the subject of 
el ec tromagnetic ind vu^ tion . 

38. Variation of the Earth’s Field. I)e(^lination, dip, and the hori- 
zontal component of the earth's field intensity are commonly referred to 
as the magnetic elements. As indicated above, the value of the earth’s 
field at any given point is not a fixed quantity; its magnitude and direc- 
tion are continually changing. Since the earth's field is an important fac- 
tor (though a diminishing one) in navigation and in civil and electrical 
engineering, it is important to become ac(piainted with the character and 
extent of these changes in the magnetic elements. 

The variation in declination appears to have been known to the 
Italians as early as 143(), and the experience of C'Olumbus on his memor- 
able voyage of discovery clearly established the fact that the declination 
is radicallyv different at different places on the earth's surface. The nrst 
authentic record of magnetic; declination was made in the vicinity of 
London in 1580, the value at that time and place being Jl®15' E. In 
1669 the declination there had become zero. Later it swung to the west, 
reaching a value of 24^2*^ W in 1823, and is now decreasing. From the 
data secured at the famous Kew Magnetic; Observatory and at other 
magnetic stations throughout the world, it appears that there is a cyclic 
change in the magnetic declination which has a period of something like 
960 years. This type of change is known as a secular variation. 

In addition to the change just mentioned, the declination is subject to 
a small annual variation. It is an interesting and perhaps significant 
fact that the yearly variation is in opposite directions north and south of 
the geographical equator. 

There is also a slight daily or diurnal variation in all of the magnetic 
elements which can be detected by delicate magnetic instruments. 

It has also been established that there is a cyclic change in the mag- 
nitude of the diurnal variations. This superimposed cyclic change has a 
period of something like 11 years and is frequently referred to as the 
11 -year period. It happens that there is a maximum of sunspots at 
regular intervals of 11 to 12 years. Whether sunspots are the cause of 
these variations has yet to be established. 

In addition to the more or less regular variations already noted, there 
are irregular and sometimes violent disturbances of the earth's field. 
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These erratic variations in the earth’s magnetic elements are known as 
magnetic storms. Strangely enough, tln^se disturbances are frequently 
concomitant with sunspots. In fact, observations extending over a 
period of 1000 years appear to indicate that sunspot activity and tln^ 
earth’s magnetic activity are in some way related. This relation is 
strikingly depicted by the graplis shown in Fig. 28. In this connection 
it is interesting to note that under ordinary drcumstances the solar 
magnetic field has a value of the order of 50 oersteds as compared with a 
value of something like two-tenths of an oersted for the earth’s field. The 
region of the sun (‘ovca'ed by a spot may, how ever, show^ a- fi(ild intensity 
as high as 4,000 oersteds. 



Fuj. 28 . — Karlh’.s iiiiignelic activily (•oiiipar(‘(l with Huns})()t activity, {(^ourirsj/ 
Carnegie TnMUutivn of WanhinqUoi.) 


39. Magnetic Maps. 4410 importan(‘e of the study of the earth’s 
magnetic behavior cannot be overemphasiz(Hl. Through the cooperation 
of the U.S. Department, of Terrestrial Magnetism and the (4irnegie 
Institution of Washington a ship constructed entirely of nonmagnetic, 
materials made several extended voyages for the sole purpose of carrying 
out magnetic surveys. The U.S. (’oast and Geodetic Survey has also 
collected much valuable magiu'tic data. Scattered throughout the world 
are a number of magnetic* observatories w here continuous observations 
have been made for many years. Among the older stations may be 
mentioned the one at Kew already i*(4erred to, the one at Potsdam, and 
another at Bombay. A new station has recently been established in 
Peru. By the (‘ooperation of these several agencies it has been possible 
to prepare magnetic maps showing the vahui of the magnetic elements 
throughout the w orld. These constitute what might be called isomag- 
netic charts. If lines are drawn connecting points on the earth’s surfaca^ 
having the same declination value w e have a chart such as that showm as 
Fig. 29. bines of this character are known as isogonic lines. It. will b(‘ 
noted that the isogonic lines are more or less irregular, and in one instaiict* 
form a closed loop, the '^Siberian oval.” Therc^ are otlua* isogonals, onci 
passing thro\igh North and South Ameri(*a, one t.hrough Europe^ and 
another through Western Australia, along which the declination is also 
zero. Lines of zero declination are designated as agonic lines. 
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If lines are drawn connecting points showing the same angle of dip 
we have a map of the character shown as P'ig. 30. These lines are referred 
to as isoclinic lines. It will be observed that the isoclinals are consider- 



ably more regular that the isogonals, and that they roughly parallel the 
geographical lines of equal latitude. 

C/harts are also made (Fig. 31) showing lines which pass through 
points having the same value for the horizontal component of the earth’s 
magnetic field. Such tracings are referred to as isodynamic lines. 
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40. Theory of the Earth’s Magnetic Field. From time io time vari- 
ous theories have been suggested to account for the earth’s magnetic 



not yet been offered. Broadly speaking, it may be said that the earth, 
in some respects, behaves magnetically as if a magnet existed at its center 
whose longitudinal axis made an angle of about 17° with the axis of the 
earth (Fig. 24). The long-time changes in declination would appear to 
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indicates i-hai the axis of such a hypothetical magnet slowly rotates aV^oiit. 
a fixed point somewhat as does the geographical axis. 

It has been shown that the rapid rotation of a magnetizable body will 
bring about the magnetic state. Since the earth is known to contain a 



considerable amount of material that is magnetizable, there is a pos- 
sibility that the rotation of the earth on its axis may give rise to the 
magnetism exhibited by the earth as a whole. 

It is also possible that the cause of the earth’s magnetism has its origin 
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(juite outside the earth itself. In any event the variations in the earth’s 
field are in some way intimately related with solar activity, as already 
implied. There is reason to believe that the siin emits electrons. Some 
of these probably reach our atmosphere and thus ionize (Sec. 203) the 
gases constituting the atmosphere. Such a process would probal)ly give 
rise to electric currents in the region immediateh^ surrounding the earth, 
which in turn (Sec. Ill) would cause magnetic disturbanc^es. We know 
that magnetic disturbances always accompany auroral displays, and a 
stiidy of the spectrum of the aurora would appear to indicate that they 
are caused by the passage of an electrical discharge through a rarefied 
gas. 

The whole subject of terrestrial magnetism is a most fascinating and 
important field, made more so because magnetic history is still in the 
making. The student who is interested in this subject will find a fund 
of valuable material in pap(Ts which appear on this sul)ject in the Journal 
of Terrefilrial Magnetism and Atmospheric Electricity, 



CHAPTER V 
POTENTIAL 

41. The Nature of Electrostatic Potential. Potential, in ji;eneral, is a 
highly important concept. There are a number of types of potential 
used in the realm of physi(‘s. For instance, we have, among others, 
gravitational (Newtonian) potential, thermodynamic potcaitial, magnetic* 
potential, and electrostatic potcmtial. What does the term ‘^potential” 
signify? In general, it may be stated that potential is a ciuantity the 
magnitude of which involves energy as a function of position or of condi- 
tion. If one can compute the work done in bringing one unit of an entity 
such as mass, heat, or charge to a given point in the region of a (quantity 
of the entity which is being transferred, we shall have a measure of thc^ 
potential at that particular point. In computing the work, it is neces- 
sary to assume some starting point or plane. Sometimes it is convenient 
to take infinity as the starting point; sometimes the surface of the earth, 
or a particular condition of the earth, is taken as the point of departui c*. 
The meaning of the above statements may be made clear through thcr 
use of a simple illustration. 

Suppose we have a pebble \v(nghing i gm resting on the beach at the 
sea level. In order to lift the stone and place it on a support 1 m above 
the water would rcHpiire the expenditure of 980 X 100 or 9.8 X lO'^ ergs 
of energy. In the new position the pebble would have a gravitational 
potential of 9.8 X 10^ units with respect to sea Icn'cd as a plane of refer- 
ence; and the unit of such gravitational potential would obviously bc^ 
ergs per gram. 

At this point it is important to call attention to the fact that potential 
and potential energy are not synon 3 mious. If the stone had weighed 100 
gm instead of one, the potential energy in the new position would have 
been 9.8 X 10® ergs, l)ut the potential would still have beeo only 
9.8 X lO^ergs/gm. 

Speaking in general terms, it may be said that potential is expressed 
in terms of the work recpiired to put some unit cpiantity into a definite 
position or state. In all cases the force involved is characteristic of that 
particular system, and the magnitude of the potential is independent of 
the path over which tli(^ unit cpiantity of the entity is moved. Since 
potential depends upon position in space, and since it is expressed in 
terms of energy, it is a scalar ciuantity. 

Turning now to electrical i)otential we have a situation which is 

C2 
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essentially the same as the gravitational case (ited above. In Sec. 7 
we indicated that the condition of an (dectrostatic field may be spe(dfied 
in terms of the force acting on unit test charge, and it was also shown that 
the status of the field may l)e graphically represented by means of lines 
of force. We are now to consider another method of (lescr-ibing such a 
field — a method which involves the concept of potential. 

Consider, for example, a concentrated positive chai-ge, as shown in 
Fig. 32. It we attempt to move a test charge betwa^cui any two points in 
the field, an expenditure of energy will be involved. Since work is the 
product of iorce and displacement a definite amount of work would be 
done in moving unit positive test charge from p' to p against the repcdling 
force due t,o the charge q. Tf the point p' wer(‘ at infinity the work 



Fig. 32. — A charf^o ri.st* to ol(‘<*tri(*al potential at aJI points in its fjold. 

involved would be numerically equal to the electrostatic potential at 
p. If the unit test charge w(‘re moved only from p' to p, the work 
done would give the difference of electrostatic, potential between these 
two points. In either case the potential factor would be expressed in 
ergs per unit charge. It follows then that the difference of potential 
between two points will be unity when i (U’g of work is done in transfer- 
ring unit charge from one point to the other. If the test charge is moved 
from a point of lower potential to one at a higher potential, the potential 
energy of the ele(;trical s.ystem will be increased and the work will be 
positive; if moved in the reverse direction the potential energy of the 
system will be lessened and the work will be considered to be negative. 

It was indi(rated above that the cgs electrostatic unit of potential, and 
potential difference, is the erg per unit charge. This unit is frequently 
expressed as ergs per stat(;oulomb and is designated as a statvolt. The 
volt is the engineering unit of potential; it is eiiuivahmt to 3 300 statvolt. 
The reason for this particular ratio will be explained later. 

From the foregoing it follows that if a quantity of q units of electricity 
is moved from a point where the potential is V 1 stat volts to a point where 
the potential is V 2 , the work done, in ergs, will be given by the relation 

W = q{V2 - Fi). (53) 

If 1 coulomb of electricity (3 X 10® statcoulombs) is moved between 
two points whose potential difference is 1 volt {}ioo statvolt) the work 
done, as given by Eq. (53), would be 

= 3 X 10» X ^ = 10’ ergs. 
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Since 10^ ergs — 1 joule, 

W (joules) = q (coulomKs) X p.d. (volts) (54) 

where p.d. signifies ‘^potential difference.^’ 

42. Potential at Any Point in an Electrostatic Field. It will be found 
useful to have available an expression by the use of which one may 
determine the value of the potential at any point in an electrostatic field. 
Suppose w(* haA e a concimtrated charge as shown in Fig. 33. Con- 




■Kds-H 


Fig, 33. — Electrical potential at any point in a field, expressed in terms of work. 


sider a point p' located a very short distance ds from p. Since ds is very 
small, the intensity will be practically constant between p and p' and 
will be given by q/KsK It therefore follows that the work necessary to 
transfer unit test charge from p' to p will be given by the relation 


dw 


"C ds 


Ks 


ds. 


The negative sign indicates that the displa(;ement and the field intensity 
are oppositely directed. If now we bring our test charge from infinity 
to p, along a radius vector, the work done in that operation will be 



This, by definition, is numerically equal to the potential at p; hence we 
may write 



In the above relation, if q is expressed in statcoulombs and s in centi- 
meters, the potential V will be given in statvolts. 

In most cases, one is interested in the potential difference between 
some two points, both of which are at finite distances. In that event, the 
equation would take the form 

-K fl 7- 

where si and se represent the distance shown in Fig. 34. Here again, if 
q is in statcoulombs, the potential difference will be in statvolts. 
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In any case where the direetion of the displacement is not along the 
line of the radius vector, one can, by referring to Fig. 35, write an expres- 
sion for potential as follow^, 

y V = j ^2 dl cos a. 

Hut dl cos a — hence the above equation reduces to the form from 
which Eq. (55) was derived. Here, then, we have analytical proof that 



Fig. 34. — Differenct^ of potential lK*tv\<‘(*n any two points in a field. 

the potential at a point is a space property of that point, and its magni- 
tude is independent of the direction of the path along which the unit 
test charge is transferred. 



Fig, 35. — Illustrating thf^ fact that potential is a space property of the point in question 
and not a function of direction. 


If the total charge is not concentrated but is distributed in discrete 
quantities located at various centers, we may find the total potential 
by taking the scalar sum of the potentials due to each component charge. 
Such a case could be expressed thus. 


Vv 


Ks, ^ ^ Ksz ^ 



ergs/unit charge, or statvolts. 


(57) 


Prohldjn, Three charges are located in air as 
shown in the a(‘coinpanying sketch. Find the poten- 
tial at the point p midway l^etween the +6 and —4 
charges. 


esu 
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Solution. 



= 0.633 statvolt 
= 189.9 volts. 


43. Potential Gradient. A simple but widely used relution exists 
between potential and fit'ld intensity. In the development of Ec]. (55) 
we made use of the expression 

(hr = — 8 (is. 


Hy definition this may also be writt(‘n 

(Ir = — 8 (is. 

Chanj 2 ;in^' the form, \vr have 



(58) 


In words, Eq. (58) means that the intensity at any point in an electro- 
static field is numerically equal to the negative space rate of change of 
potential at that point. The quantity dv/ds is frecjuently referred t.; as 
the potential gradient of the field. If the potential difference dv is 
expressed in statvolts and ds in centimeters, the potential gi*adient will 
be in statvolts per (*entimeter; if dv is in volts and ds in centimeters the 
gradient will he in volts per centimeter. The physical mc^aning of the 
negative sign is that as s increases, V decreases. 

An equivalent form of the above relation may be derived in another 
way. If one moves unit test charge between two points which are at 
different potentials and separated by a distance s, it would follow from 
definition that 

f X — s 

Vo - E, - / Fdx. 

Hen(^e 

y, _ == /<\n. 


SiiK'.e we are here dealing with unit charge it follows that the field inten- 
sity is numerically equal to the mechanical force involved, i.e., 8 = F. 
Combining these two expressions, we have 

= Vo - Fi. 

This may be writ tcai 


which is an equation giving the potential gradient in a convenient and 
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uselul form. Iliiis it is seen that we can arrive at the value of the field 
intensity by either of two methods: (1) by finding the force on unit test 
<’haTge, or (2) by determining the fall in potential per centimeter. 

As an example of the use of this relation, it may be stated that the 
normal potential gradient of the atmosphere over land varies from fi7 
to *S17 AU)lts/m; over the sea the gradient is of the order of 12S volts/m. 

44. Magnetic Potential. Magnetic potential at a point is defined as 
the work done in moving unit N pole from infinity to the point in ques- 
tion; and difference of magnetic potential is the work done in moving 
\init N pole between the two points involved. The unit of magnetic, 
])otential and potential differf'iice is the erg per unit pole. 

Following the reasoning employed in dealing with electrostatic 
potential (Sec. 42), it may be said that the magnetic potential at any 
given point in a field due to the single pole will be given l)y the relation 

y ~ j ^ “ ergs/unit pole. ((iOj 

There is no speeaal name for the unit of magnetic potential. 

If th(3 field is due to the presence of several pol(*s rather than one*, the 
potential at a point would be 



By 


Fig. 36. — Magnetic potential at a point, due to a dipole. 

The value of the potential at some point in the field of a magnetic 
dipole, as indicated in Fig. 36, is sometimes desired. By Eq. (61) the 
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potential at p would be 



It is possible to express the pole distances in terms of the length of the 
magnet and the angle B made by a line from p to the center of the magnet . 
J^et r = PC and x = 1/2, half the length of the magnet. By erecting 
perpendiculars on pB we have that AC = CB — x cos B. Substituting 
in the above equation for Vp, and assuming that I is small compared with 
?', we find that 

y m ^ 

r — X cos B ?* + x cos B — x^ cos'^ B 
_ ml cos ^ <*os B 

r'l _ ^ _ ^2 ^^^2 0 

At any appreciable distance from a dipole the interpole distance /( = 2x) 
will be negligible in comparison with r; hence, to a first approximation, 
the last equation above becomes 

V„ = ^ cos e, ;(;2) 


where M is the magnetic moment of the dipole. 

As was noted in dealing with an electrostatic field, the field intcuisity 
in the magnetic case may be found by differentiating the potential with 
respect to the distance factor. The intensity along the radius vector 
would accordingly be 


Hr = 


dr 


2M 


- r- cos e/. 


(03) 


The partial differential expression is used above because all factors other 
than r are held constant. 

For points on the axis of the magnet B = 0; hence 


Hr = 



(64) 


which is identical with the result obtained for the Ctaussian A position in 
Sec. 26, Eq. (26). 

From the foregoing discussion it is evident that magnetic field inten- 
sity is numerically equal to the maximum space rate of the change in 
potential in any specified direction. 

46. Equipotential Lines and Surfaces. In Sec. 42 [Eq. (55)] we found 
that the electrostatic potential at any point in a field varies inversely 
as the distance from the charge giving rise to the field. It follows there- 
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fore that, in the case of an isolated concentrated charge, all points at a 
(certain distance from the charge will be at the same potential. Using 
the distance from the charge to some definite point as a radius, one may 
describe a surface about the charge and all points on this spherical sur- 
face will be at the same potential. Such a surface is known as an equi- 
potential surface; it is the locus of all points having the same potential. 
If we are dealing with one dimension only, a line connecting all points 
having the same potential w^ould be w^hat is called an equipotential line. 



Figure 37 shows equipotential lines drawn about a concentrated charge, 
the distance between concentric circles representing a potential dif- 
ference of one unit. (Why does the distance between the successive 
equipotentials gradually increase?) 

In general, charges will not be concentrated but will be distributed 
nonuniformly through space or over a surface. In such cases the equi- 
potential surfaces surrounding the collection of charges will not be 
spheres, and the equipotential lines will not be circles. Figure 38 shows 
the equipotential line pattern in the case of two neighboring unlike 
charges. The dotted lines indicate equipotentials, and the continuous 
lines cutting the equipotential lines are the lines of force. 

The following points should be holed : (1) No work is done in moving a, 
test charge from one point to another point on an equipotential surface, 
but energy must be expended to move a charge from one surface to 
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another. (2) Lines of force are at all points normal to equipotential sur- 
faces. This follows from the fact, stated above, that no work is involved 
in displacing a test charge along an equipotential surface. Therefore, 
the direction of motion along such a surface must be at right angles to 
the lines of force. (3) No two lines (equipotential) or surfaces can inter- 
sect; if they did the potential function would not be single-valued. If 



38. — E(juip()teritial lines {dotted) and lines of force in the region of two nnlik(^ 

charge's. 

the charges on a conductor are in equilibrium the surface is an equi- 
potential surface. (4) All points within a conducting shell or screem are 
at the same potential. We have seen (Sec. 12) that the field intensity 
at all points in the region surrounded by a conducting screen is zero. 
Under these circumstances Eq. (58) takes the form 



and integration of this expression gives a constant. Therefore, a legion 
within a closed conducting surface is an equipotential region. 

In the foregoing discussion we have b(‘en (jonsidering electrostatic, 
fields but the principles enunciated are ecjually applicable to the magnetic*, 
case. We may therefore speak of magnetic (equipotential lines and sur- 
faces in a similar mannei*. 

The relation between equipotential surfaces and lines of force is of 
great pratdical importance, notably in the field of electron optics. 
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46. Potential Energy of a Charge. In charging a l)ody — t.e., in caus- 
ing a redistribution or rearrangement of the electi*ons — energy must l)e 
expended. The charge represents, therefore, a definite amount of poten- 
tial energy, and it is frequently conv^enient to be able to compute the 
amount of this energy. If we can determine the amount of work done 
in placing the chai’ge in its position we will have a measure of the potential 
energy represented by the charge. The method of analytical attack is 
similar to that followed in determining the magnitude of the potential 
energy of an ele\'ated ejuantity of water. 

Let us suppose that we bring a number of very small elemental charges 
dq from some point that is at zero potential and placa? them one at a time 
upon an insulated conductor, the initial potential of which is also zero. 
As the charge on the body increases its potential will rise [Eq. (55)1; 
therefore the amount of work done in transferring each succeeding 
increment will be greater than for the one preceding. In Sec. 42 it was 
pointed out that the potential due to a charge is measured by the work 
required to transfer unit charge from a point at zero potential to the point 
in question, and it has also been shown [Eq. (53)] that the work neces- 
sary to move any charge will be the product of the potential difference 
and the charge. In this ease, however, the potential increases from zero 
to some value V. But the average potential would be V/2. The work 
done in placing a total charge Q on the body would therefore be given by 

w - 1 <i<j = 'iVQ- m 


Since this represents the work doru^ in charging the body, it must also 
represent the potential energy of the charge. If F is in statvolts and Q 
in statcoulombs, W will be in ergs. By introducing the necessary trans- 
formation factors we may express the potential in volts and the charge in 
coulombs. Doing this, the right side of Eq. (b5) would take the form 


^ 2 [F (statvolts) 


^ onni ^ (statcoulombs) 
X 300] -- 



In order to preserve the ecpiality in our original equation it will be neces- 
sary to divide the left side also by 10^, which in turn will reduce the ergs 
to joules. Hence we may write 

Potential energy represented by a charge 

= ir (joules) = V 2 V (volts) X Q (coulombs). ((56) 

Probkm. A conducting body bears a charge of 0.02 coulomb. It is found 
that the body has a jmtential of 1,000 volts. What potential energy does the 
charge represent? 

Solution, \V = (1,000 X 0.02) /2 - 10 joules. 
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In concluding our discussion of potential it is well to emphasize the 
distinction between electrical potential and electrical potential energy. 
The former is measured by the work involved in bringing unit test charge 
from infinity (or from a point where the potential is zero) to the charged 
body; while the latter has to do with the total work done in giving the 
body its complete charge. It is highly important that this significant 
distinction be kept clearly in mind as we proc^eed. 

PROBLEMS ; 

1 . What is the potential, in volts, at a point in air 25 cm from a (‘oncentrated 
charge of 5 statcoulombs? What would he the potential at the same point if the 
surrounding medium was oil {K = 2.5) ? 

2 . How much work would be done in moving a charge of 2 X 10"**' coulomb 
from a point where the potential is 0.5 statvolt to one where the potential is 5 
stat volts ? 

3 . Three concentrated charges of +4, -j-0, and —10 statcoulombs, respec*- 
tively, are so located that lines joining them form an equilateral triangle whc-se 
sides are 20 cm. Compute the potential at the center of the line joining the 
4- and 0-unit charges, assuming air to be the dielectric*. 

4. Compare the magnitude of the potential in the region surrounded by a 
conducting shell with the value of the potential on the outside surface of the 
shell. 

6. It is found that the potential difference between two p)oints is 1(K) volts. 
One of the points is 25 cm from the charge involved. What is the magnitude of 
the charge which is giving rise to the field? 

6. Two points 30 m apart are at different levels in the atmospheie and show a 
potential difference of 10 statvolts. What is the potential gradient in volts per 
meter? 

7 . If the potential difference between a cloud and the earth is 10® volts, and 
if it be assumed that the quantity of electricity constituting a lightning flash is 
25 coulombs, how^ many foot-pounds of work could be done if all of the energy 
represented by the discharge could be utilized? If the flash occuipied i sec of 
time, what horsepower will the discharge represent? 

ft. What is the magnetic potential at a }K)int 100 cm from the + pole of a 
magnet on a line perpendicular to the axis of the magnet and passing through 
that pole? Assume the poles to be of equal strength, and having a value of 
5 units. ^ 

9. Using the general expression for magnetic potential given by Eq. (00), 
show that one may derive an expression for the magnetic field intensity in the 
Caussian B position. The result should correspond to Eq. (28). 

10 . Suppose a wire is surrounded by a conducting cylinder, the outside of 
which is at ground potential (zero). Assume that the space between the wire 
and the sheath is filled with a compound whose dielectric constant is K. Further, 
let us suppose that the wire carries a charge of q statcoulombs jxir centimeter of 
length. Take the diameter of the wire to be r and the inside radius of the inclos- 
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iiig cylinder to be r'. Deiive an expression for the difference of potential between 
the core and the sheath. 

11 . Having derived a working equation, as suggested in Proh. 10, apply it to 
the following specific case: A" = 4; r = 1 mm; r' = 5 mm; ^ = 10 statcoiilomhs. 
Find the potential difference between the core and the sheath. 

12. Th ree equally spa(‘ed positive point charges are located on the surface of 
a non(^onducting sphere. Neglecting any effect due to the insulating material, 
what will be the potential at the center of the spheie? Tlie charges are 1(K) 
statcouloinbs eac^h, and the sphere is 20 cm in diameter. What will be the poten- 
tial at a point 50 cm from the center of the sphere? 

13 . Point charges of +20, —40, +60, and —80 statcoulombs are located 
at the corners of a 12 X 12 cm rectangle. What is the potential at the center of 
the rectangle? 

14 . Under the conditions specified in the last problem, locate a point where 
the potential is zero. 

16 A charged oil dro]) whose mass is 2 X 10’^ gm is held in a fixed ))osition 
between two charged parallel plates positioned 0.5 cm apart in air. Assuming 
that the (*harge carried by the drop consists of 2 electrons, what potential differ- 
ence must be maintained between the plates in order that the drop shall remain 
at rest? 

16 . It is found that 25 joules of work is done in charging a body to 10,000 
volts. What is the magnitude of the charge involved? 

17 . What is the magnetic field strength at a point 3 cm from the + pole of a 
magnet which is 5 cm long, the point being at right angles to the major axis of 
the magnet? Assume that the pole strength (both ]:x)les) is 25 units. 

18 . What will be the magnetic potential at the j^oint specified in the last 
problem? 
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47. Absolute Electrometer. The doterminiition of potential inaj»;ni- 
tudes in connection with vai’ious research and engineering problems con- 
stitutes one of the most important electrical measurements which one is 
called upon to make. It is not experimentally feasible to measure poten- 
tial or potential differences directly, to measure the work done in 
moving unit test charge from one point to another. Therefore, indirect 
methods must be employed. One ]>rocedure followed makes use of the 


d 

I 

Fig. 39. — Showing tJic principhvs involved in the operation of th(i attra(d-ed-disk 

elect roirietoT. 

fact that two oppositely charged plates will attract one another. It is 
possible to find a relation between this fonje of attraction and the poten- 
tial difference existing between the two plates. 

A simple device utilizing this principle is sketched in Fig. 39. This 
organization, devised by Sir William Harris, is known as an attracted -disk 
electrometer. If, by any convenient means, a difference of potential is 
established between the two plates, the resulting electrostatic attraction 
^^'ill cause the movable plate to move toward the corresponding fixed 
member. We can compensate for this displacement by adding weights to 
the right pan of such a specially constructed balance. When mechanical 
equilibrium has been restored the weight added to the pan will exert a 
gravitational force mg equal to the electrostatic force existing between the 
plates. We are then in a position to find a working relation by means of 
which one may evaluate a potential difference in terms of the three 
fundamental quantities, length, mass, and time. 
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In Sec. 15 we found that the mechanical force per unit area exertcid 
by a charged plate on a second parallel and oppositely charged plate is 
given by the expression [K(p (L3)J 


F = 




where 8 is the field intensity and K the dielectric; constant. In this (;ase 
A" = I, and for some definite area A the equation would become 

FA 4 
Stt 


In this case Ecj. (59) will take the form 

\ A — y B 


where V a — Vb r(;pres(aits the potential difference between the plates 
and d the distanca; of s(;paration. Eliminating 8 between the last tAVo 
ec) nations we have 


F = tng — 


A{Va - Vb Y^ 

Sttc/- 


dynes 


(07) 


as the mechanical force acting on the movable plate .1. In practice this 
force is found in grams and converted into d 3 mes. Solving the above 
equation for potential differencH) Ave get 


\ A — I J? 



( 68 ) 


as a working relation. If d is in ccaitimet-ers and A in square centimeters^ 
the potential will be in statvolts. 


Problem. It is found that 0.02 gm is required to restore equilibrium when 
the plates of an electrometer are connected to a source of potential difference. 
The distance between the plates is 0.5 cm and the effective area of the movable 
plate is 20 cm’-^. If g is taken as 980 cm/sec“, what is the potential difference 
between the plates? 

Solution. 

p.d. = 0.5 = 0.0248 statvolts = 7.44 volts 

In the case of a plate, such as that illustrated, the electrostatic field 
will not be uniform over the entire surface; the lines of flux will spread 
outwaid near the edges. As a result of this the simple form of the elec- 
trometer just described will not give accurate results. This defect is 
corrected in the instrument devised by Lord Kelvin. The essentials of 
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the Kelvin absolute electrometer are shown in Fig. 40. in the Kelvin 
instrument a guard ring^^ G has been added which is electrically con- 
nected to the movable disk, and which is separated from the disk by tiu^ 
smallest possible space. As a result of the position of this guard ring, the 
lines of electric flux are normal to the central disk, even near the edges, 
and hence the field is uniform between the plates. Delicate and acini rate 
means are provided for determining the exact })()sition of equilibrium. 



Kk;. -10. — l)iaM:raiiiin}iti(*. skeioh of Iho essentials of the Kc^lvin eleciroin<*ter. 



Fig. 41. — Essentials of the adjustable-leaf eleetroscope. 


The electrometer described above is an absolute instrument in that 
the determination of the potential difference depends only upon the 
measurement of certain fundamental quantities and not upon the magni- 
tude of another like quantity. This is an important distinction. Because 
the Kelvin electrometer is an absolute instrument it can be, and is, used 
as the ultimate reference standard in c,onnection with the calibration of 
other potential-indicating instruments. 

48. The Electroscope. There are a number of other electrometers 
in common use, but they all give only relative valuer of potential, /.c., 
they must first be calibrated by reference to known potential values. 

One such device is the metallic-leaf electroscope encountered in the 
elementary study of electricity. A more sensitive form of this instru- 
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in('T)t is sk(>t.chfHl in Fig. 11. This instrumont does not differ esvsentially 
from the ordinary gold-leaf unit. However, by providing means whereby 
the whole instrument may be tilted, thus varying the resting distance 
between the leaf L and the plate P, the unit becomes extremely sensitive. 
It must of course be first calibrated by applying known potential differ- 
ences to the system. A practical form of this type of electrometer is 
shown in Fig. 42. 



Fkj. 42. — Practical form of the tilt- 
ing electroscope. {Central Scientific 
Co.) 



Fig. 43. — Essentials of 
the Braun electrometer. 
The pivoted metallic needle 
is rep(‘lled by the fixed mem- 
l)er with which it makes 
electrical contact. 


49. Braun Electrometer. Another type of comparison electrometer, 
due to Braun, is in reality a modified form of the metallic-leaf form of 
instrument. As seen in Fig. 43, the electrical system consists of a light 
flat needle which is pivoted on a conducting support. As in the simple 
gold-leaf electroscope, any potential applied to the external connection 
will cause the support R and the needle N to acquire like charges. As a 
result, the needle will be repelled and will assume a position of electro- 
mechanical equilibrium depending on the magnitude of the applied 
potential. The Braun instrument is calibrated, by reference to known 
potential values, to read directly in volts. It is useful in dealing with 
potentials of the order of several thousand volts. A commercial form of 
this type of electrometer, called the Braun electrostatic voltmeter, is 
shown in Fig. 44. 
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50. Quadrant Electrometer. An instrument which has been widely 
used in scientific laboratories for measuring i)otential by the comparison 
method, and which has served as the basis for a portable engineering 
instrument, is one which is also due to Lord Kelvin. The (|uadrant elec- 
trometer t>akes its name from one of the mechanical features of its (con- 
struction. The instrument, in its mod(‘rn form, consists essentially of a 
specially shaped very light vane, or needle,” support('d by a metallized 
(]uartz fiber, the vane being suspended within a metal box. This box 



1roin<a.rr. The deflection of the movable of the ('ssontial components of th(' 
aluminum vane is a function of the potential ciuadrant electrometer. The siis- 
of the fixed member. The instrument is cali- pended vane is shown dotted, 
brated to read directly in volts, {(^himgo 
Apparatus Co.) 

is divided into four parts or “quadrants,” the opposite quadrants b(dng 
electrically connected. Figure 45 indicates the movable and fixed ele- 
ments of one form of this instrument. The quadrants are supported by 
insulating pillars made of quartz or amber. The movable vane is of 
very thin aluminum or paper coated with thin foil. A mirror is attached 
to a light wire which is fastened to the vane. This particular form of the 
quadrant electrometer is due to F. Dolezalek. 

In use the vane or needle is charged by being connected to a source of 
potential as, for example, the positive side of a 100-volt storage battery, 
the negative battery terminal being grounded. The source of the dif- 
ference of potential that is to be measured is connected to opposite pairs 
of quadrants. With no charge on the quadrants, the vane is adjusted to 
hang symmetrically with respect to the quadrants, as shown in Fig. 
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45. With the quadrants oppositely charged, the needle will be repelled 
by one set of quadrants and attracted by the other, as indicated by the 
arrows in Fig. 45. The movement continues until the electrostatic torque 
is balanced by the mechanical torcpie of the suspension. The deflec- 
tion, as shown by a t(4escop(^ and scale, is compared with the deflection 
due to a known difference of potential on the quadrants. With a suital>le 
suspension, a diflerence of potential of 1 volt on the quadrants may be 



Fi(i. 46. — M<)(1 (tu form of the qiuulniiit elc‘etrometer. One (juadniiit lias ])een 
removed to show suspend(*d vaiKi. 


made to give a deflection of 200 to 100 mm on a scale placed 1 m from the 
mirror. Figure 4() shows a late model of this type of electrometer. 

Because of its wide utility in research, and also because the theory of 
the electrometer so well illustrates the method of analytical attack in 
problems in electrostatics, it is worth while to outline the development of 
the working formula of the instrument. 

In the diagrammatic sketch shown as Fig. 45, suppose the electrical 
conditions to be as indicated. The needle will then tend to move as 
shown by the arrows. Equilibrium will obtain w’hen the mechanical 
couple equals the couple due to the electrostatic field. Our problem is to 
find the relation between the deflection and the pot entials of the essential 
components of the instrument. 

To do this let us suppose that the vane has been slightly displaced due 
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to the electrostatic force action. For small deflections the restoring or 
mechanical couple L is proportional to the deflection <t>. Since the moving 
system has been displaced from its original neutral position, the total 
energy of the charged system must have been changed. If the magni- 
tude of this change can be found, we can develop an expression for the 
work done in effecting the displacement, which in turn will be proportional 
to the displacement. 

We have shown [Eq. (65)] that the potential energy of any e^lec'trified 
system is given by MQF, and also [Eq. (8)] that Q = aA where A is the 
area involved and a the surface density of the charge. (V)mbining these 
two relations we have 

RE. = ^^aAV. (i) 

By comparing the values for field iniensit}^ as given by Eqs. (ll) and 
(59), we find that 


where V is the potential difference between the two plates of a system and 
d their distance apart. 

Substituting (ii) in (i) we get, as a geneu-al expression for the p(;tential 
energy of the system, 


1 / 

^ iird 


In our case, we have changed the effective area by an amount da; 
hence the change in energy (increase in this case) would be 

In the electrical system being considered, V is Vn ~ Fgi; where 
Vs is the potential of the vane and Vqi the potential of one pair of quad- 
rants. Thus the increase in energy is 

If desired, da may be expressed in terms of the actual dimensions of the 
vane, but since these, together with d, are constants of tlu' particular 
instrument being used, we may leave this factor in its present form. 

Similarly, as the vane moves slightly away from the negative quad- 
rants the system suffers a decrease in energy. This decrease will, by 
analogy, be equal 


da 
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The total energy change will be th<^ difference Ixdween the last two expres- 
sions, or 

• r.,.)“ ■ (Tv 

which reduces to 


da 

Aird 


Q 1 






Tliis should equal the work done in hriiifting about th(‘ change in position 
ol‘ the vaiH*. 

Now lor small displacements the work done will Ix^ propojtional to 
tlie deflection </>, or Ik = H(f>, where is a constant. Tliei-efore 


Ha. — / T/ J/ \ f k Q1 -f" ^(^2^ 

v 2 - )’ 

hence 

All of the factors in the term dal^TdB are constants, and depend upon the 
(H)nstruction of t he parti(nilar instrument in use. In practice is large 
compared with the potential of the (juadrants; hence the second bracketed 
term does not differ materially from F^r. Jt therefore follows that the 
deflection </> is proportional to 


(Fg2 - F^i)F;v, ((>9) 

i.e.j to the product of the potential of the vane and the potential differ- 
ence between the quadrants. We thus have another, and an accurate, 
method of comparing differences of potential. 

It frequently becomes necessary to determine alternating differences 
of potential. By connecting one pair of quadrants with the vane the 
deflection will be in the same direction, regardless of whether either com- 
ponent of the system is positive or negative. When connected in this 
manner, the electrometer may be utilized in a-c work. When so arranged 
the working equation reduces to a form which shows that the deflection 
is proportional to 

(70) 

whej-e F/^ is the potential of the pair of quadrants that is connected to 
the vane. In general, this arrangement is less sensitive than the first 
form of connection. When utilized in this manner, the instrument 
is said to be used idiostatically. When the quadrants and the vanes 
are all at different potentials, the instruments is said to be operating 
heterostatically. 



82 


ELKOTiaCITY AND MAGNETISM 


61. Electrostatic Voltmeters. By utilizing i-he principle of the 
quadrant electrometer when used idiostatically, it is possible to devise a 
portable voltmeter suitable for both direct and alternating potentials. 
Tiord Kelvin designed such an instrument, one form of which is shown in 
Fig. 47. In this particular typo of the inst rument, cont rol is effected by 
means of an a,(ljustable weight attached to the movable \'an(* or by a 
d('li(*ate heli(^al spiing attached to the shaft which supi)ort.s tlu^ moving 



Fio. 47. — Electrostatic voltniet(?r, low-range type. 


system. The scale is calibrated directly in volts, the range in some cases 
extending up to several thousand volts. 

For measuring potentials of the order of 100 volts Lord Kelvin devel- 
oped what is known as a multicellular voltmeter. This differs from the 
above in that there are a number of vanes alternating with corresponding 
sets of quadrants. The vanes occupy a horizontal position and are 
attached to a light vertical spindle that, in turn, is suspended by means of 
a short conducting wire or ribbon. The deflection is observed by means 
of a light pointer attached to the movable system and moving over a 
horizontal scale. The chief advantage of the electrostatic voltmeter is 
that, once the moving system comes to rest, no energy is taken from the 
source. When used in making observations, a slight energy consumption 
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is involved in alternating-potential measurements. Commercial elec- 
trostatic voltmeters are available which will read to 200,000 volts. 

52. Compton Electrometer. Probably the most sensitive form of the 
(piadrant electrometer that has been devised is that developed by Dr. 
Ivarl T. Compton.^ A high degree of sensitivity is secured by giving the 


needle a slight tilt about its long axis, 
one pair of quadrants with respec^t to 
the other. Figure 48 is a diagram- 
matic side view of the CV)mpton sys- 
tem. As a result of this asymrnet rical 
arrangement of the needh^ and the 
quadrants, electrostatic f<)r'c(‘s ar(' 
brought into play which may be 
made to neutralize, more oi* h^ss (*om- 
pletely, the me(4ianical tonpu' of 
the suspension. Jt is p()ssi])l(‘ with 



Fic3. 48. — Showing essential elenuaits of 
a Compton eh'cl rometer. 


and also by vertically displacing 



Fic. 49. — rractical form of the 
Compton electrometer. {Cambridge 
[nsirumetd Co.) 


this instrument to secure a sensitivity as high as 50,000 mm/ volt.- How- 
ever, the ordinary working range is 0 to 10,000 mm/volt. Deflections 
are proportional to the potential difference over a relatively wide range. 

The outstanding featur(\s of the Compton form of electrometer are the 
small size of the el(‘clrical system (the needle is about 1 cm in length), 
the resulting small capacitance (Sec. 55), and the ease with which the 
sensitivity may be adjusted ov(*r a wide range. AVhen adjusted for high 
sensitivity, neither the uniformity of the scah^ nor the rapidity with 
whi(di reading may be taken are unduly sacrificed. Figure 49 shows an 

^ See a paper hy the Mt^asrsi. ('omptoii, A Sensitive Modification of the (Quadrant 
Klectrometer, Phys. Rev., 14 (No. 2), 85 (1919). 

The term ''aenaitivity as here used refers to th(‘ deflection observed by ineaiia of 
a telescope and scale when a potential difference of I volt is applied to tlie quatlrants, 
the aeah^ being at a distance of 1 m from tin? mirror. A similar meaning is often 
attached to the term “sensitivity” in other conmadions. 
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exterior view of one model of the C'ompton instrument. Because of its 
simplicity and high sensitivity, the Compton electrometer has been 
extensively employed in research work involving accurate (electrostatic 
measurements. 

53. String Electrometer. For certain purposes, particularly in 
research work, the string elecetrometer is admirably adapted to the accu- 
rate measurement of small values of potential. The esscent ial parts of an 
instrument of this type arc shown diagrammatically in Mg. 50. The 



Fig. 50. — Essentials of the string 
electrometer. 


Fig. 51. — Practical form 
of the string clcc^tronioter. 
1'hc d(^fl(M-tion of the movable 
element is read by mc^ans of 
an attat^hed microsetope that 
carries a scale in the eyepiece. 



device consists of two carefully insulated plates P and P' between which is 
stretched an insulated quartz fiber F whic^h is metallized. If the string 
is connected to a source of potential, and a difference of potential applied 
to the plates, the string will be slightly deflected as a result of the electro- 
static force action. The deflection is read by means of a micrometer 
microscope that forms a part of the instrument. The position of the 
plates and th(^ tension of the string are (aintrolled by means of microm- 
eter screws. Dr. Joel Stebbins has designed an ele(*trometer of this type 
that possesses a number of desirable features, d'lu^ Stebbins instrument 
has an extremely small temperature coefficient, higli sensitivity, small 
electrostatic capacitance, and a short period. An exterior view of this 
instrument is shown in Fig. 51. 
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64. Needle and Sphere Spark Gaps. When dealing with potentials 
of the order of 10 to 200 kv, use is sometimes made of the electrical break- 
down characteristics of air as a dielectric. When the potential between 
two sharp points reaches a high value, a disruptive discharge takes place 
between the points. There is an approximate relation between the 
separation of the points and the potential difference at which a discharge 
begins to take place. The American Institute of Electrical Engineers 
has laid down specifications as to the physical dimensions of the needle 
points and the temperature, barometric' pressure, and lelative humidity 
under which such a method may be used. The needle gap is used for 
voltages from 10 to 50 kv. 

Above 50 kv, a gap consisting of carefully machined and polished 
spheres gives fairly reliable results when used under specified conditions. 
For instance, if 100 kv is applied to a pair of spheres 25 cm in diameter 
breakd(M\'n will occur when the gap length is 5.2 cm; and at 200 kv the 
rupture of the air dielectric, will occur at 12.8 cm. The American Insti- 
tute of I^]lec,trical Engineers specificaitions governing these methods of 
measuring high potentials will be found in any standard electrical engi- 
neering handbook. 

In later chapters othei’ methods of determining j)otential differences 
will be desc^ribed. 



CHAPTER Vll 
CAPACITANCE 

56. Concept of Capacitance. Wo have already shown (Sec. 41) 
that the potential of a conductor is measui-ed by the work done in bring- 
ing unit test charge from infinity up to the conductor. Jt has also be(ui 
deduced (Sec. 11) that the held strength, and hence the opposing for(‘e, 
is proportional to the charge on the condu(‘tor. It therefore follows that 
the potential of an insulated conductor is proportional to its chai’ge. 
This fact ma}^ be stated in another way by saying that the ratio of the 
charge to the potential is constant, thus 

j- = f’. (71) 

If we rewrite our ecjuation in the form 



it will be evident that the potential of a conductor depends not only 
upon the charge resident thereon, but also upon a second factor C which 
we may designate as the capacitance of the conductor. 

h]quation (71) indicates that we may define capacitance as the ratio 
of the charges on a conductor to its potential. TIk^ same relation also 
shows that capacitance is numerically equal to the charge' that will 
cause a conductor to have unit potential. In terms of mechanics, it 
would be analogous to the number of gas molecules that it v^ould be 
necessary to introduce into a given container in order to establish unit 
pressure. It is obvious that the amount of gas recpiired to produce unit 
pressure would depend, in part, upon the volume of the container. In 
a somewhat analogous manner, it is determined that the capacitance of 
a conductor is a function of its superficial area and of its geometrical 
form, as will be shown in discussions which follow. 

Further, since the potential of a body depends not only upon its own 
charge but also upon the presence of other charged bodies in its vicinity, 
it follows that the capacitance of a conductor will depend upon its posi- 
tion with respect to other charged bodies. This will be more apparent 
when we deal with the subject of condensers in a later section. 

66. Capacitance of a Sphere. We shall find it convemient to be able 
to compute the capacitance of conductors, and assemblies of conductors, 
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having definite geometrical forms and relative positions. We may begin 
by deducing an expression wlxich will give the capacitance of an electri- 
cally isolated spherical conductor surrounded by a dielectric. Let the 
situation be as sketched in Fig. 52. We will assume that the sphere 
possesses a charge whose value is Q statcoulombs. The potential V 



Fig. 52 . — An insiihited splu'rc a ca{)acitan(U‘ Tniiu('ri(;ally equal to its radius. 

at some point p outside the sphere will be Q/KcJ^ where d represents the 
distance of p from the center of the sphere. At the surface of the sphere 
d = r, and the potential there would a(a*ordingly be Q/Kr, This may 
be written 



Now Q/V by definition [Eip (71)], is numerically eipial to capacitance; 
hence 

Kr = C. 

d'herefore in free space 

C = r. (72) 

Thus we see that the capacitance of an electrically isolated spherical 
conductor in free space is numerically equal to its radius. In the cgs 
system the radius would be expressed in centimeters; henc^e the cgs 
electrostatic unit of capacitance is the centimeter. This unit is fre- 
quently referred to as the statfarad. A sphere thoroughly insulated and 
well removed from other charged bodies may be used as a standard of 
capacitance. 

67. Units of Capacitance. In the preceding section it was shown that 
the electrostatic unit of capacitance turned out to be a unit of length, 
and that in the cgs system this unit would naturally be the centimeter, 
or statfarad. Equation (71) would, then, be expressed thus, 

C ^statfarads) = Q (statcoulombs) 

C (stattarads; y 

If, however, Q is expressed in coulombs (3 X 10* statcoulombs) and V 
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in volts (,i,3oo statvolts) the ratio Q/V wonld give 


3 X 10^ 
^00 


9 X IQii. 


If, then, we had a unit of capacitance equal to 9 X 10^^ esu (statfarads) 
it would be possible to express all three of the factors in Ecp (71) in terms 
of engineering units. The unit which answers this purpose is known 
as the farad; it is equal to 9 X 10“ statfarads (esu or centimeters). 
Equation (71) accordingly becomes 

j . Q (coulombs) 
t (I«ra4s) - 

and we may say that a (conductor has a capacitance of one farad if a 
charge of one coulomb gives it a potential of one volt. But it so happens 
that the farad is a magnitude of capacitance which is rather large for 
common use; hence a convenient fraction of this unit is ordinarily 
employed. The smaller unit has a value of 1 millionth of a farad; it is 
known as the microfarad. On this basis 

1 microfrad = 9X10^ statfarads. 

In certain lines of communication engineering, where capacitance values 
of very small magnitudes are encountered, a still smaller practical unit is 
sometimes employed. This is known as the micromicrofarad; it is equal 
to 1 millionth of a microfarad, or 

1 micromicrofarad = 10““ farad = 0.9 statfarads. 


Microfarad is usually abbreviated as ^f, and micromicrofarad as mmI- 
To summarize 


Farads = 


Microfarads = 


esu 


cm 


9 X 10“ 
esu 

9 X 10*^ ^ 


9 X 10“ 
cm 


statfarads 
= Yqh 
statfarads 


Micromicrofarads = 


Farads = 


esu _ cm 
0.9 0.9 ~ 

microfarads 
106 


9 X 106 9 X 105 

statfarads 


0.9 

micromicrofarads 
10 “ — 


Microfarads == farads X 10®. 


It is important that the student become familiar with the several units 
of capacitance, and their interrelations. 

PraUem, A conductor having a capacitance of 500 mmI is found to have a 
potential of 3 stat volts. What is the magnitude of the charge on the body? 
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SohUion. Equation (71) may be changed to the form Q * CV; all units 
involved must be reduced to a common tyj)e. This gives 

Q — 500 X 0.9 X 3 = 1,350 statcoulombs 
1,350 

= 3 “'xn^ ^ coulomb. 

A second solution would be 

0 = 500 X 10-12 X 3x 30Q _ 4 5 ^ 10 ' coulomb. 

68. Capacitance of Two Concentric Spheres. In Sec. 57 we examined 
the case of a single electrically isolated body. Let us now consider the 
influence of a neighboring body. 

Suppose we have a second sphere 
concentric with the first, and ground- 
ed as shown in Fig. 53. Let the in- 
ner sphere carry a positive charge 
of Q units. Under these circum- 
stances the inner surface of the outer 
sphere v ill manifest an equal nega- 
tive charge. According to the de- 
ductions arrived at in Sec. 12, the 
field intensity at a point p due to this 
negative charge will be zero. How- 
ever, the field strength at p due to 
the charge +Q at any point will be 
[Eq. (9)] Q/Kx^y where x is the distance to the point p. Therefore the 
potential difference between the two charged surfaces will be 



Fig. 53. — Two concentric spheres, 
one of which is grounded, net as a 
condenser. 


Q 


Rut since C = QjY we have 


rfx = -9 

Kx^ Kr Kr 


Q 


Q(r' - 

Krr' 


r) 


statvolts. 


C = K 


rr 


(73) 


as an expression giving the capacitance of two concentric spheres, the 
outer of which is at earth potential. If the radii are expressed in cen- 
timeters C will be in statcoulombs (centimeters). A comparison of Eqs. 
(72) and (73) shows that the presence of a second and oppositely charged 
conductor greatly enhances the capacitance of a simple spherical body. 
It should also be noted that the capacitance in this and other similar 
cases will depend upon which component is grounded. Equation (73) 
will not give the capacitance if the inner sphere is the grounded one. 
(Do you see why?) 
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Returning again to the two spheres above considered, as the radii of 
the concentric spheres are given larger and larger values, all small cor- 
responding sections of the surfaces tend to become parallel planes. If 
r and r' are nearly equal, and if we let t represent r' — r, i.e., the thickness 
of the dielectric, we may write 



If now we multiply both numerator and denominator by 47r, we get 

^ " iwt ■ 


But is the area of the sphere; hence 


C 


KA 

47r/ 


(74) 


where .4 is the effective area of one of the two surfaces. If A and / are in 
centimeters, C will be in centimeters, or stat- 
farads. Thus, indirectly, we have deduced an 
expression giving the capacitance of two parallel 
plates. 

At this stage of our discussion concerning 
capacitance we may well ask ourselves the ques- 
tion: Why d oes the preseacejuf Asecxmd 
conductor tend to lower potential of the body 
originally considered.? - 

In Fig. 54, suppose that we have a plate B 
charged positively as shown. The potential of 
B would be equal to the amount of work re- 
quired to bring unit positive charge from infinity 
to the plate, and this work, in turn, would be 
determined by the field strength due to the 
charge on B. 

If now we place a second conductor D near to B and connect it to 
earth a negative charge will be induced on this second conductor and, 
because of this negative charge, the resultant electric intensity at all 
points in the field will be less than formerly, (Do you see why?) This 
means that the work required to bring our test charge from infinity, 
under the changed conditions, will be less, and hence it must follow 
that the potential of B has been lowered by the presence of the grounded 
conductor. It follows, therefore, that the capacitance will be increased 
[Eq. (71)]. 

69. Capacitance of Parallel Plates. The result expressed by Eq. 
(74) may be attained by another analytical procedure. Assume a posi- 


D : : B 

- 4- 

- + 

- 4- 

- 4- 

Fig. 54. — The poten- 
tial of a charged plate is 
lowered by the presence 
of a second grounded 
plate, thus augmenting 
the c«apacitance of the 
first plate. 



CAPACITANCE 


01 


lively charged plate B (Fig. 54) located near a second plate D, the latter 
being connected to earth. As indicate(J above, a negative charge will 
appear on Z>. The field intensity at any point between the plates (except 
very near the edges) will be ATr<T/K, where a is the charge per unit area 
on one of the plates. The work done in moving unit test charge from 
one plate fo the other would measure the potential difference between 
the plates. Hence we may write 

ir = ~ 1', = - = r„ 

Jo K k 

where t is the thickness of the dielec.tric. But Q = crA, v here A is the 
effective area of one of the plates. The last equality is true because I), 
being grounded, is at zero potential; hence by substitution we get 


which is identical with Kq. (74). By introducing the necessary trans- 
formation faidors the ab()\ (‘ equation becomes 




KA 

1.131 X 10^/ 


Mb 


(75) 


where t is in centimeters and A in square centimeters. 

Owing to the fact that the field near the edge of the plates is not 
uniform, the formulas just developed will not give highly accurate values. 
These expressions can be made to apply rigorously, however, if a '‘guard 
l ing^’ similar to that used in the case of the Kelvin absolute elect rometei' 
(Sec. 47) is provided for one of the plates. 


ProhleiH, Two i)arallel (arcular plates are separated by glass {K 6) which 
is 2 mm thick. The plates are 14.5 cm in diameter. What is the capacitance of 
the assembly in statfarads? In microfarads? In micromicrofarads? 

Solution. Using Eq. (74) have 


_ r>7r(7.25)-^ 
^ ~ 47r X 0.2 


394.2 statfarads. 


Employing Eq. (75), 


^ _ ()7r(7.25)2__ 

^ ~ 1.131 X 0.2 


0.00043S#tf. 


('hanging the result in statfarads to micromicrofarads. 


394.2 

0.9 


= 438 ggf 


60. Capacitance of Coaxial Cylinders. Referring to Fig. 55, assume 
two long coaxial cylinders, the radius of the inner one being r and that 
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of the outer r' . Let + q be the charge per unit lengtli on the 
inner cylinder. The equivalent induced negative charge on the inner 
surface of the outer cylinder must be taken into consideration, as in 
previous cases. The negative charge will not contribute (Sec. 1.3) to 
the field intensity at a point in the region between th<^ two cylinders. The 
field intensity at any such point will accordingly be given by 2q/Kx, 



Fici. 55. -(’oaxial cylinders, such iis siibinarine and (“oaxial cables, act as condensers. 


where x is the distance from the surface of the inner cylinder to the point 
being considered. The work done in moving unit test charge from tlie 


outer to the inner cylinder will be 

W = “ 



and this, by definition, is equivalent to the potential difference between 
the two surfaces. Since the outer cylinder is grounded, the above 
expression will be the potential of the inner cylinder; hence 


_ - r 

Kjy 


ix 2q , r' 
X K r 


Transposing and making use of Eq. (71) 

K 

(j = statfarads/imit length. (7()) 

2 log. r'/r 


It is to be noted that here is a mathematical case in which the logarithm 
of a number is used as a number. Also, when using the above relation 
in calculations, it should be remembered that the logarithmic term in the 
denominator is the natural logarithm having the base = 2.718). Since 
we may transform natural logarithms to logarithms having 10 as a base 
by multiplying by 2.3026, we have, for a cylinder of any length i, 



( 77 ) 
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where I is in centimeters. Since r'/r is a ratio, the units in whi(jh they are 
expressed is immaterial, as long as they arc both in the same units. 

The above relation is important because it serves as a basis for the 
calculation of the capacitance of submarine cables. In such a case, the 
surface of the metallic conductor acts as the inner cylinder and the water 
as the outer cylinder. The insulating sheathing serves as the dielectric, 
the constant being, in cable practice, of the order of 3. Since 


and since the rati 


I mile = 160,934.4 cm, 


160,934.4 

2 X 2.3026 X 9 X 10^ 


0.0388, 


AN'e may write for the capacitance of a cable, in mi(rrofarads per mile, 

0.0^8X 

logic (r'/rT ^ ^ 

Problem, A submarine cable consisting of a stranded conductor as the core 
and gutta-percha insulation is 2,200 miles long. The mean diameter of the core 
is 250 mils and the diameter outside the insulation is 500 mils.^ If the gutta- 
percha has a dielc(‘tric constant of 3.6, what is the capacitance of the cable? 

Solution. Substituting in Eq. (78), we have 


0.03<S8 X 3.6 X 2,200 


0.03SS X 3.6 X 2,200 
0.3010 


1,020.6 gf. 



Fig. 56. — Parallel c,<mdiictors, such as telephone, telegraph, and power wires, have 
cajiacitaiKH* and hence act as conden.sers. 

61. Capacitance of a Pair of Telephone, Telegraph, or Power Wires. 

Let Fig. 56 represent a sectional view of the two wires of a telephone or 
power transmission line. In order to determine the capacitance of such 

^ The “mil," which is one-thousandth of an inch, is frecpuMitly cniployeil .as a unit 
of length in electrical engineering practice. 
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a pair of wires it will first be necessary to find the potential difference 
between the wires due to a positive charge on one and a negative charge 
on the other. Consider a point p on a line joining the centers of the two 
wires A and B. The field strength at p will be the sum of the intensities 
due to on one wire and —q on the other, where q is the charge per unit 
length. It has previously been shown (Sec. 13) that the intensity at any 
point due to the charge on a uniformly electrified cylinder is given by the 
expression 2q/x^ where x is the distance from the axis of the cylinder to 
the point in question. In this case the total field intensity at any point 
p will be 



The work done in moving unit positive (diarge from ccniter to center 
would give the diff erence in potential between the centers. This would be 

f.T U-y.}''') 

Integrating: we get 

Va — Vh = -iq log.- ' ' st.atv’olts 


In general, r is small compared with s; hence the above eipiation 
reduces to 


This leads to 


Va - V„ 


= C 


Va - Vb 

I 


4 log,, (s/r) 


4^ log,. • 


statfarads/unit length. ( 79) 


For any length / of a two-wire line we may then write, as the capacitance 
in microfarads, 

/ 0.0000001 208/ 

4 X 2.3026 ~X 9 x“l0^ logic (^r) ” logiols/>) ' ^ 

/ being in centimeters, and s and r in the same units. 

Since one mile = 160,934.4 cm, the capacitance, in mic^rofarads i)er 
mile, of two parallel wires is 

r = r^- (Si) 

logio (s/r) 

In deriving this relation we have assumed, for the sake of simplicity, 
that the wires were far enough apart so that the mutual interaction 
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oi t h(r chiirgos would not disturb the uniform peiimetrical distribution of 
the charge. We further assumed that the wires were high enough from 
the earth to preclude any influence from that source. In practice, neither 
of these ideal conditions obtains; hence the above formula yields only 
approximate numerical results. The measured values are, in general, 
higher than the computed values, the difference depending upon local 
(‘onditions. However, the relation is useful in connection with com- 
munication and power engineering. The capacitance of communication 
and po>\’er linens plays a very important part in the electrical functioning 
of such conductors. 

Problem. What is the (‘apa(;itance of a pair of telephone wires 1 mile in length, 
the size of the wire })eing No. 10 B S, and the spacing 1 ft? 

Solution. One foot = 30.4<S cm; No. 10 B S wire has a diameter of 0.25SS 
cm. Substituting in E(|. (X\), 

0.0194 , . 

f ~ 1 nri A u = O.OOS 1 /() /if . 

logic 30.4S/0. 1294 

62. Condensers. We liave already seen (Sec. J()j that the medium 
sun-ounding a charged body is a seat of potential eneigy, and that the 
magnitude of the energy content is a function of the field intensity 
[Eq. (14)]. It was also shown that the value of the field intensity depends 
upon the magnitude of the charge involved. It therefore follows that tlie 
energy content of the medium will be a function of the magnitude of th(‘ 
charge giving rise to the field. Therefore, if the charge on a conductor 
can be increased the energy thus stored in the medium will be augmented. 
But we have also seen (Sec.. 41) that as the charge on a body increases 
its potential rises. This increase in potential, if canled very far, may 
result in a breakdoAvn of the dielectric, with a consequent dissipation 
of the stored energy. If, therefore, we are to store electrical energy by 
charging a conductor, it becomes important, if possible, to keep the 
potential from rising seriously as the charge is augmented. Changing 
Eq. (71) to the form V = Q/C it is evident that, for a given charge, any 
circumstance that would increase the capacitance would decrease the 
corresponding potential. It therefore follows that the energy-storing 
ability of a conductor will be increased if means can be found to increase 
its capacitance. We have already seen (Sec. 59) that the capacitance 
of a conducting plate is greatly increased by associating with it a second 
grounded plate. This, or any other, arrangement of conductors whereby 
the capacitance of a single conductor may be augmented is known as 
a condenser. In general, condensers consist of one or more pairs of 
electrical conductors separated by some form of dielectric. The pre- 
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viously discuBHed concentric spheres and coaxial cylinders in reality 
constitute condensers, and are, in fact, both used as standard capacitance 
units because their Tuechanical dimensions can be accurately measured. 
But the most (M)mmon form of condenser consists of one or more pairs of 
parallel plates, as discussed in Sec. 59. Indeed, Kcjs. (74) and (75) a,r(^ 
applicable to this type of unit. 

The condenser is one of the oldest known pieces of electricuil apparatus 
and is, in its modern forms, in extensive use. Jt is said that the principle 
of the condenser was originally discovered by a German named von Kleist 
in 1745. The device used by Kleist consisted of a glass receptacle filled 
with water and held in the hand. Kleist’s experiment was repeated by 
CXineaus at Leyden and the early form of condenser came to be known as 
a ‘T^eyden jar.’^ A few years afterward Benjamin Franklin designed 
(H)ndensers having tin-foil coatings pasted on both glass jars and glass 
plates. The type of condenser developed by Franklin continued to b(i 
used with little if any (diange in form for something like lOO years. Tt was 
not until the advent of radiotelegraphy that improved types of condensers 
came to be produced. The original Leyden jar, introduced by Franklin, 
has in recent years been replaced by compact, low-loss units having 
capacitance values ranging from a few mi(;romicrofarads to seveiai 
hundred microfarads. Solids, liquids, and gases are used as dielectric 
mediums. Any medium employed as a dielectric*, must possess several 
important characteristics. Thcise propei*ties are discussed in Sec. 04. 

Most condensers which are to be operated at potentials ranging from 
500 to about 25,000 volts are made up of altcu-nate layers of very thin 
metal and carefully tested mic^a, the whole unit l)eing compressed and 
impregnated in vacuo with a suitable nonhygrosc.op)i(; insulating com- 
pound. Mica is used be(*.ause it has a high dielectric constant, a rela- 
tively high dielectric strength, and can easily be split into very thin 
sheets. Condensers which are to be used as secondary standards of 
capacitance usually are of the mica-dielectric type. Condensers built 
to operate at high potentials and high frequencies have capacitance 
values of the order of a few hundred micromicrofarads. Recently, manu- 
facturers have reverted to an old practice in the construction of certain 
condensers used in radio communication. The conducting components 
of these condensers consist of a metallic coating of silver or other metal 
plated on the surface of the dielectric, which is either mica or some 
ceramic. Condensers so constructed have a low and definitely known 
temperature coefficient, that in some cases is actually zero. Such units 
are electrically stable and very compact. 

Condensers consisting of alternate layers of thin metal foil and impreg- 
nated paper, commonly made by rolling together long strips of the foil and 
paper, are widely used in telephone and telegraph practice. Such con- 
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densers are commonly made in units of 0.5 to 2 ni and are designed to be 
operated at potentials of a few 
hundred volts. 

In radio and guided-wave (car- 
rier current) practice air condensers 
are extensively employed. One 
advantage of this type of condenser 
is that the capacitance of a given 
unit may be made variable. An- 
other advantage is that the dielec- 
tric is self-healing ’’ in the event of 
rupture. When a condenser is 
(charged by an alternating potential 
the dielectric is subjeM*te(l to an al- 
ternating physical stress, and this 
re\sults in an appreciable dis^ipati()n 
of energy in the form of heat. 

Oases have low dielectric hysteresis 
loss (Sec. 04) and it is chiefly for 
this reason that both fixed and 
variable air condensers are widely 
used in radio transmitting and 
receiving equipment. Air con- 
densers are made in sizes ranging from a lew micro-microfarads to some- 
thing of the order of 500 ^Mf- Figure 57 shows a fixed and a variable air 
condenser designed for use in radio transmitters. 



Fig. 576. — A variable air condenser. {E.F. Johnson Co.) 

Variable condensers are of several types, depending upon the shape of 
the moA-able plates. If it is desired to have a condenser whose capaci- 
tance varies directly as the angular displacement of the movable plates 
they are made semicircular in form. 



Fig. 57(f. — A fixed air condenser — high- 
potential type. (£', F. Johnson Co.) 
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When a variable condenser forms a part of an electrical wavemeter, 
the use of semicircular plates results in a wave-length scale that is non- 
uniform, being crowded too closely at the lower readings. To avoid 
this, it becomes necessary, for reasons which we shall see later, so to design 
the movable plates that the capacitance shall vary as the square of the 
displacement. 



Ki(5. 58. — Shape of condenser plates 
to give a change in capacitance propor- 
tional to the angular displacement. 



Fig. 59. — Shape of condenser plates 
which will give the same pc'rcentagii 
change in capacitance for each scale 
division. 


In order that the effective area between the fixed and movable plates 
shall vary as the square of the angle of rotation, the movable plates must 
have a shape, the boundary curve of which is given by the equation 

r = \/ 4a<t> + 

where r is the radius of the movable plate; the radius of the circular 
area which must be cut from the fixed plate in order to provide clearance 
for the shaft supporting the movable plates; and a is a constant relating 
<t> to the capacitance. Figure 58 shows the approximate contour of the 
plates of such a condenser. 

In certain h-f electrical measurements it becomes necessary to ha\'(^ 
available a type of variable condenser that, for a given angular displace- 
ment, will produce the same percentage change in capacitanci^ at all parts 
of the scale. This condition will obtain if the boundary curve of the 
movable plates is given by the equation 

ri = \/2Co«€“‘^ + r.>“, 

where Co represents the capacitance when the angular displacement <p is 
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zero ; a (a eonstaiit) the percentage change in capacitance per scale divi- 
sion; and r 2 has the same meaning as in the previous case. A pair of 
plates conforming to these conditions is shown in Fig. 59. For an 
authoritative discussion of air-condenser design the student is referred to 
11)0 Bureau of Bimul arch, (Urcular 74, the section on air condensers. 

If a fixecl condenser of the ga.s-dielectric type is to be subjected to high 
potentials, the plate assembl}^ is sometimes inclosed in a gastight housing 
and o})erated at a gas pressure of several atmospheres. Both the diehnv 
t ric sti-ength and the di(4ecti‘ic constant have greater v^alues at the higher 
pressures (see table, page 101). 

44ie utilization of a gas as a dielectric in high-potential condensers 
necessitates relatively wide separation of the plates and careful rounding 
of their edges, the latter to avoid a brush discharge. The insulating 
bushings must be of the highe.st grade of insulating material. 

Oil is occasionally used as a dielecdric in condenser operation. Its 
dielectric strength and its constant are greater than for air, and in addi- 
tion it is self-healing. However, if breakdown occurs, the oil will be 
partially carbonized and thus become conducting. Transformer and 
mineral oils are suital)le for use in condensers. 

The electrolytic condenser is a special type of capacitance unit which 
is extensively used at the present time. The so-c-alled ‘Mry ” electrolytic 
unit is the type which is most widely employed. These units are of the 
rolled'^ type and consist of two strips of aluminum foil separated by a 
layer of gauze that is saturated with the electrolyte. Each manufac- 
turer has his own particular electrolyte, but one commonly used consists 
of a mixture of boric acid, glycerine, and ammonia water. The com- 
ponents are tightly compressed and then subjected to a d-c potential of 
scweral hundred volts. As the result of an elecia-ochemical reaction, a 
very thin oxide film is formed on the aluminum strip that is connected to 
the positive side of the applied potential. The film thus formed is a 
nonconductor and therefore serves as a dielectric layer. The electrolyte 
functions as the other element of the condenser, the second aluminum 
strip simply serving to make electrical contact with the electrolyte. 
Owing to the extreme thinness of the insulating layer [/ in kJq. (74)] units 
of lai-ge capacitance values can be had in very small sizes. They jue 
made in units ranging from a few to several thousand microfarads. If 
potentials in excess of about 500 volts are applied to this type of unit, the 
oxide-insulating anode film will break down, and it will temporarily cease 
to function as a condenser. However, it is possible to cause the oxide 
film to reform and thus repair the damage. Electrolytic condensers show 
a greater electric leakage than do those employing solids or gases as 
dielectrics. 
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63. Energy Content of a Charged Condenser. Reference has already 
been made to the fact that condensers are utilized for the purpose of 
storing or absorbing electrical energy. It will therefore be convenient 
to have av^ailable an expiession which will give the energy content of a 
charged condenser in terms of its capacitance and the potential to whi(di 
it is charged. 

It has already been shown [Sec. 40, Eq. (05)] that the work done in 
charging a body is given by the relation 

W = ^Q\\ 

This equation is equally applicable to a charged condenser, in which case 
Q will be the charge resident in the condenser, and V the potential differ- 
ence between the two conducting elements. But Eq. (71) shows that 

Q = TF; 

hence 

11^ = [\i:, = (82) 

If C is in stat farads and F in slat volts, the energy will be in ergs. 
Remembering that a farad is equivalent to 9 X 10^ ‘ statfarads, and that 
a volt represents 3 :joo statvolt, one may express the terms in the above 
equation in engineering units. Introdiudng these factors on the right- 
hand side of our equation, we get 

CF^aOO^ ^ CF^ 

9” X fO'' 10"’ 

To preserve equality we must divide 11^ by 10^; this reduces our result to 
joules. Hence we may writ(‘ 

W (joules) = (farads) 1 ^ (volts). (83) 

By a similar procedure it may be shown that 

W (joules) = 


Problem, What is the energy content of a condenser having a capacitance of 
500 jugf when charged to 10,000 volts? 

Solution. Substituting an Eq. (83), we have 


500 X (10,000) ^ 
~2 X 10^2 


0.025 joule. 


64. Dielectrics. From what has been said thus far it is evident that 
the medium separating the plates of a condenser must possess certain 
electrical characteristics if it is to function effectively. Among these 
characteristics may be mentioned 
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1. HiRh dielectric constant 

2. High dielectric strength 

3. IjOW dielectric loss 

4. High insulation resistance 

5. liOW temperature coefficuent 

h. High tensile and compressive strength 

Space and time will not permit a detailed dis(;ussion of the above-men- 
tioned characteristics, but we may at least note the general significance 
of the several points listed. 


Dieleotrk? ('onstants 



K 

I)iele(+rie 
strength ‘ 

Air (normal pressure, 0°(.') 

1 .0CX)590 

30 

Air (20 atmospheres, 19®) 

(Carbon dioxide (normal pressure, 0®) 

1.0108 

1 . 000985 

500 

30 

? 

Carbon dioxide (20 atmoH[)heres, 15°) 

1 .020 

Hydrogen (normal pressure, 0®) 

1 .000204 

20 1 

Alcohol, ethvl, 20® 

25.8 

V 

Oil, transformer 

2.5 + 

75 4- 

Amber 

2.9 

? 

(^astiin, moulded 

0.4 

1 ? 

C)ordi('rite ceramics 

5-5 . 5 

100* 

Kmpire cloth 

? 

80-300 

Glass 

5. 4-8. 5 

300-1500 

Magne^sium titanate C(*ranu(*s 

12-18. 

150* 

Mica 

3.0-5.95 

300-2200 

Paper, telephone, treated 

2 . 5-4 . 

200-250 

Paraffin, solid 

2.1 2.40 

250-450 

Porcelain 

5-7.5 

200-280* 

Quartz, fused 

4.2 i 

150-200 

Rubber, hard 

2-3 

100-500 

Resin 

2.48-2.57 

? 

Steatites (matgnesiuni silie.Hte, etc.) 

5 . 5-7 . 5 

200-300* 

Shellac 

2.5-4. 

? 

Xitanium dioxide ceramics 

70-90. 

100* 

Titanium-zirconium dioxide (ceramics 

40-60. 

150* 


^ Values not Uiarked are given in kilovolts per eontinioter; those marked *, in volts per 
mil. Breakdown values depend to some extent on the thickness of the sample; hence one 
cannot transform one value into an equivalent on another thickness basis. 


In the case of condensers the nect^ssity of a high K value is obvious; 
the higher the value of K the smaller can be the physical size of the (^on- 
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denser as a mechanical unit. This is an extremely important factor in 
many modern applications, particularly in connection with portable radio 
equipment and as components in hearing-aid asKsemblies. An examina- 
tion of the table on page 101 will disclose the fact that certain recently 
produced ceramic dielectrics show remarkably high K values. This is 
particularly true of those mediums into the composition of which titanium 
dioxide enters. In one or two such cases K has a value of the order of 100. 

It has already been pointed out (Sec. 8) that a dielectric which is sub- 
jected to an electrostatic field undergoes an actual internal (molecular) 
distortion, and if the intensity is sufficiently high, physical rupture of the 
medium Avill result. As the field strength is increased electrons are prob- 
ably actually detached from their normal molecular association and 
caused to move through the medium toward the positive electrode. 
Thus, instead of having what we originally called a displacement current, 
there now exists an actual transfer of electrons between the two elec- 
trodes. In short, we have an electric current in the ordinary sense of the 
term. This transfer of electrons is apt to 0(5cur suddenly — a disiuptive 
discharge takes place that in turn results in a physical rupture of the 
dielectric. 

The ability of a dielectric to withstand physical rupture when sub- 
jected to electric stress is known as dielectric strength and is expressed in 
terms of field intensity. In Sec. 43 we saw that field intensity might 
be expressed [Eq. (59)] in terms of potential gradient. That relation is 
particularly useful here. It is customary to give the dielectric strength 
in volts (or kilovolts) per centimeter, millimeter, or mil, as indicated in 
the previous table. 

In the practical use of insulating materials it is obviously important 
to have a knowledge of the field strength they can stand before rupture 
occurs, and also of the factors which tend to determine those values. The 
dielectric strength of a given specimen depends upon several factors, the 
most important of which are temperature, thickness of sample, time rate 
of applying the field, whether a continuous or alternating field is applied, 
and, if alternating, the frequency. The shape and size of the electrodes 
also have a bearing on dielectric strength. 

In general, increase in temperature tends to lessen the dielectric 
strength. There is reason for believing that the electrons which figiue 
ill whatever conductivity obtains in the case of insulators are liberated 
by heat; hence such an effect might be expected. If the temperature is 
raised to such a point that the physical characteristics of the medium 
are modified, the dielectric strength will of course be decidedly changed. 

In many cases the dielectric strength of a medium does not vary 
directly as the thickness of the test specimen. Commonly the dielectric 
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strength shows a smaller value for relatively thick samples than for those 
which are thin. The nonlinear relation which obtains between dielectric 
strength and thickness is probably due to the fact that the thicker the 
specimen the less homogeneous it is. However, thinly laminated mate- 
rials give better values than nonlaminated samples of the same total 
thickness. 

The length of time during which the field is applied to the sample has a 
marked effect on the results. In general a specimen will withstand 
decidedly higher potentials for periods of the order of a second or less 
than for materially longer iriteuwals. This phenomenon is probably 
associated with the electronic displacements referred to (earlier in this 
discussion. 

If the applied voltage is alternating, the dielectric strength of a given 
material will usually be less than when tested with direct potential. The 
values in the latter case may run as high as two tim(^s the former. The 
frequency of the applied potential (in the region of audio frequencies) does 
not appear to figure appreciably, but at the c^xtremely high frequencies 
used in communication engineering practice the dielectric strength is less 
than at ordinary commercial frequencies. 

In case of solid insulating materials, particularly when in the form of 
thin sheets, it has been found that the dielectric strength is higher when 
the test is made with small electrodes than when larger terminals are 
employed. However, if the electrodes are needle points the reverse is 
true. 

Reference was made above to the electronic displacements that occur 
when a dielectric is subjected to an alternating electrostatic field. These 
alternating electronic displacements constitute, in reality, an alternating 
electric current. As we shall see later, the existence of a current involves 
losses in the form of heat. Under certain circumstances the beat gen- 
erated by the displacement current existing in the dielectric of a con- 
denser may result in a marked rise of temperature, thus changing both 
the mechanical and electrical properties of the dielectric. 

In addition to the thermal effects above mentioned, there are other 
dielectric losses which manifest themselves as heat. The alternating 
polarization of the atoms of the dielectric when subjected to an alter- 
nating field probably results in a physical distortion of the molecular 
structure which in turn gives rise to what amounts to an intermolecular 
frictional effect. That some such electromechanical change takes place 
in a dielectric is evidenced by the fact that when a potential difference is 
impressed upon the plates of a condenser the first rush of charging current 
is followed by a small but decreasing flow. A measurable length of time 
is thus required in ordei* to establish a stable electrical state. A similar 
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phenomenon is manifest when a condenser is discharged. The charge 
and discharge of the condenser lag somewhat behind the applied poten- 
tial. An energy loss is associated with this phenomenon. Just what 
happens within the dielectric is not definitely known, but we do know 
that a condenser does not give up all of the energy which it acquires 
during the charging process. This loss of energy is referred to as dielec- 
tric loss. Its magnitude, in any given case, depends upon the nature of 
the dielectric involved, but does not depend upon the applied potential 
of the frequency. Air shows practically no dielectric loss, and the new 
ceramic dielectrics have very little loss of this character. In general, a 
rise in temperature results in an increase in the dielectric-loss factor. The 
expression dielectric hysteresis is sometimes used as a term to cover the 
frictional and lag effects above mentioned. Strictly speaking, it should 
apply only to the lag phenomenon. The losses associated with the inter- 
molecidar friction and the lag effect cause a condenser to have a power 
factor (Sec. 108) that is not zero. The magnitude of this power factor is, 
in fact, commonly taken as an index of the dielectric losses in any given 
case. The power factor for air is zero. 

Like some other phenomena as, for example, ordinary mechanical 
friction, dielectric losses have recently been put to extensive practical 
use. The heating of dielectrics (nonconductors) by the application of 
h-f alternating fields is currently being employed in connection with the 
fabrication of laminated wooden structures, the dehydrating of foods, 
and in other related fields. In producing such thermal effects both the 
PR heat due to the displacement currents and the heat due to the dielec- 
tric hysteresis is made use of. It is probable that this form of localized 
heating will be greatly extended in the near future. 

In order to function effectively as a dielectric for use in condensers and 
insulators a medium must possess a high and permanent resistance value. 
Not only must the body resistance of the dielectric be high (of the order 
of 100 megohms) but its surface resistance must also be high. The 
author has found that some widely used synthetic dielectric materials 
often show very low insulating values, due apparently to surface leakage 
— even in air at ordinary humidity conditions. 

Surface leakage may become a serious matter in connection with the 
use of insulating bushings; and the losses thus entailed, when added to 
possible dielectric losses, may become prohibitive. 

Reference has already been made to the fact that with the new ceramic 
dielectjics, the temperature coefficient of condensers may be made either 
positive or negative and even zero. As we shall see later, condensers are 
frequently associated with other components in the design of electronic 
equipment. By the use of condensers having a negative temperature 
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coefficient the change in capacitance due to temperature (diaiiges may 
be made to compensate for positive temperature effects in other com- 
ponents. The capacitance changes per degree centigrade for these new 
mediums range from +5 X 10“'^ to —0,5 X H) I 

66. Capacitance of Condensers in Series and Parallel. It frecpieutly 
becomes necessary to design condensers for use at potential differences 
which are mu(;h higher than the dielectric strength of the available 
insulating material. In order to meet this situation, it is customary to 
connect sev^eral condenser units in serit^s, thereby distril)uting the poten- 
tial difference between the several units which go to make up tlie (ujii- 
denser as a whole. The danger of a breakdown of the dielectric is thus 
minimized, but by such an arrangement of condenser components the 
total capacitance is less than the capacitance of the individual units which 
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compose the condenser assembly. It is important to be able to compute 
the total capacitance of a group of condenser units connected in this 
manner. 

In Fig. 60, let Ci, and Cz represent the values of several con- 
densers connected in series. Our problem is to find an expression for the 
total capacitance in terms of the capacitance of the individual units. By 
the laws of electrostatic induction, if these condensers are charged by 
connecting the points 1 and 4 to a source of potential difference, each 
condenser in the series will acquire an equal charge that we may call Q. 
Designating the potentials at the points 1, 2, 3, etc., by Fi, V 2 , F3, etc., 
we may write [Eq. (71)] 

r F - ^ 

y 1 — y 2 - 

Vi - Vs = 

Vs - Vs == ^ , etc. 

V'3 

For the total difference of potential between 1 and 4 we would have 
F, - ^4 = + ^ + 
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But Q/(Fi — F4) = C, the total capacitance; therefore 

7=7 = 7 y“ + + TT + * * * 6 tc. (85) 

O Ol U2 ^3 

It is thus evident that, as implied above, the combined capacitance of 
condensers in series is less than the capacitance of any one of the units 
composing the series. Because of this fact, condensers are sometimes 
connected in series not only in order to avoid breakdown, but also to 
secure a capacitance value less than that of any unit which may be 
readily available for some particular purpose. 

In order to secure larger capacitance values than would be given by a 
single condenser, or by a group arranged in seiies .as just described, 



capacitance units may be connected in parallel. Let us now develop an 
expression for the total capacitance of a group of units connected in this 
manner. 

A parallel arrangement is shown in Fig. 61, In this case all condenser 
units are charged to the same potential; hence, from our fundamental 
definition of capacitance [Eq. (71)], it is evident that each condenser unit 
will acquire a charge proportional to its individual capacitance, and the 
total charge will of course be equal to the sum of the charge on the several 
units. Hence we may write 

Q = + Qa + Qs + ' ’ ■ etc., (i) 

where Q is the total charge on the bank of condensers as a whole. 

From Eq. (71) it follows that 

Qi = ChF, Qz = C,V, etc. (ii) 

Substituting the values given in (ii) in (i) and reducing, we have 

C = Cl + C2 + C3 + • . . etc., (8fi) 

where C is the capacitance of the group of condensers as a whole. Thus 
we see that the total capacitance equals the sum of the capacitances of the 
several units. 

In order to secure the desired capacitance, and at the same time keep 
down the potential difference across the elemental units, it is sometimes 
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necessary to assemble a series-parallel organization as shown in Fig. 02. 
In order to compute the capacitance in such a case one first proceeds to 
find the capacitance of each series group by the use of Eq. (85), and then 
deals with the values thus secured as a parallel combination by the aid 
of Eq. (86). 

HHH(" 

Fig. 62 . — Condeiisors in a series-parallel ceinhination. 

Prohle7n, Eight condensers are connected in a series-parallel arrangeinent 
similar to that shown in Fig. 62, four 1-^f units being in each series grouj). 
What is the total cajiacitance? 

Solution, For each series grouj) we would have 

^ f = Vi + / 1 + } 1 + ? 1 = 4. 

The parallel arrangement of the two groups would then give 

C - M ^ i 

66. Determination of Dielectric Constant. We have seen that the 
dielectric constant is an important factor in many calculations connected 
with electrostatics. Tt th(*rofore becomes necessary to determine the value 
of this constant experimentally. Fortunately, this involves only a com- 
paratively simple procedure, especially in the case of li(piid and gaseous 
dielectrics. 

An accurately made parallel-plate air condenser is assembled and its 
capacitance computed from its dimensions. The medium under test is 
then introduced between the plates, conditions being so arranged that it 
completely fills the space between the (jondenser plates. The capacitance 
is then experimentally determined by any convenient method, and the 
two values of capacitance compared. The theoi'y involved is as follows. 

In the case of air as the dielectric, we may write, using Eq. (74), 
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where C„ is the capacitance of the condenser when using air as a dielectric 
and K„ the constant for air. 

Holding all mechanical fa(^tors constant, the situation ^^'ith th(^ matc^rial 
under test may be repres<mted by the relation 


C 


X 


K,A 
4x1 ’ 


(h) 


where Cx reprevsents the capacitance in the second case and Kx the cor- 
responding constant. 

If now we divide (ii) by (i) there results 



For most purposes Ka may be taken as unity; hence 



( 87 ) 


The above expression shows that the dielectric constant of a specific* 
medium is given by the ratio of the condenser capacitance with that 
medium as the dielectric to its capacitance with air as the medium. 
Indeed this ratio freciuently serves as a definition of ^‘specific inductive 
capacity,’^ or dielectric constant. 


PROBLEMS 


1 . A sphere 5 cm in diameter is charged to a potential of 10,000 volts. What 
is the magnitude of the charge involved? Express the result in statooulombs 
and in coulombs. 

2 . The mean diameter of the earth is 7,918 miles. What is its capacitam^e 
in farads? 

3 . What work would be done in changing the potential of the earth by 
1,000 volts? Express the result in joules. 

4 . Provo that the capacitance of a spherical condenser, with the inner 
conductor grounded, is given by the expression 


Rlli2 
- Ri 


+ Rsy 


where Ri is the radius of the inner sphere, the inside radius of the outer shell, 
and Rh the outside radius of the outer sphere. 

6 . A two-plate condenser of 0.00035 /if capacitamfc is to be (H)nstructed. 
Mica 0.00 mm thick is to be used as the dielectric, the K value being 5. What 
must be the area of each plate in square centimeters? 

6. What (*onductor area would he required for a condenser of the same 
capacitance as that specified in the previous problem if a titanium dioxide ceramic 
2 mm thick were to be used? Take an average value for K. 
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7 . It is desired to roustruct a standard t\ihular (jonden.ser luivin^^ a, capaci- 
tance of 0.0002 /if. Tubing is available whose outside diameters are 5 and 4 cm, 
respectively. The wall is 2.5 nirn thick. How long rnnsi the piec(‘s of tubing lx*, 
if we neglect the ‘‘fringing”? 

8. It is desired to coi\struct a. mica (‘ondenser having an a)>proximate capaci- 
tance of 1 /if. The mica has a thicrkness of 0.05 mm and has a constant of 5. 
The metal foil is so cut that the sheets will overlaj) 8X4 cm. How many sheets 
of metal and mica will be re(|uired? 

9 . An outside pair of telephone wires are size No. 19 (1 mm diameter). The 
wires are parallel, 100 ft in length, and separated 3 mm by insulating material 
whose dielectric constant is 2.5. What is the capa(itaiic(‘ of the wires with 
respect to each other? 

10 . Two No. 4 wires are 50 miles long, spaced 3 ft apart. What will be the 
capacitance of the line? The diameter of No. 4 wire is apiu'oximately 0.6 cm. 
v^ll. P rove that the ca{)a(itance of a single wire of lengtli / and I’adius r sup- 
ported at a height h above, and parallel to, the earth’s surface, will be given by 
the expression 

C = statfarads. 

2 logf 2n/r 

12 . A condenser of 300 /t/xf is at hand, but it is desired to have available a 
condenser combination w hose capacitamje shall be 200 /x/xf. What must be the 
capacitance of the condenser which can be connected in series with the original 
unit in order to give the required capacitance? 

13 . It is desired to have a condenser unit whose capacitance shall be 0.4 /xf; 
and that the unit shall be charged to a potential of 5,000 volts. Ten 2-/xf con- 
densers are available, each one of whicii will stand 1,000 volts potential difference 
across its terminals. How should the unit be assembled? 

14 . The potential difference between two wires of a high potential system 
is thought to be of the order of 10,000 volts. A supjiy of l-/xf condensers is 
available, each capable of withstanding 1 ,000 volts. An electrostatic voltmeter 
is also at hand whose full scale reading is 1,000 volts. How would you arrange 
and use this equipment in order to determine the actual potential diffeience 
between the line wires? 

16 . A charged parallel-plate air condenser shows a potential differem^e of 
500 volts between its terminals. If a piece of insulating material having a 
K value of 5 was introduced between the jdates and had su(‘h a thickness that it 
completely filled the space, by what amount would the potential be changed? 

16 . In the previous problem, was the force between the plates changed when 
the solid dielectric was introduced, and if so, how much? Was the energy con- 
tent of the condenser changed, and if so, by how much? 

17 . A No. 12 wire 30 m in length is supported horizontally at a height 5 m 
above the earth ^s surface. What is its capacitam^e? No. 12 wire has a diametei' 
of 0.2 cm. 
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CURRENT, ELECTROMOTIVE FORCE, AND 
RESISTANCE 


67. The Electric Current. Thus far in our study wv have hoen (*. 011 - 
sidering the case of charges at rest. We are now to examine those 
phenomena that manifest themselves when charges are in motion. Thus 
we enter the field of electrodynamics, in contradistinction to electro- 
statics. One or more electrons moving in a definite direction constitute 
what wv shall speak of as an electric current. This orderly electronic 
motion may take place through a solid, a liipiid, a gas, or in free space. 
In the case of liquids and gases, as we shall see later, the current is dual in 
characUu-, consisting of charged portions of atoms. For the time binng 
we will confine our attention to the case of currents in solids. 

The time rate at which electrons pass any givcm (uoss si^ction of a 
conductor determines the magnitude of what is referred to as current 
strength. Mathematically this concept may be represented thus, 


i 


lit' 


( 88 ) 


where i is the instantaneous value of the current strength. If the time 
rate of electronic motion (flow) is constant, we may say 

I = (89) 

where I is the average current strength and Q the total number of electrons 
passing some reference plane during the time i. From the last expression 
it follows that the total quantity of electricity which passes the reference 
plane will be given by the relation 

Q = IL 

The question of units at once presents itself. In what units are we to 
express current strength? In Eq. (89), if Q is in statcoulombs and t in 
seconds, I will naturally be in electrostatic units. Since the statcoulorab 
represents a very small quantity of electricity, the esu unit of current 
turns out to be too small for practical use. Another unit has therefore 
been adopted which is known as the ampere which, for the present, shall 
be taken as the equivalent of 3 X 10® esu. It follows then that if Q is in 

110 
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coulombs and t in seconds, / will be in amperes. Later we shall encounter 
two other methods of defining the ampere. 

In passing, it should be pointed out that two subdivisions of the 
ampere are in common use. In research and in engineering w^ork, par- 
ticularly in communication engineering, very small current magnitudes 
are often encountered. One of these units is th(‘ milliampere, w^hich is 
1/1,000 amp; the other is the microampere, e(iuivalent to 10~^ amp. 

68. Electromotive Force. In our study of electrostatics we saw that, 
expenditun^ of energy is involved in the act of separating unlike charges. 
It was also noted that wa>rk is done (energy consumed) in moving a 
(piantity of electricity Ixd.ween two points Avhich an^ not at the sanu^ 
potential. The latter fact is embodied in Fa\. (53), which should be 

A B 


I =0± 1 

Fig. 64 . —A soiirci^ of 
onergy is iiorossary in 
ordiM- to maintain a current. 

pot(*iitial. 

re-examined at this point. In Fig. 03 l(‘t A and B represent two bodies 
not at the same potential. Suppose B to be at the higher potential. 
Under these circumstanc(‘s, if A and B are electrically joined by means of 
a conductor electrons Avill move from A tow ard B, t.c., toward the point of 
higher potential. In short, an electric current results from the fact that a 
difference of potential exists between A and B. If the above-indicated 
system is left to itself the transfer of elections from A to B will, in time, 
cause B to attain the same potential as A, wdth the result that the electron 
flow" wdll cease. In other w ords, our current has been a transient one. 

If, however, we w ere to provide a more or less permanent source of 
electrons and a complete circuit around w hich they might move the situa- 
tion would be different. Suppose wo arrange conditions as shown in Fig, 
()4, where D n^presents, say, a dry cell or some other agcuit w"hich is 
capable of maintaining a difference of potential between A and B, Undia* 
these circumstances the electrons will continue to flow" from A to B and 
w"ill, in fact, move completely around the circuit, passing through the 
generator D itself. Electrons will be supplied continually to A and 
abstracted at the same rate from B — this as a result of the functioning of 
the so-called generator^’ D. Energy is required in order to move elec- 
trons from A to B and from B through D to A again. By Eq. (53) the 


A a 

* e ~ ^ 

Fig. 63 . — t 3 (M*troiis tend 
to 1110 v(^ betw(‘(‘n two points 
thnt are not at the same 
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total work done in accomplishing this would be equal to VabQ + or 
QiVAB + Fs); where Vab i-epresents the difference in potential which is 
being maintained between A and By and Vs the potential difference 
required to cause movement of the electrons through the generator itself 
and through the connecting wires. Stated in another way 

V.. + v,. 

If, in the above relation, we make Q equal unity it could then be said that 
the quantity represented by Vab + Fs is equal to the work done in mov- 
ing the unit charge once around the entire circuit. This work is done by 
Dy and the energy thus involved is called the electromotive force (emf) of 
the source or generator. The last equation may now be written thus, 

Work done = (emf) Q = (emf) Ity 
which, if we make I unity, may take the form 


Work done . 


(90) 


In other words, emf is the time rate at which a source supplies energy 
when unit current exists in the circuit. 

It wdll be recalled that potential and potential difference are expressed 
in terms of work done per unit charge, f.c., in statvolts or volts. In view 
of the above definitions of emf it is natural, then, to express this quantity 

in the same units. If 1 joule of work is 
done in driving one coulomb of electricity 
once around the complete circuit, the emf 
of the source has a value of 1 volt. 

In any discussion of emf there are one 
or two distinctions that should be carefully 
noted. In the first place, the potential 
difference at the terminals of the gen- 
erator when it is supplying energy to the 
circuit is not the emf developed by that 
source. In Fig. 05, we see essentially the 
same circuit as that indicated by Fig. 
64. There has been added, however, a 
(ronnecting switch K and a meter M, of the electrostatic type, thus making 
it possible to determine the potential difference between the terminals 
of the generator D when it is not connected to the ''load” circuit AB; and 
also when it is supplying energy to the load. By way of illustration, 
suppose that R represents the filament of a flashlight bulb and D a dry 
cell. With K oixm (no current flowing) the meter M would probably 



Fig. 65. — Illustrating why 
the terminal potential difference 
of a generator may be less than 
its emf. 
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read Homething like 1,5 voIt8. If now K is closed, thus connecting th(' 
lamp to the generator, it will be found that the meter will read, perhaps, 
1.2 volts. Why the difference in reading? The open-circuit reading 
gives the emf of the generator (in this case the dry cell). The differenc^e 
between the two readings (0.3 volt) is the potential rlifference Vs neces- 
sary to drive the electrons through the generator itself and through the 
connecting wires; and the 1.2 volts represents the work done V ab in 
driving the electrons through the filament of tlu^ lamp. The potential 
diff(nHUice at the terminals of any generator (battery, dynamo, or other 
sour(;e of electrical energy) is always less on load than on open circuit — 
and less by an amount equal to the fall in potential within the generator 
itself. This is a very important observation. The potential difference 
at the terminals of a generator when it is supplying energy to an external 
(circuit is referred to as the terminal potential. 

The term ^Tall in potentiar’ was used above. In the external circuit 
(Fig. 05) there is a rise in potential as one travels with the moving elec- 
trons from A to B and a fall in potential (potential becomes less) if one 
were to move against the eh^ctronic stream, from B toward A, i.e., in the 
direction of the conventional current. Likewise, in passing through the 
generator itsfdf, there is a rise in potential as one passes from the negative 
to the positive terminal, and a corresponding fall in potential as one 
])roceeds in the reverse direction. These two ^^drops,^^ as they are called, 
are oppositely directed. This is in conformity with the observations 
made above. 

Another point in the above connection is also w^orthy of note. We 
refer to the fact that a difference in potential (a ^^drop^^) exists between 
any two points in the external (load) circuit only when current is flowing; 
but the generator develops an emf, by chemical, mechanical, or other 
means, even when not connected to a load circuit. 

Since work is done in moving the electrons through the conductor and 
through the generator the energy thus expended must appear in some 
form; and such is indeed the case. The expended energy appears as 
heat; both the conductor and the generator are heated. Later we shall 
see that there is a very definite relationship between the magnitude of the 
current and the quantity of heat developed. The amount of energy 
appearing as heat is independent of the; direction of electron flow. 

In the foregoing discussion we have dealt with the electronic current, 
and have noted that the flow is from points of low potential to points of 
higher potential. In other w^ords, the electrons move up the potential 
gradient. In solids, and in a vacuum, so far as we know, electrons are 
the only electrical entities that move. Due, however, to the original 
single-fluid (positive) theory of Franklin, it has been the custom to regard 
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the direction of tlie current as taking place from points of high potential 
to points of low potential, t.e., down the potential gradient. This is not 
in conformity with known facts. Unfortunately the older convention 
is so thoroughly established in the literature of the subject, particularly 
in the field of electrical engineering, that it will probably persist, until one 
or more of the learned societies act officially to abandon th(' custom. If, 
under all circaimstances, the din^ction of the electron flow w^as to be con- 
siden^d as the dire(dion of the current, it would be nec(‘ssary to change 
several of the presently used standard ndations having to do w ith ele(dri(r 
and magnetic; fields. Therefore, when it seems advisable^ to dc^al with tlie 
current as a flow of positive entities, we shall follow tlie custom of referring 
to the conventional current simply as the current; if and when th(‘ 
electron flow^ is meant, the term electron current, or electron movement, 
will be used. In the diagrams to follow a simple arrow wall imply that th(‘ 
conventional current (transfer from positive to negative) is indicated; 
w’hen the electron current is meant, an arrow' followed by a small letter e 
will be used.^ 

69. Ohm’s Law. The relation most frecpiently employcal in dealing 
with the electric (;urr(;nt was disclosed by Dr. F. S. Ohm, a German 
mathematician-physicist, in a papeu* published in 1826. Ohm found that 
in solids the magnitude of the current in such a conductor is strictly 
proportional to the potential dilTerence which is maintained at its 
terminals, i.e., I oc V, w here V is the potential difference; involved. The; 
case may be expressf;d in another W'ay by saying that the ratio of the 
potential difference to the current is a constant. Algebraically this 
statement w^ould take the form 

y = a constant. 

This constant is known as the resistance of the conductor, and is com- 
monly designated by the symbol R. The above expression may accord- 
ingly be written in any one of several useful forms, viz, 

I = /?; ^ = /; F = RI. (91) 

d'here are certain limitations as to th(; use of Ohm’s law. The law' is 
applicable only to those cases in w'hich the applied potential is constant in 
magnitude and direction. Further, the law is not applicable to all classes 
of conducting mediums, as we shall see later. Notwithstanding these 
definite limitations, Eq. (91) expresses one of the most useful relations 
in the whole realm of electrical science. 

’ This convontion conforms to the practice now' being followtd by several authors. 
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70. Resistance. The resistance term in Ohm’s law also calls for 
detailed examination. Resistance may be defined as that property of a 
conductor by virtue of which the energy of moving electrons is converted 
into heat. The reciprocal of resistance {t/U) is referred to as conduct- 
ance. 

In the course of his research Ohm found that th(‘ i‘esistanc(‘ of a given 
conductor is a function of its length, and of its cross-sectional areii. 
Mathematically his findings may he expressed thus, 

/(“ = p (92) 

where I i-epresents the Icmgth, a the cross-sectional area, and p a propor- 
tionality constant known as specific resistance, or resistivity. The 
magnitude of p depends upon the nature of th(^ mateiial (anistituting the 
conductor. If we make I and a unity we have a definition of p which 
would be to the effect that specific resistance is the resistance of a con- 
du(‘tor whose length is oiu' centime^hM* and whose cross section is oih‘ 
squares centimeter. In engineering work the foot is taken as th(^ unit eyf 
length and the circular mih as the unit of cross-se(;tional area. Siuii a 
portion of a condiurtor is referred;! to as a mil-foot. Thus p may h(‘ 
expressed in (ithei’ of two ways, one value being based on the resistance 
of a centimeter cube of the material, and another involving the resistances 
of a piece of th(‘ material 1 ft long and 1 / 1,000 in. in diameter. 

In Ohm’s law, if V is expresscrl in statvolts and [ in statamperes, H 
will also be in (sgs ekastrostatic units, viz., statohms. In the expression 
V /I — R, if we change V to volts and / to amperes, the left side of this 

eejuation would be 7 / 3 oryX9X10“. To preserve equality 

in the expression for Ohm’s law, it will therefore be necessary to multiply 
R hy 9 X 10 ^^ also. This means that we would have a new unit of 
resistance whose value would be j 9 X 10” ^b)f the electrostatic unit. This 
unit is known as the ohm; and a conductor is said to have a resistance of 
one ohm when a potential difference of one volt applied at its terminals 
will cause a current of one ampere to flow. By an international agree- 
ment arrived at in 1908 there was established w hat is known as the inter- 
national ohm. This standard unit is the resistain^e of a column of 
meiTury of uniform (u*oss section at and having a kuigth of HKi.SOO 
cm and a mass of 14.4521 gm. In the table which follows will be found 

^ A mil is one-thousandth of an inch. A circle whose dianu‘t(u* is I mil has an area 
of 1 cir mil. Because of the fact that the area of any cir(d(*, when expn'ssed in circular 
mils, is numerically equal to the square of the diameter of the circle in mils, t his method 
of exprc'ssing areas is found to he convenient in practical engineering. 
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the values of p for a number of materials commonly used as electrical 
conductors. Note that p is given in both systems of units. Since the 
resistance of a centimeter cube of most conducting material is very small, 
p, in the metric system, is expressed in microhms rather than in ohms. 

Resistivity and Temperature Coekficient' 


Materijii 


( 'oniposit ion 
or condition 


iRvsist ivil N' 


Tfnnperulurc 


! i 

I Micioliin |()}iinsj)cr 
Ipcr cm culx'l mil-ft 


co('ffi(ncnt, 
ohms per ohm 
p(T degree C 


Advance. Cu-Ni i 48.8 I 294 j +0.000020 

Ahnuiiiuin. Wire annealed I 2.83 j 17.02 j +0.0039 

(\>pper Wire annealed 1.724 i 10.4 j +0.0040 

Carlmn O^C S/.KX) (M) ' -0,0003 

Coiistantan Copper (60%) 49.00 300 \ —0.000005 

Nickel (40%) i 

(4imn.\ Ni-Steel 87.00 525 +0.00054 

(Jernian Hilver ( 'u-\i(30%)Zn 33,00 290 +0.0004 

Gold Pure 2.44 12.42 +0.0037 

Iron Pure-ann. 10.00 59.9 +0,(X)45 

lala Cu-N'i 49.0 283 - 0.000005 

Manganin | Cii-Mn-Xi 44.0 265 +0.000006 

Mercury at 0°(' 94,07 +0.00072 

Nickel Xi 7.8 64.3 +0.0062 

Nichrome Xi-Cr 109.0 660 +0,00019 

Platinum j Pt at 0°C ! 10 96 66.0 +0.00366 

Silver lAgat0°C ; 1.5-1. 7 9-10.2 +0.0038 

Tungsten I W 5.51 33.2 +0.005 

Rubber j 2 X 10® 

Impregnated paper 5 X 10* 

Varnished cambric 2 X 10* 

Glass 5 X 10'® 

Fused quartz i | J X 10** 


' Valinxs are for 20®C unles.s otherwise si>eoifie<l. 

In dealing with n^sistivity, it is to he. borne in mind that there are 
a number of factors that tend to modify the resistance of a conductor. 
One of these is temperature. For moderate differences in temperature, 
the relation between resistance and temperature is apprcjximately linear, 
lliis relation is given by the (‘xpression 

/?e - /?n == (xRj, 
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in which Ri is the n^sistance of Die condiu^tor at temix'rature Ho its 
resistance at O^’C; and a the i)roportionality constant, which in this case 
is the temperature coefficient of resistance. A definition of a may be 
derived by changing the above ecpiation into the form 


_ Ht- Ho 

~~~Hol 


(93) 


An examination of the above equation shows that the temperature 
coefficient of resistance may be deffined as tht^ fractional change in 
resistance that a conductor undergoes pen* degree (diange in temperature. 
Equation (93) indicates that a would be expressed in ohms pen* ohm per 
degree of temperature. 

It is to be noted that most of the pure metals commonly used as 
conductors show relatively high temperature coefficient values. On the 
other hand, most of the rc^sistanc'c alloys exhibit relatively low tempera- 
ture coefficients. In fact, in one or two cases the coefficient is vanishingly 
small, constantan and manganin being notable examples. Thus there are 
available sc^veral alloys that have high resistivity and low temperature 
reactions. These materials are widely used as material from which to 
make wire that is to be utilized in the designing of units that are to serve 
as standards of resistance. Manganin is most cc^mmonly used for this 
purpose. A few substances have negative temperature coefficients, the 
most notable example being carbon. Most insulating materials show a 
negative c(X)fficient. 

In order to determine experimentally the value of a for any given 
material it will obviously \ye necessary to determine the resistance at two 
tempe^ratures, one of w hich is zero. By any one of several methods, to bo 
described in the next chapter, one may readily measure the resistance at 
any convenient w^orking temperature, and also at zero degrees. The 
necessity of mc^asuring the resistance at zero degrees may be avoided by 
one of two procedures. Equation (93) may be written as 


H, = lUO + 


where Ri is the resistance of the conductor \vhen it is at temperature 
If now we find its resistance at some other temperature, say tt, we may 
write 

Hi - Ro(\ + ah). 


Eliminating Ro between the last two equations, we get 


— R^^l 


(94) 


Thus by measuring the resistance at two known temperatures one can 
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readil^y doU^rmino th(‘ average A^aliu' <»f « for that partieiilar tcuriperature 
range. 

Another method involves the taking of several resistance-tempera- 
ture readings and plotting the resulting data, as indicated in Fig. 60. 
The graph shown was set up from data taken on a sample of pure nickel 



Fin. 66. — ( Jraph showing the effect of temperature on the resistance of a conductor. 
Specimen tested was pure nickel wire. 

wire. By extending the curve until it cuts the resistance axis one can 
easily determine the Rq value and thus compute a by the use of Eq. (93). 
As a check, one may evaluate a by determining the slope of the curve. 
For wider ranges of temperature the relation 


Rt = -Ko(l 4" -f* 


(95) 
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will give more arnnirate results, in which ^ is another constant that must 
be determined. 

The temperature-resistance laws given abov'e do not hold for extreme 
temperature values. For instance, it was found by Onnes that at the 
temperature of licpiid helium ( — 2G7°C') the resistance of pure metals is 
extremely low; in fact, much lower than miglit be expected from the 
foregoing relations. It has be(m found, for example, that an electric 
current onc>e vset up in a ring of pun^ lead which is maintained at the 
temperature of licpiid helium will continue to flow foi- a length of time 
me^asured in hours, and se^xu‘al days ela})se before it drops to half its 
original value. It would thus appear that at temperatures in the region 
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of absoluU' zero the ivsistance of at least some conductors approaches 
zero. 

The presence of small amounts of clumiical im])urities, however, tends 
to increase th(^ resistivity of most metals. For example, the presence of 
1 per cent of carbon will incix'ase the n^sistivity of copper as much as 
20 per cent. In general, alloys have a higher resistivity value than is 
showm by the individual constituents Avhi(!h go to make up the alloy. An 
examination of any one of several cases listed in the resistivity table 
shown on page 116 will bear out the foregoing statement. Take, for 
instance, the case of the resistance alloy known as constantan. This 
alloy consists of 60 per cent copper and 40 per cent nickel; p for Cu is 
1.724 microhm-cm and for nickel it has a value of 7.8. The alloy has a 
resistivity of 49. 

An alloy extensively used in heating devices is^i known as nichrome. 
In addition to having a high resistivity value, its temperature coefficient is 
fairly low and, it will withstand high tempei-atures without changing 
chemically. A few alloys show a large and an abrupt change in resistance 
at certain temperatures. Such materials are useful in connection with 
the design of what are called ^‘ballast^^ resistors — devices that serve to 
limit automatically the flow of current. 

71. Resistances in Series and Parallel. A circuit may be made up of 
several resistance units connected in series as shown in Fig. 67. Suppose 
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the electronic current to ))e flowing in the circuit in the direction indicated 
by the arrow, i.e.y from d toward a.^ The point a is therefore considered 
to be at a higher potential than d, and accordingly there will be a fall in 
potential from a to d. The magnitude of the current will be the same 
at all points in the circuit. Bearing in mind the fact that Ohm’s law is 
applicable not only to the circuit as a whole, but tdso to each component, 
w^e may write 

V, _ W, = 

Y, - 1’3 == R.J^ 

1% - r4 = 

The total potential drop between a and d will obviously be given l)y the 

sum of the above expressions, or 

y, - 1^ = + R2 + 7^3)/. 

This is equivahuit to 

^ ' ~ = Ri + lU + Rz = R, (l)(i) 

w here R is the total resistance betw'^een a and d, and Vi — F4 is the total 

drop (fall in potential) over the 
combined resistaiKx^s. It may 
therefore be said that the total re- 
sistance of several resistances in 
series is equal to the sum of the 
individual resistances. 

. A second arrangement of resist- 
I ance components is sketched in Fig. 
0 68, the three resistances being taken 

as representative. Such a netw’ork 
is spoken of as a parallel, or mul- 
tiple, arrangement of resistances. 
Fig. 68. — Resistances in parallel. rr i • . t n 

It an electronic current I flows m 

the main circuit, it will, upon reaching b, divide into three parts as shown. 
(The conventional current will divide at a.) Let R be the combined 
resistance between a and 6. The potential of the points a and b are Fi 
and F2, respectively, and these values are fixed. The fall in potential 
over each branch will therefore be the same. Again applying Ohm's law 
we have 

^ The traditional current direction would be the reverse of this, f.c., from a toward 
d. But no electrical entities actually move in that direction. 
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etc., for any number of resistors. Now 


/ = 


Vi - 


iF ’ 


and since the sum of the currents in the several liranches must equal the 
current in the supply circuit, we may wrib; 


Fi 


F, 


R 


or 


Ri 

R 


4 . 


R-. 




Ih 


+ 


Vi - V2 

Rn 


J- _i- jL JL -|_ 

R, ^ R. ^ Rs ^ 


+ 


Rn 


m 


The foregoing relation shows that the combined resistance of several 
conductors in parallel is less than the resistance of any one of the indi- 
vidual components. It also shows that the total conductance equals the 
sum of the conductances of the individual branches. For a network of 
three branches, as illustrated above, Eq. (97) reduces to the more con- 
venient form 


RiR^Rz 

Rjfo + R2R, + RiRz 


(98) 


In the case of two branches this becomes 

M _ R1R2 
~ Ri + R2 


(99) 


Again referring to Fig. 68, and considering, for our present purposes, that 
there are only two branches instead of three as shown, we have a case 
frequently encountered in practice. For instance, a current by-pass or 
shunt may be connect(‘d about the internal winding of a current-indicating 
instrument such as a galvanometer or ammeter. The question will arise 
as to the Value of the (iurrent in each branch. 

As outlined above 

. Fi - V2 

- —rT^ 
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or 

'^I'herefore 


hRi = Fi 

h r= — 
h “ Ri 


V 2 = 72 /« 2 . 


( 100 ) 


which shows that the current will divide inversely as the resistance* of the* 
individual branches. Using this equation, and the relation / = /i + /o, 
it thus becomes possible in any given case to compute the current in 
either the main or shunt circuit. 

Problem., Suppose we have a galvanometer whose resistam^e is 80 ohms, and 
it is desired to arrange a shunt in parallel with the instrument winding so that 
only Hoo of the total current shall pass through the galvanometer. What 
must be the value of the shunt resistor? 

Solution. Adapting Eq. ( 99 ) to the ease in hand, we have 



where the subscripts g and s indicate galvanometer and shunt respectively. Since 
the galvanometer winding is to carry Hoo of the total current the ratio of the 
galvanometer current to the current in the shunt (Ig/I„) will be ^^9 and hep<'e 
we have 

± 

99 80 ' 

which leads to 

R, = 0.808 ohm 

as the resistance of the shunt. 

72. Kirchhoff’s Laws. Two useful corollaries, known as Kirchhoff’s 
laws, or rules, may be deduced from Ohm's law'. The first of these 
generalizations is to the effect that in any given network w he^re several 
conductors meet at a common point the sum of the currents flowing 
toward the point is equal to the sum of the currents flowing away from 
the point. In other words, the algebraic sum of the currents entering 
and leaving a common point is zero. It is the convention to use the 
positive algebraic sign for the currents flowing tow^ard the point and the 
negative sign for those which flow away. In general terms one might 
write 

S(± 7 i ± 7*2 ± 73 ± * * • ± In) = 0 . ( 101 ) 

In the case illustrated by Fig. 69 we may wriki 

Ii I2 I3 — 74 “h 76 = 0 . 

This law follows from the fact that, in the case of a constant current 
in a circuit of negligible capacitance, the electrons do not accumulate at 
any one point. 
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Kirchhoff^K second law is a statement of the important fact that, in 
any closed circuit, the algebraic sum of the several IR products is equal 
to the algebraic sum of the emf's acting in that particular path. Math- 
ematically the case (‘ould be stated thus 

ZIR + ^emf - 0. (102) 

l"he logic of the second law becomes appanuit if one starts at some given 
point in a cii'cuit loop and makes an 
(*l(H5trical journey completely around 
the loop. On returning to th(‘ start- 
ing point one must be at the same 
potential level as at the vstart. In 
other worxls, the sources of c^mf en- 
countered in the journey must yield 
a total emf equal to the total po- 
tential drop due to the resistances 
through which we pass. In making 
such an electrical journey around a 
(arcuit due regard must be given to 
the sense of the several IR and emf 
terms. In passing through a source ,, ... ^ 

of emf from the negative to the posi- 
tive terminal the potential increases, 

and therefore the emf terra should carry a + sign. Conversely, when 
passing through an emf source from th(‘ positive terminal to the negative 
connection, there is a fall in potential and the emf term should be given 
a — sign. 

When passing through a resistance of any type, in the direction of the 
conventional current, an IR drop will carry a negative sign. When going 
through a resistance in the opposite direction, f.e., against the conven- 
tional current, the IR drop is given a positive sign. If we follow the 
electronic current these signs will be reversed. 

In order to apply Kirchhoff's law to the solution of problems involving 
networks it is important to keep in mind two definite considerations: 

1. The first law must be applied to enough junctions so that each 
current appears at least once. 

2. The second law must be applied enough times to in(*lude each path 
at least once. 

If these precautions are observed the total number of resulting equations 
will equal the total number of unknown factors. 

If, in first analyzing a given problem, the direction of some particular 
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(Mirrent in not known we may assume it to flow in a definite direction. Tf 
the numerical result show's a positive algebraic sign our assumption w^as 
correct ; if a negative sign, it means that the actual direction of the current 
is the reverse of that wdiich w^e assumed. Incorrect assumptions as t<) 
current directions wall not alter the numerical results. 

Kirchhoff’s laws are among the most useful generalizations available in 
electrical study. By the aid of Ohm's law’ and Kirciihoff's laws it is 
possible to solve any problem involving a d-c netw^ork, no matter how' 
complicated the netw^ork may be. Indeed it is also possible to apply 
Kirchhoff’s laws to a-c problems, as will be pointed out later. The utility 
of Kirchhoff s law^s may be illustrated by applying them to a specific case, 
as shown in the following numerical problem. 



sketched above. The internal resistances of the sources of emf (in this case, 
batteries) may be neglected. 

Solution, The direction of the several currents not being known, it will be 
assumed that they are as indicated by the straight arrows. We will first apply 
Kirchhoff’s second law to the loop ahca^ beginning at, say, a. This procedure 
will give 

• ^ "h 5/ 1 — -f" Ifi "T 

which reduces to 

18 + 13/i - 6/2 = 0. (i) 

Next proceeding around the loop hcdeh, we have 

-6/2 + 10 - 2/3 - 6 - lO/s = 0. 

Reducing, 

4 - 6/2 - 12/3 = 0. (ii) 
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We have three unknowns; hence it will be necessary to have at least three equa- 
tions in order to complete the solution. To secure another equation we may 
apply Kirchhoff^s first law to some point, say, c. This gives us 

I\ A- I'l — h - 0 (iii) 

Combining (i), (ii), and (iii), it is found that 

1 i = —0.98 amp 
1 2 = 0.875 amp 

/s = —0.105 amp. 

The negative sign before the current value for 7, and 7 3 indicates that these 
currents actually are in directions oj)j)osite to those that were assumed. 

PROBLEMS 

1 . An incandescent lamp taking 0.5 amp is turned on for 5 min. How many 
electrons passed tlirough the filament of the lamp during that ))eri(>d? 

2 . "No. 30 cropper wire has an approximate area of 10 cir mils. What is the 
l esistancre of 1,000 ft of such wire at 20*^C? 

3 . No. 4 wire has a diameter of approximately 0.52 cm. What will be the 
lesistance of 100 m of such wire at 20°C? 

4 . What would be the resistance of the wire indicated in Prob. 2 at a tem- 
perature of 00°C? 

6. The resistance element of a platinum thermometer at 0°C is 25 ohms. 
When immersed in a certain solution the resistance is found to be 30 ohms. 
What is the temperature of the solution? 

6. Assuming the resistance values shown in the sketch, find the resistance 
between the points A and B. If a potential difference of 50 volts is maintained 


8n 



between A and B wdiat will be the magnitude of the current? What will be the 
fall in potential across the 8-ohm resistor? Across the 4-ohm unit? 

7 . The coil of a certain galvanometer has a lesistance of 120 ohms. It is 
desired to arrange a shunt of such a resistance value that only 1/1,000 of the 
current to be measured will pass through the galvanometer winding. What 
should be the resistance of the shunt? 

8. A battery cell shows an emf of 2.2 volts on open liicuit. When its 
terminals are connected by a (Conductor whose resistance is 10 ohms the current 
is 0.2 amp. What is the terminal voltage of the cell, and what is its internal 
resistance? 
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9 . In the cir(‘uit shown in the accompanying diagram the ammeter reads 
25 ma and the voltmeter 0.25 volt. What is the value of the resistance i?? 



10 . Assume a network as shown in the sketch. Uetennine: (a) The magni- 
tude and direction of all currents; (h) the drop over rd, ah, and the lO-volt battery. 
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11 . The sketch below shows a network the components of which have the 
resistances indicated. Find the resistance between the points A and B. 
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12 . In the network shown, what will be the current in the 10-ohin resistor ii a 
difference of potential of 10 volts is applied between the points A and B? 




CHAPTER IX 


FUNDAMENTAL DIRECT-CURRENT 
MEASUREMENTS 

73. The Wheatstone Bridge. The determination of resistance v aliu\s 
is probably the most important electrical measurement that one is called 
upon to make, and with suitable eiiuipment it is possible to make measure- 
ments of this character to an accuracy better than Jfoo of I per cent. 



Fig, 70. — Whoatstono-bridgo network. 


The most w idely used method of measuring resistance was devised by 
Wheatstone and consists of a network made up, essentially, of four con- 
ductors as shown in Fig. 70. In the diagram G represents a current- 
detecting device, such as a galvanometer; 5 is a source of emf. Keys Ki 
and are provided for closing the battery and galvanometer circuits as 
shown. 

Supposes a difference of potential is applied between the points A and 
D of the network. Current (conventional) will flow along the paths ACD 
and AHD. For a given potential difference between A and D the 
magnitude of the current h which will flow through the branch ACD 
will depend upon the resistances Ri and R 2 * Likewise the current 1 2 will 
depend upon the value of Rz and Ra, The potential drop over AC will be 
given by and likewise for AH by IzRz^ Now if and when the 

128 
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Heveral resistaiK^es (*()mprisinji: tlie network are so adjusted in value 
that no current passes throup;h the jjalvanometer G it follows that the 
])oints C and H are at the same potential, or 

When this condition obtains it also follows that 


hR. = IJi,. 


Dividing one of these equations by the other and simplifying, we have 


R \ _ 

R, " R^ 


(103) 


If, then, three of these resLstances are known, th(* fourth can be readily 
determined. 

In practice there are two common forms of the Wheatstone* bridge. 
One, known as the slide-wire type, consists of a resistance wire of uniform 
cross section, (corresponding to Rz and Ra, on which rests a sliding contact 
corresponding to H in Fig. 70. By this arrangement it is possible to vary 
the ratio of Rz to R 4 . Sinece the resistance constituting Rz and Ra is 
uniform in cross section, and since resistancce* is proportional to length, 
length may be substituted for resistance in Fkp (103), thus giving 


ft 1 ^ Lj 
R 2 ^2 


(104) 


where Li and Li correspond to Rz and ft 4 respectively, Fhe resistance fti 
may be the unknown and R 2 a standard resistance coil, or set of such coils. 



Fia. 71. — Slide-win* 1‘oriii of Wheatstone brid^t*. 


usually in the form of a so-called “resistance box.” Figure 71 is a 
diagrammatic sketch of an assembly of this tyix\ Tlu* ix^sist.ancx* wire is 
(commonly a meter in length and is stretched above a number stick. Thcavy 
copY)er bars of negligible resistance serve to connect the ends of the slide 
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wire to the openings provided to receive the standard and unknown 
resistances, /i* and R^, In practice, provision is made for conveniently 
interchanging the standard and unknown resistances, thus eliminating, 
in pail, th(^ effect of contact resistance between these resistances and the 
connecting bars. 

A second form of the Whc^atstone bridge finds wide application in 
engineering practice. Because it was originally mad(‘ for us(' in the 
English^ l)ostal service, it is known as the ^‘post office” box or biidge. 

In this form of the bridge the resistances Rs 
and 7?4 consist of a set of ratio coils” of 
fixed values. By means of contact plugs or 
a wiping switch, ratios from Ho~Jfooo 
from 1,000 to 1 may be cut into the bridge 
circuit. The resistance R y consists of a set 
of accurately made resistance coils, as- 
sembled in a so-called decade” arrange- 
ment whereby it is possible to secure 
resistance values ranging from 1 to 9,999 
ohms or, in some cases, higher. Any one coil 

.. . r I . or a combination of coils may be introduced 

Fw. 72 . — Portable Wheat- . , , i , r 

stone bridge, or test set. mto the bndge network by means of contact 
(Leeds <f .Vor/hn,p Co.) or a rotating switch. It thus becomes 

possible to measure resistance over a wide 
range of values. In the portable form of the post office bridge, or 
testing set, as it is sometimes called, a portable galvanometer and a dry 
battery are housed in the same case as the resistance coils. A commercial 
unit of this type is showm in Fig. 72. 

74. Carey-Foster Bridge. Another and somewhat more accurate 
method of measuring resistances, particularly slight changes in resistance, 
was devised by Professor Carey-Foster. This arrangement consists of a 
network madii up essentially of six resistances, one of which is a standard 
resistance of high accuracy. From the following description it will be 
apparent that the C'arey-Foster method makes it possible to determine 
the difference between two resistances, one of which is of standard value, 
to a very high degree of accuracy. 

The unique feature of the Carey-Foster modification of the more 
simple Wheatstone bridge consists in the interchange of the standard 
resistance and the resistance under test in such a manner as to eliminate* 
the resistance of the connecting bars. 

In Fig. 73, Si and >82 are the two resistances being cbmpared; Ri and 

^ In England the telegraph and telephone service is operated by the government 
post-office department. 
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R2 arc two nearly etiua) auxiliary resistances. The exact value of these 
auxiliary resistances need not be known, as they disappear from our final 
relation. Let ri and be the resistances of the connecting strips MN 
and M'N\ respectively, and p be the resistance of unit length of the 
bridge wire. NN' is a uniform resistance wire similar to that incorpo- 
rated in the original Wheatstone bridge. It is to be noted that the 
resistances representing Si, rj, and a constitute one arm of the bridge, 
while aS’o, ro, and h together form the other corresponding arm. In prac;- 



tice a standard resistance unit, say *Si, is selected whi(*h has a value wry 
nearly that of the unknown S^. The galvanometer contact p is then 
adjusted until zero deflection obtains, and the readings a and 6 are noted. 
By means of a convenient switching arrangement the standard and 
unknown resistances are then interchanged and another balance secured. 
In general p will now' show' a different setting, and the resistance of that 
portion of the bridge wire betw^'cen the first and second settings w ill equal 
the difference betw'een the values of the standard and unknown resist- 
ances. For the fii-st setting we may w^ite 

Ri _ ^1 + + pci \ /.N 

R2 S2 ^'2 ”f" phi 

where ai and hi represent the lengths of the bridge wire to the left and 
right of the contact point p. 

When Si and S2 are interchanged, if a2 and 62 bo the readings on the 
))ridge wire for the new' balance, we have 

Ri _ S2 ri + paz 

R2 " Si + r. +pb2 ^ ^ 

It is desired to eliminate the factors Ri, Ri, ri, and r2 from our equations. 
To do this we may add unity to both sides of (i) and (ii). This gives 

R\ 4 “ R2 ^ 4 " ri + pdi •F (82 + ^2 + pb i) 

(S 2 + ^2 + pbi) 


R2 


(iii) 
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and 

Ri + R 2 _ >^"2 4“ Ti 4 ~ p a 2 4" (Si 4~ + P62) .. x 

R 2 (Si 4- ^2 4" p^2) 

It is obvious that the right sides of the above two equations constitute an 
identity. 

Further, since changing the position of the galvanometer (H)ntact p 
does not alter the total resistance of the bridge, it follows that 


+ />i — 0-2 4“ 


By rearranging terms, and utilizing the above relation, it will be evident 
that the numerators of the right-hand members of (iii) and (iv) are equal, 
and hence 

Si 4- ra 4- ph2 = S 2 4 - ^2 4 - pbi 

Si ~ S 2 = p(bi — 62 ) = p(a2 — Oi). (105) 


Thus we see, as previously indicated, that the difference between the 
resistance of the two coils Si and S 2 is equal to the resistance i)f that part 
of the bridge wire between the points at whicdi the contact p is set to 
secure the balances for the two positions of the resistances. 

It will be observed that our final relation above involves p, the resist- 
ance of unit length of the bridge wire. This constant must of course be 
known or determined in advance. In practice a Carey-Foster bridge has 
several wires of different resistance. The method to be followed in 
determining the value of p for each wire will depend to some extent upon 
the resistance of the particular wire being (calibrated. 

The last equation above may be written in the form 


(I2 — 


( 10 ()) 


Hence if the difference in the resistance of the two coils Si and (Ss is 
known, p can be found by determining two succevssive balanc^es. If the 
total resistance of a given bridge wire be of the order of 0 ohm. Si may 
be one 1-ohm standard and S 2 may consist of a 10- and a 1-ohm standard 
unit in parallel. This would give a value of ohm for S 2 ] hence 
Si — S 2 would be Hi or 0.09091 ohm. 

If the resistance of a bridge wire is of the order of Hoo ohm, a 1-ohm 
coil may be used on one side and a 1-ohm and 100-ohm unit in parallel 
on the other. This would give for >Si — >82 a value of 0.009901 ohm. 

If the entire bridge wire be considerably in excess of 1 ohm, then p may 
be found by the aid of a single standard resistance unit and a heavy copper 
bar or link, the resistance of the latter being negligible; in which case 

1 
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Standard resistances are made oF manganinj wire, the coils being care- 
fully aged after winding. The coil iTself is inclosed in a metal case con- 
taining oil. The value of such standards are usually c.ertified by the 
maker. Heavy copper leads are provided for making connections to the 



Kkj. 74a. — La})oratory form of Caroy-Fostor bridges 

bridge. Figure 74 shows one form of a ('arey-Foster bridge and a typical 
standard resistance unit. 

One important use of the Carey-Foster network is in the determination 
of the temperature coefficient of a conductor [Sec. 70, Eqs. (93) and (94)]. 
It is also used to check the resistance values 
of the coils in resistance boxes. 

76. Kelvin Double Bridge. In the meas- 
urement of resistances of the order of 0.0001 
ohm the resistance of the connecting leads and 
contact resistance may be comparable in mag- 
nitude ^v^th the resistance of the sample under 
test. These possible sources of error are elimi- 
nated by means of a resistance network devised 
by Lord Kelvin. In addition, the low sensi- 
tivity of both the Wheatstone and Carey- 
Foster bridges when measuring low resistances 
is overcome by the Kelvin arrangement. 

Instead of having one set of ratio coils as in the 
two types of bridges already described, the 
Kelvin network employs two sets of ratio coils, hence the term ‘'double.^^ 
A diagrammatic sketch of the network is shown in Fig. 75. 

In the diagram X represents the bar of metal whose resist ances is to be 
measured, and S is the resistance bar which has been \auy carefully 



Fuj. 74b . — Standard re- 
sistance forusc^ with Carey- 
Fost(T bridg(‘,. {Lueds it 
Northrup tV;.) 


134 


ELECTRICITY AND MAGNETISM 


calibrated in fractions of an ohm. One end C of the standard and one 
end B of the unknown are connected by a heavy low-resistance bar and 
also by a pair of ratio coils c and d. These auxiliary resistors (c and d) 
constitute the only, and the important, difference between the Kelvin 
and Wheatstone networks. The introduction of these two auxiliary 
resistors makes it possible to eliminate the resistance of this connecting 
strip and associated contact resistances from the final consideration, a 
and h also constitute another set of ratio coils. These figure in the final 



relations, as we shall see. The resistance of all foui- of the ratio coils is 
high compared with that of the standard and the sample. One end of one 
of the ratio coils is arranged as a traveling contact p on the standard 
resistance bar. A current of several amperes is supplied by a battery, the 
current magnitude being controlled by the rheostat R. The first ste]) 
in adjusting the Kelvin bridge consists in selecting a ratio value a/h 
adapted to the problem in hand. Greatest accuracy will be secured by 
making a/6 of such a magnitude that as much of the standard resistance 
as possible is included in the circuit when balance is secured. The ratios 
a/b and c/d should be equal. The practical construction of the bridge is 
such that this equality, is readily attained. 

When the galvanometer G shows zero current the points F and H are 
at the same potential. This condition of balance is brought about by 
adjustment of the contact p, thus varying the portion of the standard S 
included in the circuit. 

When balance is attained a current /i flows through a and 6; and 
likewise a current h flows through c and d. Also the current flowing 
through X and S has the same value, say /. Applying Ohm^s law we have 

a/i = XI + ch 

hi, = SI + dl.. 


(i) 

(ii) 
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Rewriting (i) and (ii), we have 

XI — ah — cli (iiij 

SI = bh - dh. (iv) 

The expressions embodied in (iii) and (iv) may be changed to the forms 

XI=a{l,-ll^ (v) 

SI =bi^h-\l)j-^ (vi) 

Initially it was noted that a/b = c/d] hence d/h = c/a. Dividing (v) 
by (vi) and utilizing the equality just cited, we have 

f = j; (107) 

Thus we see that the resistance of the connecting bar J, together with 
that of the connecting strips and contacts, is eliminated. In fact, the 
method is seen to be an arrangement for comparing potentials. To 



Fifi. 76. — Simple form of Kelvin bridge. (Leeds (fc Northrup Co,) 



Fig. 77. — Schematic wiring diagram of connections for the Kelvin bridge shown in 

Fig. 76. 

increase the drop over the sample and over the standard bar, and thus 
increase the sensitiveness, the current may be made large, the only 
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limitation in this reispect being that these components shall not be 
appreciably heated. Bridges of this type are commonly so arranged that 
a/h ratios of 1:1, 1:10, and 1 :]00 may be had. The Kelvin bridge is 
particularly useful in determining the specific resistance of various metals. 
Figure 70 shows a simple form of this bridge and Fig. 77 gives a schematic*. 




Fig. 78. — Commercial form of Kelvin bridge, Ahm'e, ratio coil box; hvlow^ variable 
standard resistance. {Le^'ds Norfhnip Co.) 


wiring diagram of the unit. The lettering corn^sfionds vifh tliat of 
Fig. 75. Figure 78 is an illustration of one commercial form of the Kelvin 
bridge. Such units are widely used in the testing of heavy conducting 
wire and bars, such as trolley wire and bus-bar stock. When spt'.cially 

arranged for such work th(\y are 
sometimes referred t o as conduc- 
tivity bridges. 

76. Resistance Thermometry. 

Reference to the table on page 116 
will disclose the fact that certain 
substances exhibit a relatively 
high temperature coefficient and 
in one or two cases the change 
in resistance follows any change 
in temperature very accurately. 
This is particularly true of plati- 
num and nickel, esptMdally the 
Fi.^ 79.--RemHtaj^e-th<..«nomet«r net- AdvHatage is taken of 

this property in the construction 
of what are known as resistance thermometers. Figure 79 shows an 
electrical network designed for use in making temperature measure- 
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riK^nts. In order to indicate t he temperature of the sennitive arm of the 
bridge, one of two i)lans may be followed. A variable resistance may 
form the conjugate arm of the bridge and be used to restore the balance 
as the resistance of t he arm xx' changes. This variable resistance may be 
calibrated in degr(‘es of temperature. The device thus bec^omes direct 
reading. 

Another possibility consists in having the resistance of the three 
nonsensitive arms of the bridge of fixed value and employing a deflection 
method. As the resistance of arm xx' changes, the galvanometer will 
show a deflection as a result of the unbalance of the bridge. The galva- 
nometej* can thus be calibrated to n^ad direc.tly in degrees of temperature. 

o. 

Fio. 80. — h(‘siKtanc(^ tliernionieter — calorimeter type. {Leeds A: Northrvp Co.) 

Dumm}’- leads of the same length and material as those which serve 
to connect the platinum resistance are inserted in the conjugate arm and 
housed in the same casing. This is to compensate for any change in the 
resistaiH^e of the thermometer hiads. 

The housing of the resistance wire takes on various forms, depending 
upon the use to which the ecpiipment is to be put. For instance, when 
the temperature of molten metal is to be observed the resistance element 
is inclosed in a poi’celain or pyrex jacket. The working range of resist- 
ance thermome^ters is from —190 to -1-50()°C\ Some are designed to 
cover the range from —40 to -|-100°(X The resistance element usually 
has a value of the order of 25 ohms at 0.0®( though some are made with a 
resistance of 2.5 ohms. The higher resistance units have a sensitivity of 
about 0.1 ohm/deg C, while those of lower resistance show a resistance 
change of about 0.01 ohm/deg C. Figure 80 is an illustration of a 
platinum resistance thermometer used in calorimetry work. 

A special form of the Wheatstone network has been designed at the 
Bureau of Standards for precise temperature measurements. This 
assembly, which is commercially available, is known as the Mueller 
bridge. With this bridge temperature measurements (.an be made to 
0.005°C. 

The resistance type of thermometer is widely used in research and 
industrial work. For a detailed discussion of temperature measurements 
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by the resistance method the reader should consult Methods of Meas- 
uring Electrical Resistance,” Chap. XIII, by Dr. E. F. Northrup. 

77. Measurement of Galvanometer Resistance. It is sometimes 
necessary to know the resistance of the winding of a current-indicating 
instrument such as a galvanometer. Lord Kelvin suggested an ingenious 
application of the Wheatstone network for the carrying out of such a 
determination. The circuit involved is sketched in Fig. 81. A com- 
parison of this network with that of the original Wheatstone layout 
(Fig. 70) shows that the winding of the galvanometer replaces R\. The 



branch AB contains only a short-circuiting switch K. Ly means of 
this arrangement the galvanometer, which is the resistance under test, 
also functions as the balance indicator. If and when the points A and B 
are at the same potential, the opening and closing of the key K will not 
change the current flowing through the galvanometer arm. In other 
words, the bridge will be electrically balanced and Eq. (103) vill ho 
applicable to the situation. The resistances fte, Ba, and Ra are adjustejd, 
as usual, to secure a balance, i.e., until no change in the galvanometer 
deflection occurs on opening and closing the key K, It will usually be 
necessary to insert a variable high resistance R, of the order of several 
thousand ohms, in series with the battery to prevent excessive deflections 
of the galvanometer. 

78. Measurement of Electrolytic Resistance. One of the most impor- 
tant electrical measurements one is called upon to make is that of deter- 
mining the specific resistance of an electrolyte. From elementary study 
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the reader is probably aware that an electrolyte is an aqueous solution 
of a salt, a base, or an acid. Usually the physicist or the physical chemist 
is interested in the conductivity of an electrolyte rather than its resistivity. 
But since conductivity is the reciprocal of resistivity, it is the latter which 
is actually measured. Later we shall consider the electrical behavior of 
electrolytes in some detail, but it will be convenient at this point in our 


A 



Kkj. S2. — Schoniatic, siiowinp; improved method of measuring electrolytie 

resistance. 


study to examine, briefly, the principles and procedure involved in tlie 
measurement of the resistance of conducting solutions. 

The basic equipment involved in this type of resistance measurement 
(umsistsof a well-made Wheatstone bridge, a special receptacle for holding 
the solution under test, a source of al- 
ternating potential, and a means of 
detecting an alternating current. 

The circuit setup is sketched in Fig. 

82. The electrolytic cell, shown at 
the left of the diagram and in detail 
in Fig. 83, is usually of glass and de- 
signed to hold a few cubic centimeters of the electrolyte. Two platinum 
electrodes, each having an area of about 1 cm^, are supported 1 or 2 cm 
apart and connected as one arm of the bridge. A constant-temperature 
bath surrounds the cell. 

Direct current cannot be employed for this measurement, and for two 
reasons : 



Fig. 83.- 


-Electrolytic cell. 
Norihrup Co.) 


{Leeds tl': 


1. It would teud to decompose the electrolyte. 

2. It would polarize the cell. 

(These points will be elaborated upon in later chapters.) A source of 
alternating potential must therefore be available. Most up-to-date 
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laboratories are now equipped with a beat-frequency oscillator — an 
electronic device for producing alternating potentials at various fre- 
quencies, up to the order of something like 100,000 cycles per second (Sec. 
238). Such an audio oscillator serves admirably as a source of a-c poten- 
tial for electrolytic measurements and is greatly superior to the micro- 
phone hummer, formerly used. It is especially valuable since, by its use, 
measurements can be made over a wide range of frequencies. 

In order to detect when the bridge was in balance, a set of headphone 
receivers or an a-c galvanometer was formerly used. An improved 
method consists in coupling the bridge circuit to an audio amplifier by 
means of a suitable audio transformer T. An ^'output meter’’ (a 
rectifying voltmeter) connected to the output of the amplifier will serve 
to indicate when the points A and B are at the same potential ; at balance, 
its reading will be zero or some low minimum. Such an assembly is 
highly sensitive, serves to eliminate any personal equation, and makes 
possible the making of measurements in the presence of extraneous noise. 

There are, of course, a number of chemical and electrical precautions 
which must be observed if accurate results are to be securtnl. These are 
outlined in various standard laboratory manuals. 

Usually readings are made on a solution whose resistivity is known, and 
the conductivities of other solutions are then compared with that of the 
standard electrolyte. The relation involved would be K\jK^ — 

Avhere Kx and are the conductivities of the t wo electrolytes, and Rx 
and Rft the corresponding resistances as determined from the bridge 
measurements. K 5 per cent solution of NaCd (which is often used as a 
reference solution) would show, at room temperature, a specific resistanc^e 
of the order of 14.9 ohms per centimeter cube. A 5 per cent solution 
of CuS04 would give a reading of about 52.6 ohms per centimeter cube. 
The accepted conductivity of a 5 per cent NaCl solution is0.0742mho-cm. 

There are many other electrical measurements involving resistance 
determinations, but those outlined in the foregoing sections are repre- ^ 
sentative of the more important cases. 

79. The Potentiometer. Having outlined several standard methods 
of measuring resistance, we next turn our attention to the equally 
important subject of the measurement of emf and potential difference. 
In (’hap. VI we described several instruments that may used as 
potential-determining devices, but those instruments have certain 
inherent limitations as to range, sensitivity, and rapidity of operation. 
We aiti now to examine a principle, the application of which serves to 
provide a piece of equipment that finds wide and important uses in both 
research work and electrical engineering practice, Reference is made to 
the potentiometer method. 
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)^)Kgendorff, in 1841, first described a ^‘compensation method^’ for 
determining the emf of a primary cell without drawing appreciable current 
from it. Poggendorff's original procedure was later improved upon by 
Bois-Reymond (18()2), C4ark (1878), and others. In 1906, M. E. Leeds 
and E. F. Northrop described a greatly improved form of the assembly 
which Clark had designated as a potentiometer. 

The fundamental principle involved in the operation of the poten- 
tiometer consists in accurately balancing the emf under investigation 
against the drop in potential over a uniform resistance wire carrying 
a steady current. 'Fhe means by which this is accomplished may be 
understood by refereiu'c to the circuit diagram shown in Fig. 84. AB is a 



Fi(i. 84. — Illustratinji: fundanu'utal principles of th(^ pot(‘ntiom(4or. 


uniform resistance wire through which a current flows from the battery 
E'. G is a galvanometer, and E a standard^ sounte of emf. By adjusting 
the current through .1 and B by m(*.ans of the rheostat Zf, the drop 
(potential difference) l)etv een the contact points P and Pi can be made 
ecjual to the emf of the c(41 E. When this condition obtains the galva- 
nometer will read zero, since the emf and the drop are in opposition. It 
will thus be seen that the procedure constitutes a null method. 

Having obtained a balance, the standard cell can be replaced by a cell 
whose emf it is desired to determine. With the current through AB 
accurately maintained at its original value a second balance is secured by 
adjustment of the movable contact on AB. In general the new balance 
will occur at some point, say, P 2 . Since AB is uniform in resistance, and 
since the current through A B has not been changed since the first balance 
was secured, it may be said that 


E. ^ m 
E\ PPi 


(108) 


Thus if Ety the emf of the standard, is known, the emf E^ of the cell under 
^ A standard coll giving a fixed and accurately known emf can be assembled accord- 
ing to specifications laid down by the AIEE. A detailed description of such a cell is 
given in Sec. 99. 
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test can be computed from the reading of the lengths of the potentiometer 
mre utilized in the two cases. 

It should be pointed out that the potentiometer may be utilized 
for the purpose of measuring any d-c potential difference; its use is not 
confined to the determination of the potential difference at the terminals 
of a source of emf. The fall in potential over a conductor through which 
a current is passing may become the unknown potential diffei-ence the 
magnitude of which is to be determined. The methods by whi(4i the 
potentiometer may be utilized in such cases are outlined in su(*(*eeding 
sections. 



Fig. 85. — Schematic wiring diagram of a commonlv-ust'd lype of potentiometer. 

(Leeds it Northrup Co.) 

In practice, the potentiometer network is somewhat more involved 
than shown above. Figure 85 indicates the essential components con- 
stituting a modern form of the potentiomet^er. In this assembly the 
potentiometer resistor (corresponding to AB in Fig. 84) consists of three 
parts, viz., OA, A A', and A'B, OA is a resistor variable in steps. Stand- 
ard cells differ slightly in their emf value, being about 1.0183 volts. By 
adjustment of the contactor T on OA the drop over TPi can be made to 
correspond to that given by the particular standard cell being used. With 
this set to the proper value and the standard cell connected by means of 
the dpdt switch, the current in the entire resistor assembly OB is adjusted 
by means of R until balance is secured. In the Leeds and Northrup 
type K potentiometer, which is the unit most widely used in this country, 
a cuiTcnt of about 0.02 amp will give a suitable drop over the resistors 
provided. , Once having established this current, by balancing against 
the standard cell, the cell under test is switched into the circuit and a 
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second balance secured by adjusting either one or both of the contactors 
P and P?. A A' consists of a number of fixed resistors, and A'B is an 
extended slide- wire form of resistor contact with which is made by means 
of a revolving drum. These resistance values are so chosen that with a 
current of, say, 0.02 amp flowing, the IR drop will be in volts, or fractions 
thereof. Thus the apparatus reads directly in volts, and fractions of 
volts; no computation is required, thus greatly facilitating the deter- 
mination of the (luantity sought. 



Fig. 86. — Coniiri(3rcial form of potentiometer, known as type K, {Leeds & Northrup 

Co.) 

The emf developed by a standard cell is seriously changed if an appre- 
ciable current is drawn from the unit. Accordingly provisions are made 
in the potentiometer* assembly whereby this contingency may be avoided. 
Referring to Fig. 85, it will be noted that there is a resistor ft' in series 
with the galvanometer and the cell in use. This is commonly variable 
in two or three steps, having a maximum value of the order of 50,000 
ohms. During the preliminary stages of the balancing adjustment all 
of this resistance is connected into the battery-galvanometer circuit, thus 
reducing the current drain on the cell to a negligible value. This pro- 
tective resistance is cut out of circuit when the final balance is made. 

With the type K potentiometer the basic range is from 0 to 1.61 volts. 
By making use of a shunting arrangement the range can be changed to 
0 to 0.161. Within the higher range the potential may be read directly 
to 0.00005 volt and estimated to 0.00001 volt. When using the lower 
range, one can read directly to 0.000005 and estimate to 0.000001, or one 


144 


ELECTRICITY AND MAGNETISM 


microvolt. In order to accomplish such results the resistance units 
entering into the construction of such a piece of equipment must be 
of the highest possible accuracy. Accordingly they are adjusted to an 
accuracy of ±0.01 per cent. Figure 86 is an illustration of one model 
of the type K potentiometer. 

If and when it becomes necessary to determine accurately potential 
differences greater than 1.61 volts, recourse is had to a so-called volt box. 
This is but another adaption of the potentiometer principle. A volt 
box consists of a high resistance divided into several steps, and so arranged 
that, say, a tenth, a hundredth, or a thousandth of the total resistance 


E 



Fig. 87. — Circuit of multiplier or “volt box” used to extend the range of a poter^ti- 

ometer. 

may be connected to the potentiometer. The source of emf or potential 
difference to be measured is connected to the terminals of the high resist- 
ance as shown in Fig. 87. By means of a contactor P a fraction of the 
total drop in potential between A and B is applied to the potentiometer 
and its value determined as outlined above. The reading of the poten- 
tiometer is then multiplied by 10, 100, or 1,000 as the case may be. 

The potentiometer finds its widest usefulness in connection with the 
measurement of the emf developed by thermo junctions (Sec. 102), in the 
determination of pH values (Sec. 90), and in calibration of d-c meters. 
With the exception of the galvanometer, the potentiometer is probably 
the most widely used piece of electrical equipment. The student should 
therefore become thoroughly acquainted with the principles involved in 
its design, and with the technique connt^cted w ith its applications. There 
are other types of potentiometers than the one described above, among 
w^hich may be mentioned the Wolff, the Wenner, and the White; but the 
type K instrument is most commonly encountereil. 

80. Calibration of a Voltmeter. Reference was made above to the 
use of the potentiometer in the calibration of d-c meters. A d-c volt- 
meter may be calibratexl by making use of the circuit setup sketched in 
Fig. 88. A high resistance AB (several thousand ohms) is connected 
across a source of emf w^hose total voltage is at least equal to the maxi- 
mum range of the meter V being calibrated. This part of the network 
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hmctioiis ii8 a volt box. A second high resistance A7i' is coniKH-ted 
across the meter terminals. A movable conta(‘t P makes it possible to 
impress any fraction of the emf of E on the meter, and the adjustment of 
contact P' provides a means whereby any small and convenient fraction 
of the potential difference at the terminals of the meter may lie applied 
to the input terminals of the potentiometer. Thus, by applying the 
potentiometer method twice, a calibration of the meter may be made. 



Fig. 88. -( 'ircuit used in the calibration of a voltmeter by means of the potentiometer. 



B 

Fig. 89. — Calibration of an ammeter by means of the potentiometer. 

81. Calibration of an Ammeter. Not only does the potentiometer 
constitute a means whereby potential differences may be conveniently 
and accurately determined, but it may also be utilized for the purpose of 
measuring current; thus making it possible to calibrate a d-c ammetei*. 
Referring to the circuit diagram appearing as Fig. 89, B represents a 
storage battery or other constant source of emf. A is the ammeter to 
be calibrated, Rh a control rheostat, and K a resistance whose value is 
accurately known. This resistor is sometimes referred to as a standard 
shunt. By means of the rheostat, the magnitude of the current is given 
any desired value within the range of the meter and the corresponding 
potential drop over the standard resistor is determined by means of the 
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potentiometer in the usual manner. Knowing R, and having accurately 
measured F, the current I can be computed by means of Ohm’s law. By 
taking a series of such readings the ammeter can be calibrated throughout 
its entire range. Standard resistors are available in values ranging from 
0.1 to 0.001 ohm. A one-tenth-ohm shunt would be used when the maxi- 



Fig. 90. — Typical standard shunt for use in the circuit shown in 89, (Lrcd-s A 

Northru’p Co.) 

mum current is of the order of 15 amp; while a one-thousandth-ohm 
shunt would be designed to carry a current of several hundred amperes. 
Figure 90 shows a typical one-tenth-ohm standard resistor. 

82. Measurement of Resistance by Means of the Potentiometer. 
From what has already been said about the potentiometer it is evident 



Fig. 91. — (Circuit involved in the measurement of resistance by means of tlui potenti- 
ometer. 

that this is a versatile piece of scientific equipment. Not only may the 
potentiometer method be applied to the measurement of potential dif- 
ferences and the calibration of d-c meters, but it may also be utilized for 
the purpose of measuring resistance. The procedure by which this end 
is accomplished will be apparent from an examination of the circuit 
sketched in Fig. 91. It will be seen that the resistor /?* under test 



FUNDAMENTAL DI HKCT-CV HRKNT MKAEUHKMENTE 147 


is connected in series with a standard resistor Rs and a source of emf B. 
The magnitude of the current through the resistor is controlled by the 
rheostat R. By means of the dpdt switch S alternate readings of the drop 
over Rg and Rx can be taken by means of the potentiometer. The 
same current flows through both resistors; hence the drop over the stand- 
ard resistor will be Ral and that over the unknown will be RxR Accord- 
ingly, we may write 

V. ^ RJ 

Va Rf 

which leads to 

R V 

R. - (109) 

The accuracy of this method of measuring resistance will depemd 
largely, on the acaairacy of the calibration of tlie standard resistor. 

PROBLEMS 

1. If, in (*()iuie(;tion with some experimental procedure, you were in need of a 
potential difference of 0.001 volt, and there was available a dry cell (1.5 volts) 
and a 50,000-ohm resistor, explain how you would arrange (jonditions in order to 
obtain the desired potential difference. Would it be better to use a resistor of 
lower value? 

2. Explain how you would arrange conditions so that a voltmeter which has a 
full-scale reading of 150 ma might be utilized as an ammeter having a full-scale 
value of 15 amp. 

3. Assuming the conditions indicated in the accompanying sketch, what 
would be the potential difference between the terminals marked x and x'l 


10 V 



X X 



CHAFI ER X 

THERMAL EFFECTS OF THE ELECTRIC CURRENI^ 

83. Joule’s Law. There are thiee prineipal effects which result from 
the movement of electrons through a conductor; these effects are 

1. The production of heat 

2. The eausiiig of duunical chniiKcs 

3. The production of a nui^jjnetic Held 

The heating effect is always present whenever an electric (uirrent exists; 
the other two effects are produced if and when certain conditions obtain. 

Since the thermal effect is, in a sense, universal it 
will be discussed first. 

As previously pointed out, a part of the kinetic- 
energy of the moving electrons is converted into 
heat, due probably to collisions between the elec- 
trons and the atomic nuclei. Whereas the process 
by which this energy transformation is brought 
about is not yet fully understood, we have, how- 
ever, discovered the existence of certain important 
relations between the magnitude of the current involved and the heat 
developed. We shall now examine these relationships. 

Consider a conductor ah (Fig. 92) the terminals of which are at the 
potentials V\ and V 2 - If Q statcoulombs of electricit.y (electrons) arc 
transferred from a to b the work done will be given by the relation 
[Eq. (53)] 

w = Q(V2 - Fi). 

Wiiting V for V 2 — Fi, we have 

W = QF. (i) 

If Q is in statcoulombs and F in statvolts, IF will be in ergs. If all of the 
energy expended in making the transfer is converted into heat it follows 
that 

W - JH, (ii) 

where H is the heat in calories, and J the mechanical equivalent of heat, 
or 4.18 X 10^ ergs/cal. By combining (i) and (ii) wc may write the 
equivalents 

W JH ^ QV = ItV - PKL 
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— VV\/WV\r — 

V, I 

Fig. 92. — Work is 
involved in transferring 
electrons between two 
points in a conductor 
which are not at the 
same potential. 
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From the above we liave 





H 

1 

11 

(110) 


H 

II 

(111) 



IVt 



11 

~ T' 

(112) 


W 

= IVl 

( 113 ) 


W 

= IHit. 

( 114 ) 


In the above lelations, 7, and V are in esu, i.e.^ in statamperes, stat- 
ohms, and statvolis, respectively. The factor t is of course in seconds, H 
in calories, and W in ergs. Equations (110) to (114) are different forms 
of a relation known as Joule^s law; they give the energy as a function of 
the several electrical factors and of time. 

In order to use practical units in applying Eqs. (110) to (114) certain 
transformations must be made. Bearing in mind that the ampere is 
equivalent to 3 X 10^ statarnperes and that the ohm is ecpial to 9 X 10”^^ 
statohms, Eq. (110) takes the form 

^ P X 3‘^ X lO^x-^ X Hi ^ 

^ 4.18 X 10’ X 9 "X 10" ^ 

which for most purposes may be written 

H = Q.2Um] 

where H is in calories, 7 in amperes, U in ohms, and t in seconds. 

In a similar way, Eq. (Ill) may be changed thus 

jj _ 3 X lO^Q F _ _ ^ 

300 X 4.18 X 10’ 0.239QF, (11b) 

where 77 is in calories, Q in coulombs, and V in volts. 

A transformation of P]q. (112) yields 

H — ^ X 3 X lO^F^ _ 0 239/yA ni71 

where H is in calories, 7 in amperes, V in volts, and t in seconds. 

When reduced to practical units, Eq. (113) gives 

W = ^ ^ ^ ivt X 10’, (118) 


in which W is in ergs, 7 in amperes, V in volts, and t in seconds. The 
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above relation could take the form 


W - 


IVt X 10^ 
10 ^ 


IVt, 


in which W is in joules. 

Proceeding in a similar maimer, we have for Eq. (114) 
X 32 X 10^x2 X Rt 


W - 


W~ X 9 X 10“ 


PEL 


( 119 ) 


( 120 ) 


where W is in joules, I in amperes, R in ohms, and t in seconds. Ecpia- 
tions (115) to (120), inclusive, have many practical applications. 

In the next chapter we shall examine various practical applications of 
the heating effect of the electric current. There are, howevei*, many 
instances w’here this heating effect results in the wasteful dissipation of 
energy. One striking example of this is the PR loss, in power lines, 
dynamos, and motors. In electrical machinery not only is energy dis- 
sipated in the form of heat, but the thermal energy thus liberated may 
seriously damage the insulating material and, indeed, the conductors 
themselves. It is therefore important that a conductor of adequate cross 
section be selected to carry a given current under a given set of condidons. 
Open wiring can dissipate thermal energy more readily than when the 
conductor is enclosed or wound into a compaid coil. The thermal con- 
ductivity of the insulating material is also a factor. The National Board 
of Fire Underwriters has established regulations governing the allowable 
current-carrying capacity of copper wire when used to connect a source 
of electrical energy to the electrical load. 


Problem. An electric heater takes 5 amp at 110 volts, (a) How much heat 
is developed by the heating unit if operated for 2 hr? ih) How murh energy is 
liberated as heat? 

Solution, (a) Substituting in Eq. (1 17), 

H = 0.24 IVt = 0.24 X 5 X no X 2 X 3,000 = 9.54 X lO"* calories. 


(6) Making use of Eq. (119), 

PT = 77/ - 5 X no X 2 X 3,000 - 3.90 X 10« joules. 

84, Electric Power. It ^vill be recalled that the term power, in gen- 
eral, means the time rate of doing work or of expending energy. In 
the study of mechanics it is pointed out that, if energy is expended at the 
rate of 10^ ergs — or 1 joule — per second, the power is said to be I w^'att. 
The watt is also utilized as a unit of power in connection with elec- 
trical computations. Let us proceed to derive a working relation which 
will enable one to compute the rate of energy expenditure (power) in an 
electrical circuit. 
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We may begin by examining Eq. (119) which is 

W (joules) = I (amperes) V (volts) i (seconds). 
This is equivalent to 


W 
' t 


IV 


or 

P ^ I\\ (121) 

where P is the power in watts. 

Another expression for power may be derived from Eq. (120), which is 
W (joules) = (amperes) R (ohms) t (seconds). 

Again dividing by t, we have 


or 

P == PR, (122) 

where P is in watts. 

Cases may arise in which it would be convenient to express power in 
terms of potential difference and resistance. Biudi a situation can be 
met by substituting the equivalent V /R for the term I in the last equa- 
tion ; thus securing the expression 

1^2 

P = (123) 

where P is in watts, V in volts, and R in ohms. The three relations for 
power which have been developed above are applicable to any part of a 
circuit as well as to the circuit as a whole. For instance, if one knows the 
current in a conductor that forms a component of a complete circuit and 
if we know, or can determine, the drop over that conductor, it is possible 
to compute the rate of energy consumption or dissipation in that particu- 
lar conductor. This is an important point and should be clearly under- 
stood by the student. 

It should also be noted that the relations embodied in Eqs. (121) to 
(123) hold only for those cases in which the current is constant in both 
magnitude and direction. In a-c practice another factor must be taken 
into consideration; that situation will be discusvsed in Chap. XX. 

Electrical power may be expressed in other units than watts. Remem- 
bering that 746 watts equal 1 horsepower, we may write 

electrical power in watts 

1 electrical hp == (124) 
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If energy is used for one second at the rate of one wai t, th(» amount 
of energy involved will be one joule or one watt-second. Obviously the 
watt-second is a small unit, and a(*.cordingly a larger energy unit, has been 
set up that is known as the kilowatt-hour. Thus we see that 


1 kwhr = 1000 X 3,600 = 3,600,000 joules or watt-seconds. 
From fundamental relations it may be shown that 

1 gm-cal = 4.2 watt.-se(‘ 


It should again be stressed that the watt-second and the kilowatt- 
hour are energy units. Energy is used or dissipated at a certain rate 
(power) for a given length of time. The product of these two factors 
(rate and time) gives the total quantity of energy involved in any elec- 
trical operation. The kilowatt-hour is therefore employed as a basic 
unit in the merchandising of electrical energy. 


Prohlein. A 6,600-volt, 20-mile, two-wire line supplies a 100-kw load. The 
copi^er conductors have a cross-sectional area of 26,250 cir mils, (a) What is the 
line loss in watts? (6) What must be the effective horsepower of the engine 
required to drive the generator to supply the load indicated? 

Solution, (a) In order to compute the rate of energy dissipation in the line 
(line loss) it will be necessary to determine the line current, and also the line 
resistance. The line current can be found by applying Eq. (121) 


100,000 

^ ■ V ” 6,600 


15.75 aiup. 


The line resistance involves the use of Eq. (92). 
ft = p i = 10.4 X 


The I^R line loss can be computed by the aid of Eq. (122). 

p ^ ^ ( 15 . 15)2 X 40.9 = 25,325 watts or 25.33 kw. 


(5) Since the load is 100 kw and the line loss is 25.33 kw, the total power would be 
125.33 kw. The effective horsepower which must be supplied by the prime 
mover would be given by Eq. (124). 


Hp 


_ _ 
““ 746 ~ 

PROBLEMS 


168. 


1 . In a certain dehydrating process it is necessary to have available 10,000 
Btu of heat during a period of 1 hr. If the heat is to be developed electrically 
from a 115- volt circuit what must be the resistance of the heating unit employed? 
What will be the magnitude of the current? If electrical energy can be had for 
2 cents per kilowatt-hour, what will be the cost? 
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2 . What quantity of electricity will he involved in the operation indi(^ated 
in Prob. 1 ? 

3 . Soft-drawn copper has a resistivity of 1.724 niicrohin-cni at 20°C, while 
hard-drawn copper has a resistivity of 1.772 microhin-cin. The hard-drawn 
(^opi^er is commonly used for transmission lines because of its greater tensile 
strength (nearly 50 per cent greater). Compare the line loss in tw^o cases for 
lines that have conductors of equal diameter and length. 

4 . A residence is supplied by a 100-ft two-wire copper line using No. 10 
conductors. Without changing the service leads, an electric stove is installed. 
If the maximum current taken by the stove is 25 amp, to what extent will the 
service voltage be reduced? 

6. The accompanying sketch represents the wiring plan of a house. Bi anch 
A supplies a stove using 1,000 watts, branch B is a lighting circuit carrying ten 
50-watt lamps, and branch C supplies two 100-watt lam]3s. The voltage at the 



house fuse box is 115. Obmpute: (o) The total current; (6) the total wattage; 
(c) the resistance of each branch, neglecting the line I’esistance; (d) the total 
resistance; (c) the (^ost of operating the total load for 1 hr if the energy rate is 
4 cents per kilowatt-hour. 

6. Compare the cost of heating 25 gal of water from 00 to 1 10°F when heated 
by gas and by electricity. Assume that the gas costs $1 ptn* 1,000 ft=* and yields 
1,000 Btu/ft^ and that the electrical energy c-osts 4 cents per kilowatt-hour. 

7 . A two-wire 10,000-volt power line, 50 miles in length, delivejs 1,000 kw 
to an electrical load. If the wire is No. 0 (diameter = 325 mils) what will be the 
line loss in kilowatts? Suppose the voltage is raised to 100,000 volts; what would 
l>e the loss? ( -ompare the monthly monetary loss in the two cases, on the basis 
that it cost 0.5 cent per kilowatt-hour to produce the electrical energy. 

8. A d-c ele(*.tri(^ motor is rated at 100 hp when operated at 220 volts. If 
such a motor is supplied by a two-wire 100-ft pair of feeders, size 600,000 cir mils, 
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what potential difference must be maintained at the input end of the mains? 
Would there be any advantage in using a 550- volt motor in such a case? 

9 . An electric motor draws 10 amp at 115 volts, and operates at an efficiency 
of 95 per cent. What is the output of the motor in horsepower? What is the 
heat loss in watts? How many Btu are developed per hour? What energy in 
joules is consumed if the motor is operated for 8 hr? 

10 . What should be the resistance of a heating coil which will raise the tem- 
perature of 1 gal of water from 20 to 100°C in 30 min? The heater is to be 
operated on a 1 1 5- volt circuit. 



CHAPTER XI 

APPLICATIONS OF THE THERMAL EFFECT 

86. Electric Furnaces. Furnaces which utilize the electric current 
as a heating agency are in extensive research and commercial use. One 
reason for this is that they are, in general, more efficicmt than those of 
the fuel-fired type; and further, the temperature is under complete con- 
trol. An additional feature is the freedom, when desired, from con- 
taminating factors such as carbon, etc. Electric furnaces assume many 
forms, depending upon the particular use for which they are designed. 



made. 

It would be beyond the scope of this volume to present a review of all 
types; however, a description of two or three typical units will be given. 

Electric furnaces may, for convenience, be classified into three general 
types: the resistance furnace, the arc furnace, and the induction furnace. 

One of the first resistance furnaces to come into extensive use was that 
developed by Acheson in 1891 for producing the abrasive material known 
as carborundum. A cross-sectional view of the carborundum furnace is 
shown in Fig. 93. 

A certain carborundum furnace consuming 2,000 kw has a length of 
U) ft and is 5 ft across. The outer walls of the furnace are made of loosely 
assembled bricks and are temporary in nature — the side walls being taken 
down after each 'Tiring’’ in order to remove the charge. The end walls 
are permanent, however, and carry the large water-cooled carbon elec- 
trodes, two electrodes (3 ft by 10 in.) being connected in parallel at each 
end. 

In charging the furnace, the mixture, consisting of fend, coke, saw- 
dust, and salt, is filled in until the furnace is about half full. A trench- 
like path 2 ft wide and ft deep is then made lengthwise in the mixture 
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between the electrodes and into this is placed the ^^coi*e.” Hiis core, 
consisting of carefully prepared coke, serves as a (‘onductor and has a 
resistance of the order of 0.03 ohm. 

When the core material ha.s been laid in place, the remainder of the 
mixture is filled in and rounded over on top, the top not being covered 
with brick. Owing to the relatively high resistance of the core when cold 
it is necessary to apply a voltage of 300 at the beginning. The operating 
potential difference, after stable thermal conditions obtain, is about 200 
volts, the voltage being regulated in order to maintain (ionstant energy 
input. A stable working condition is established in from one to two 
hours. 

Alternating current is used, the energy being supplied by means of 
step-down transformers. The high temperature developed (about 
2000°C) results in a chemical reaction between the sand and carbon as 
shown by the equation 

Si()2 + 3C^ -> 2C() + SiC, 

SiC being the carborundum. The function of the sawdust in the mixture 
is to make the mass more porous and thus facilitate the escape of the 
carbon monoxide gas. As this gas escapes from the sides of the furnace 
it is set on fire and burns during the time the furnace is in operation. 
It is interesting to note in passing that for every 1 ,000 lb of carborundum 
produced, 1,400 lb of gas are given off. The salt reacts with any iron 
present to form the chloi’ide. 

The heating continues for 30 to 40 hr, after which the furnace is 
allowed to cool. It is then opened by taking down a part of the brick 
walls and the charge is removed. In a furnace of the size described, 
from 5 to 8 tons of carborundum are secured from each ‘Tieat.^^ In one 
installation located near Niagara F alls 27 such furnaces ai’e in operation. 

Incidentally it may be mentioned that graphite is produced in a 
furnace of the above-described type. In fact, if the temperature in a 
carborundum furnace be allowed to exceed 224()°C decomposition of the 
silicon carbide begins, silicon being driven off as a vapor and graphitic 
carbon remaining. In a furnace designed for the production of graphite, 
anthracite coal and sand constitute the mixture for the charge. Graphite 
is widely used as a constituent of lubricants. It is also employed in the 
manufacture of electrodes for certain electrolytic processes, its electrical 
conductivity being about four times as great as that of the amorphous 
variety of carbon. 

Comparatively small electric furnaces of the resistance type, designed 
for laboratory use, are constructed by winding a heat-resisting tube, or 
vessel, with resistance wire such as nichrome or molybdenum, and inclos- 
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ing the unit in a jacket of thermal-insulating material. Furnaces of this 
type are used, for example, in connection with the calibration of pyrom- 
eters and platinum thermometers. 

As an example of the arc type of furnace we may take a unit which is 
used in the production of high-grade steel. Figure 94 is a diagrammatic 
sketch of the H^roult steel furnace, the drawing being more or less self- 
explanatory. This unit is generally designed for use with a three-phased 
current (Sec. 140), and hence three electrod(^s are used, each of which is 
connected to the power supply. Furnaces of this type are designed to 



Fio. 94, — Showing plan of HtVoult arc furna(^o used in th(‘ production of steel. 

handle from 15 to 20 tons of steel at one charg(‘. A 15-ton unit absorbs 
2,250 kw at 110 volts betw'een phases. Such furnaces are frequently 
charged with molten metal from a Bessemer convert.er or open-hearth 
furnace. A mixture of lime and iron oxide is introduced on top of the 
molten metal and an arc is formed between the ele(4rode and the slag, 
and thence to the ste(4 beneath, the current leaving tlie furnace by arcing 
from the steel to the slag and in turn to the other electrode. The slag 
serves as an oxidizing agent for the purpose of removing phosphorus. 
When tests show^ that phosphorus has been sufficiently i-emoved, the 
furnace, which is so arranged mechanically that it may be rotated, is 
tilted and the slag remov^ed. Other slag consisting of lime, fluor spar, and 
coke dust is then added. The heat developed by the electric arc trans- 
forms a part of this slag into (calcium carbide, wdiich in turn is decom- 
posed, liberating a certain amount of carbon wdiich is absorbed by the 
steel. From time to time the steel is tested in order to determine when 
the desired grade has been secured. By means of this furnace low-grade 
Bessemer steel is converted into a high-grade product relatively free from 
oxygen, sulplmr, and phosphorus, and containing a definite and pre- 
determined amount of carbon. A furnace of the type just described will 
yield a steel ingot of about 8 tons per charge. From 11^ to 2 hours are 
required for a ^^heat.'’ 
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In 1916 Dr. Edwin F. Northrup invented a special form of induction 
furnace in which a high frequency alternating current is utilized to 
develop the thermal effects. It will be shown in a subsequent discussion 
(Sec. 131) that electric currents are developed in any conducting material 
that is subjected to a magnetic field that varies in intensity. Such 
^ induced currents may, under suitable conditions, assume large values. 
This is particularly true if the magnetic field varies (alternates) at a high 
frequency (several thousand cycles per second). 


GRAPHITIC CRUCIBLE 



Fig. 95. — High frequency induction furnace. (Ajax-Electrothermic Corp.) 

In the h-f induction furnace designed by Dr. Northrup the receptacle 
containing the material to be melted is surrounded by a so-called inductor 
coil (Fig. 95) from which it is electrically and thermally insulated. This 
inductor winding consists of a flattened copper tube through which water 
flows for the purpose of cooling the conductor. When a h-f alternating 
current from a suitable source (Sec. 238) is passed through the inductor 
large induced currents will be developed in any conducting material in 
the crucible, and these induced currents will cause rapid and efficient 
heating of the material. If a nonconducting substance, such as glass, is 
to be heated the crucible is made of carbon and the induced cmrients are 
set up in the receptacle itself. Temperatures as high as 280()®C' may be 
produced, and the temperature is under complete control at all times. 

Another interesting and valuable feature of the Northrup furnace is 
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that the induced currents which cause the heating also cause a movement 
or circulation of the molten material, which, in many cases, is an impor- 
tant part of the melting process. 

Aside from temperature control, perhaps the most important advan- 
tage of this type of furnace is that the melting of any material may be 
carried out without chemical contamination of the substance being 
worked. In fact, it is entirely prac^ticable to melt a substance in vacuo^ 
or in the presence of some particular gas. 

Furnaces of this typc^ are made in sizes ranging in capacity from a few 
ounces to sev eral tons. The frequency of the alternating current used 
depends upon the nature of the work for wliich a particular unit is 
designed and ranges from 500 to 50,000 cycles/sec. The pow er consumed 
in the Northruj) furnace ranges from 3 kw in the smallest laboratory unit 
to 1,500 kv\' in the lai ger commercial installations. 

In recent years the use of induction heating has greatly increased, 
particularly since high-pow ei* electron tubes have become more generally 
available. As we shall sec* later, such tubes may be made to replace 
dynamos as generators of alternating currents of practically any frequency. 
Using tube generators it is possible to heat-treat various metals, either 
superficially or throughout the body of material, and in many cases to 
do it much more expeditiously than by any other available method. The 
piece of metal to be heated is placed within an helical winding c;arrying 
an alternating current having a frcKjuency of the order of 100 kilocycles 
to 20 megacycles. The eddy currents (Sec. 131) developed in the metal 
quickly heat the body erf material to any desired temperature. The 
principle involved is exactly the same as that employed in the Northrup 
furnace. Surface hardening, annealing, and various other metallurgic 
processes may be rapidly carried out, and at a relatively low cost. Elec- 
tronic h-f heating units as huge as 200 kw are now commercially available. 
This method of utilizing the heating effect of the electric current is being 
rapidly extended. 

86. Electric Welding. The thermal effect of the electric current 
finds wide and increasing application in electric welding. Referring again 
to the relation expressing Joule's law^ [Eq. (115)] we note that the heating 
effect of the current varies as the square of the curient and as the first 
power of the resistance in the circuit. If, then, arrangements are made 
to handle very heavy currents intense heating effects may be produced 
either throughout the entire body of the metal, or locally on the surface. 
Further, the heat so produced, except for oxidation, is clean," which is 
an important consideration in the process of welding. There are two 
principal methods of electric welding: the Thompson process, and arc 
wielding. 
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In the Thompson process, the two pie.ees of metal (as f(»r example, t\A o 
streetcar rails) are placed end to end and, by means of hejivy leads 
clamped to them near their ends, a heavy current from a step-dov n trans- 
former (Sec. 147) is sent across the junction. Because the resistance at 
the point of contact of the rails is relatively hi^^h heating occairs at that 
point. When the ends of the two members have been brought to the 
proper temi)erature, pressure is applied in order to force the ends into 
intimate contact and the current is turned off. Alternating current of 
40 to ()0 cycles is used, and the stei)-down transformer employed in the 
process has only one or two turns of heavy coi)per in the secamdary. The 
current in the welding circuit is of the order of 25,000 amp, depending 
upon the nature and size ()f the weld. 

In arc welding the heat is developed locally, usually at or near the 
surface of the metal being worked. For exam])le, in ^dxmding'’ stieetcar 
rails that are not welded, heavy flexible copper conductors are welded to 
each rail near the end. This is accomplished by connecting the rail to 
the positive terminal of a d-c supply and the negative lead to a portable 
carbon electrode. To effect a weld the carbon electrode is brought into 
contact with the metals to be welded and the resulting arc; heats the 
materials at the point where the weld is desired. CUir rents of the order 
of 200 amp are employed, at a voltage of about 50. Specially designed 
d-c dynamos are employed for this type of work. Very extensive use is 
made of this method of welding, and for some classes of work it is replacing 
acetylene gas welding. The control of the current in this type of welding 
is now effected by means of electronic tubes. 

87. Electric Lighting. In 1800, Sir Humphry Davy, the English 
scientist, discovered that a brilliant electric discharge t ook place when the 
electric current from a number of primary cells was caused to pass 
between two carbon terminals that were first in contact and then slightly 
separated. When the carbon electrodes were in a horizontal position the 
luminous vaporized carbon between the terminals assumed a bow-like 
form, due to the heated air, and hence the term ‘^arc^^ was used by Davy 
to designate the phenomenon. After Faraday's later discoveries which 
served as a basis for the development of the dynamo, Davy’s discovery 
led to the development of the modern electric arc. Notwithstanding the 
many improvements incorporated in the modern arc lamp, this unit is 
now more or less obsolete as a source of illumination, except for certain 
special purposes. The spectrum of the carbon arc is rich in violet and 
ultraviolet light and is accordingly sometimes used as a source of this type 
of radiation. The temperature of the carbon arc is exceedingly high, 
being about 3500^0 — literally the ‘‘hottest place on earth.” If the arc 
is enclosed in an insulating housing an even higher temperature can be 
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secuirod. The positive terminal of a d-c are is the point of highest tem- 
perature. All elements, including tungsten, have melting points below 
the temperature of the arc;. For this reason the arc may be utilized as a 
means of melting any of the metals. 

There is one further characteristic of the arc which it may be well io 
note in passing. Reference is made to the fact that it exhibits what is 
referred to as a negative resistance. This characteristic is also indicated 
by saying that it has a falling characteristic. The meaning of these two 
expressions is that Ohm’s law does not hold for the cuirent through the 
arc; as the cuirent increases the potential drop across the arc becomes 
less. Any conducting agent which behaves in this maninn* also possesses 
certain other important and useful characteristic's which we shall have 
occasion to examine later. 

vV lamp which, in certain respects, might be (*lassitied as an an' lamp 
is the mercury-vapor unit, commonly known as the Cooper-Hewitt lamp, 
after its originator. This lamp con- 
sists of a glass tube from 1 to 4 ft 
in length and about 1 in. in diameter. 

Alerc'ury forms one electrode while 
a piece of metal or graphite serves 
as the other (Fig. 90). The arc is 
struck” by tilting the tube (normal- t.ooper-Hewitt mercury 

ly supported in an oblicpie position) vapor lamp, 

until the mercury forms a thin thread connecting the two electrodes. 
When the tube is returned to its original position an arc is formed, thus 
vaporizing some of the mercury. The arc then continues to operate 
between the elec'trodes through the metallic vapor as a path. Both d-c 
and a-c models are in use. Means are provided for automatic starting. 
The lamp operates at an efficien<;y of about 12 lumens/watt and has a 
life of some 4,000 hr. 

This lamp yields a light in which greenish blue predominates, only a 
faint red line being present. Conseciuently, the Cooper-Hewitt lamp 
cannot be utilized where exa<;t color values are important. The lamp has 
found extensive use in warehouses, factories, and other similar places 
bvit is now being replaced by the fluorescent unit. The light from the 
mercury lamp is rich in actinic rays and has therefore be(‘n ustMl to sonn; 
extent as an artiheial light in photographic work. 

The efficiency of the mercury arc may be increased by operating the 
unit at a higher temperature and pressure. In practice this is made 
possible by making the enclosure of quartz instead of glass, a short unit 
being the result, and one giving a light more nearly white. Quartz, 
however, transmits ultraviolet light, and hence, when utilized for ordi- 
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nary purposes, it becomes necessary to enclose the unit in glass, thus 
filtering out the short wave lengths. The enclosed quartz mercury-vapor 
lamp has an efficiency of 26 lumens/watt. 

Ultraviolet light possesses bactericidal properties. The fact that the 
unscreened quartz lamp may serve as a source of intense ultraviolet 
light is taken advantage of for the sterilization of water, for therapeutic 
purposes, and for the sterilization of the air in schoolrooms and hospitals. 
When used as a sterilization agent the water to be treated is caused to 
flow slowly over one or more such lamps and is thereby sterilized. In 
the case of air the mei-cury lamp is located in an air duct through which air 
is caused to enter a room. 

Small models of both tlie glass and quartz mercniry lamps are made for 
use in scientific laboratories as a source of short-wave radiation. Two 
pools of mercury in an exhausted tube serve as the electrodes; and the 
unit operates on a d-c potential of about 25 volts. By means of suitable 
optical filters the blue and other radiation from a mercury arc can be 
eliminated leaving a single green spectral line whose wave length is 
5,461 A. Such a source of monochromatic light finds wide use in con- 
nection with spectroscopic measurements. 

Another source of illumination involving the movement of charges 
through attenuated gases is commonly referred to as the neon lamp. 
This is a modern version of the original Moore tube lamp. This lamp 
consists of a glass tube several feet in length within which is neon, or 
some other inert gas, at a low pressure. When an alternating potential 
difference of the order of 2,000 volts is applied to the lamp terminals the 
attenuated gas is rendered luminous. The electrical process by which 
electrical energy is converted into radiant energy under these circum- 
stances will be discussed in a later chapter. Whereas in the case of the 
mercury lamp the radiation consists mainly of the shorter wave lengths, 
the radiation from a neon lamp consists largely of the lower frequencies — 
those which we designate as red and orange. Such luminous tubes are 
widely used for advertising and display purposes. The efficiency is of 
the order of 17 lumens/watt. 

In recent years another form of vapor lamp known as the sodium- 
vapor lamp has been developed. This unit consists of a glass enclosure 
containing a small amount of inert gas and a supply of metallic sodium. 
When subjected to a potential difference of the ordei' of 20 volts at its 
terminals, a discharge will be initiated through the inert gas, much as in 
t he neon lamp. The heat developed by this discharge will in time vapor- 
ize some of the sodium, which in turn will become the medium by means 
of which the arc is maintained. The efficiency of the sodium-vapor 
lamp is remarkably high, being about 65 lumens/watt. Its radiation is 



APPLlCATiONH OF THE TiJEHMAL EFFECT 


103 


nearly monochromatic. It exhibits the characteristic yellow of the 
sodium spectrum. However, the visual effect, particularly for outdoor 
lighting, is pleasant; and this type of lighting unit is coming into use as 
a means of highway illumination. Sodium arcs are made for opera f irm 
on both alternating and direct current. 

The most widely used illuminant is, of course, the incandescent lamp. 
Originally developed about 1880 by Swan in J^higland, and Edison in this 
(HHintry, the incandescent unit has \indergone many iinprovememts. 
The original carbon filaments gave an efficiency of about 1.3 luinens/wat-t 
and had a relatively poor spectral output. Still it was a marked improve- 
ment over the oil lamp as a source of visible radiant energy. In 1911, 
13r. Coolidge developed a process whereby tungsten could be produced in 
ductile form, and in 1913 Dr. Langmuir found that the introduction of 
an inert gas into a lamp bulb made it possible to operate a filament at a 
high temperature witfiout excessive evaporation of filament material. 
These two discoveries resulted in the development of tlu^ modei n im^an- 
(lesc(uit lamp. A metallic filament operated at a n^latively high tem- 
perature (about 300()°K) made it possible to take advantage of Wein’s 
displacement law and thus secure a spectral radiation giving a relatively 
high electrooptical efficienc 3 ^ Modern incandescent lamps show an 
efficiency ranging from approximately 11 lumens/watt for the 50-watt 
size, to at least 20 lumens/watt for the 1,000-watt units. 

The work of Coolidge, Langmuir, and others in connection with the 
development of the modern incandescent lamp constitutes one of the 
outstanding achievements in applied science. However, if one takes 
into account both the physiological and electrical factors involved, the 
best incandescent lamp show s a visual efficiency of less than 2 per cent. 
Recently a marked improvement in over-all efficiency has been brought 
about by the introduction of the fluorescent lamp. 

Reference was made above to the spectral limitation of the mercury- 
vapor lamp. It has of course been long known that certain chemical 
substances exhibited fluorescence when irradiated by ultraviolet light. 
Sucli substances act as optical transformers; they receive short (invisible) 
wave length radiation and transform it into visible radiation having a 
relatively broad spectral distribution. The modern low-voltage fluores- 
iieni lamp consists of a glass tube 14 to 47 in. in length, depending on the 
energy rating. The inside of this tube is coated with an adherent fluores- 
cent material called a phosphor. One such substance consists of zinc 
and beryllium silicate. An electrode, in the form of a short coated fila- 
ment, is sealed into the tube at each end. A small amount of argon gas 
(to facilitate starting) and a drop of mercury are enclosed in the tube. 
The operation of the lamp will be understood by reference to Fig. 97. 
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Upon closing the switch S the filaments are heated to iiuaiiKleseence, 
thus liberating electrons from their chemically coated surfaces (Sec. 
188). These electrons, moving under the action of the alternating field, 
cause ionization (Sec. 204) of the argon gas, thus establishing a current, 
through the tube. A few seconds after the switch is manually oi* auto- 
matically opened a potential surge of sufficient magnitude to start the 
discharge through the tube between the operating electrodes will be set 
up by the reactor. Once in operation the ballast reactor (choke) serves 
to limit the magnitude of the current through the tube. The idtraviolei. 



Fig. 97. — Diagram of the circuit involved in the operation of the fluorcsccnU lani]> 

switch-starting typo. 

radiation (chiefly the wave length 2,537 A) from the ionized mercury 
causes the phosphor to emit visible radiation showing a continuous spec- 
trum. Low-voltage fluorescent lamps draw about 0.25 amp; they operate 
at a temperature of 40°C, and thus approach the ideal of a ^^cold light.’' 
By proper selection of phosphors a number of colored lights can be 
produced, including a close approach to daylight radiation. The 
starting and control components consume 2 or 3 watts, but the over-all 
efficiency is materially higher than in the case of incandescent lamps, 
'rhe 15-watt daylight unit, for instance, operates at an efficiency of 30 
lumens/watt. In order to secure the same quantity of light flux having 
the same spectral characteristics a 150-watt incandescent unit would be 
lequired. Thus the power ratio is 10: 1 in favor of the fluorescent lamp. 
The most spectacular gain in efficiency is, however, in the production of 
colored light for use in decorative and architectural lighting. In this 
field the advance in efficiency is indeed remarkable. For instance, a 
tube yielding green light shows an efficiency of 60 or more lumens/watt, 
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as against 0.3 lumen/ watt for corresponding filament lamps. This repre- 
sents an efficiency gain of approximately two hundredfold. In the case 
of a blue fluorescent unit the gain over incandescent bulbs is about fifty- 
fold. Low-voltage fluorescent lamps will not operate efficiently in sur- 
roundings where the ambient temperature is in the region of zero °C. 
The operating life of fluorescent lamps is comparable with the filament- 
type light source. Figure 98 shows a circuit arrangement by which 
electrode heating and potential augmentation are simultaneously 



t'K;. 98. “ -( 'irciiit dia^rjuri of tho niitoinatic-.startinj^ f.vpo of fiuoniscent lamp. 


attained. This network also makes the starting of the lamp automatic 
once the line switch is closed. The reactor L and the condenser C, in 
parallel with the tube, form a semiresonaiit circuit and thus serve to 
accomplish the above-indicated ends. Just how this comes about will 
be discussed later. 

Fluorescent lamps are also now made for operation at voltages ranging 
from 1,000 to 15,000 supplied from the secondary of a transformer. As 
in the low-voltage tubes, mercury vapor is most commonly employed 
as the e^xciting agent, though neon gas is used to some extent, particularly 
where ambient temperatures are low. The high-voltage tubes are smaller 
in diameter than the low-voltage units, ranging in size from 8 to 35 mm. 
More than 100 ft of tubing may be connected in series and operated from 
a single ti-ansformer. The efficiency depends upon the color of the light 
being produced, the dimensions of the tube, and the operating conditions. 
The range is from 18 to 60 lumens/ watt, the highest efficiency being 
attained in the case of the green. Cold white shows an efficiency of 26 
lumens/watt. These tubes draw from 8 to 250 ma of current, the most 
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commonly used size taking 60 ma. Tube life is said to range from 3,000 
to 10,000 hr. High-voltage fluorescent tubes are used chiefly for outdoor 
illumination, such as advertising and architectural displays. For further 
details regarding this advance in illuminating engineering the reader 
should consult a comprehensive review of the subje(;t entitled ^'Fluores- 
cent Lighting Advances’^ in the June, 1941, issue of Electrical Engineering. 



CHAPTER XII 

CHEMICAL EFFECTS OF THE ELECTRIC CURRENT 

88. Electrolysis. In dealing with the transfer of electrons along a 
metallic conductor it was pointed out that only electrons take part in 
the migration — the atoms, as entities, do not undergo physical displace- 
ment, and there is no chemical change. There are, however, substances 
in which the mechanism of electrical conduction is (piite different. 
Reference is made to aqueous solutions of salts, bases, and acids. Such 
solutions (called electrolytes) may act as conductors, but the process by 
which electrical conduction occurs involves a physical movement of 
charged atoms and groups of atoms. Any discussion of the process of 
conduction in solutions involves a consideration of the nature of solutions. 

It has been established by the work of Arrhenius and other investiga- 
tors that when an acid, base, or salt is dissolved in water a considerable 
number of the molecules at once undergo dissociation into positively 
and negatively charged entities which are called ions. This situation 
might be represented by the expression 

MR = + R-, 

where, in general, M represents an atom of a metal or hydrogen, and R a 
group of atoms acting as a transient chemical entity. and R~ repre- 
sent positive and negative ions, respectivelju In solution these ions 
probably move about in an irregular manner. Possibly some of the water 
molecules are also dissociated thus, 

H2O H+ + OH-. 

The modern view in regard to electrolytes is to the effect that in the case 
of most salts, strong acids, and strong bases, the percentage dissociation 
is materially greater than originally thought by Arrhenius. It is now 
generally held that, even in the solid state, a salt consists of positive and 
negative ions bound together by electrostatic forces. In other words, 
ionization probably obtains even in solid salts, particularly if the salt is 
in the ciystalline form. The reader is cautioned against confusing ion- 
ization and dissociation; the terms are not synonymous. When a salt is 
dissolved in water, the ions constituting a given molecule are still attracted 
toward one another by the electrostatic force due to their opposite 
charges. This interionic electrostatic force is, however, very much less 
in a solution than in a solid, the chief reason being that the dielectric 
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constant of water is high^ and, therefore, by Eq. ( 2 ), the force of attraction 
will be comparatively small. In concentrated solutions there is probably 
a definite pairing of ions, or possibly a frec^uent interchange of ionic 
partners. It is thus seen that although ionization may be more or less 
complete, dissociation will not be complete except in the case of very 
dilute solutions. In dilute solutions the ions are so far apart that 
the interionic electrostatic force is exceedingly small — and this is the 
significance of the term dissociation. Under such circumstances both 
the positive and negative ions will be attracted by any suitably cliarged 
bodies which may be introduced into the electrolyte. 

l"o be more specific, if ii molecules of sodium chloride are dissolved 
in rri molecules of water, the situation could be represented thus: 

//NaCl + wHoO mlloO + .rXa*^ + xC\ + {n - .r)xXaCl. 

In the case of hydrochloric acid, the case would be 

nlK'l + wHuO mH20 + .rH+ + .r(U' + (a — .r)HCU. 

In these two cases sodium and hydrogen atoms, with their single positive 
charge, constitute the positive ions; while the chlorine atoms, plus the 
negative cliaige on each, constitute the negative ion. The elements 
above cited are monovalent and hence carry a single charge, f.c., an excess 
or a shortage of one electron. 

If we were to make a solution of a salt like (‘opper sulphate, for 
instance, we would find that the situation differed somewhat from the 
examples cited al)ove. ITe dissociation reaction would be 

nCuS()4 + mlloO ^ mll^O + .Khi"^ + + (a — .r)(hiS()4. 

Copper is divalent and hence, in the ionic state, carries two elemental 
charges. Likewise the radical S()4 acts as a divalent group and accord- 
ingly has two excess electrons. Trivalent atoms carry three unit charges, 
etc. In other woi ds, the ions carry charges proportional to the valence 
of the atom, or group of atoms, that acts as a chemical unit. The reader 
is cautioned against confusing the terms ion and electron. The former 
refers to an atom or group of atoms together with its associated charge 
(an excess or shortage of electrons); the latter refers to the natural unit 
quantity of electricity. 

If some copper sulphate ((^uS()4) is dissolved in w^ater and the result- 
ing solution is c.onnected to a soure.e of electrical energy, as shown in 
Fig. 99 , dissociation will take place, as pointed out above. Assuming, 
for the moment, that the electrodes whicli dip into the solution are of 
some neutral material, such as platinum or carbon, copper will be depos- 
ited on the negative terminal and the radical SO4 wdll appear at the 
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positive electrode, the movement of the ions through the electrolyte 
being due to the electrostatic attraction of the charged electrodes. This 
process is known as electrolysis. Each copper ion will a(;quire two elec- 
trons from the negative electrode (called the (‘-athode) and thus he(M)mes 
an electrically neutral atom of copper, and will in general attach itself 
to the electrode. Each negative ion (SO4 ■") will deliver two electrons 
to the positive electrode (the anode) and become an uncharged chemical 
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entity having a very strong affinity for hydi*ogen. It will accordingly 
unite at once with t^^’o atoms of hydrogen from the dissociated watei* to 
form sulphuric acid, thus 

2H + SO4 ^ H.>S()4. 

If this process (‘ontinues the entire copper content of the electrolyte will 
be deposited on the cathode, and the electrolyte will consist of sulphuric 
acid only. If the anode were, say, copper, instead of some nonactive 
element, the SO4 group would combine with the copper to form copper 
sulphate and thus tend to maintain the ionic concamtration of the elec- 
trolyt(i. This is the basic process utilized in the electrolytic refining of 
the metals. 

In the electrolytic process those ions that, under the influence of an 
electrostatic force, move toward the anode are called anions; and those 
which move toward the cathode are designated as cations. During the 
process of the transfer outlined above, the ions function as the carriers of 
the electric charges. The total current is composed of the charges car- 
ried by both types of ions within the electrolyte, yet the net result is an 
interchange of electrons. Free electrons do not exist in the electrolyte. 
In the external circuit we have a movement of electrons only, and this 
electronic current is maintained by the potential difference at the ter- 
minals of the external source of emf. 
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In general, nonaqueous solutions are nonconducting. Fused salts, 
however, do conduct the current. 

The conductivity of electrolytes is a function of the ionic concentra- 
tion, the degree of dissociation, the ionic velocity, the temperature, and 
other factors. A complete discussion of this aspect of the subject is 
beyond the scope of this volume. It will suffice to say that electrolytes, 
like metallic conductors, follow Ohm’s law, and that their temperature 
coefficients of resi.stance are negative. 

89. Faraday’s Laws. The researches' carried out by Faraday in 
1833-1834 led him to formulate the following very useful generalizations 
or law^s, the first of which may be stated thus: The weight of the material 
liberated at either of the electrodes is proportional to the total quantity of 
electricity which passes through the electrolyte. 

It will be recalled [Eq. (89)] that 

Q - It 

If then, as stated above, M oc Q, we may write 

M = zQ == zit, (125) 

where M is the weight of an ion set free at the electrode, I the (airrent, / 
the time, and z a proportionality constant that is known as the electro- 
chemical equivalent. By making Q unity in the last equation above, 
we may define the electrochemical equivalent as the weight of an element 
in grams which is deposited by the transfer of unit quantity of electricity, 
f.c., by 1 coulomb. 

Faraday’s second law is to the effect that when a given quantity of 
electricity is passed through two or more electrolytic cells in series, the 
quantity of ions liberated at a given electrode will be proportional to the 
chemical equivalents of the particular elements involved. 

It will be recalled that 

. - . , , atomic weight 

Chemical equivalent = 1 

^ valence 

For example, if conditions are as illustrated in Fig. 100, and we pass 1 
coulomb of electricity through the two cells in series the relative amounts 
of copper and chromium deposited will be in proportion to the ratio 
between the chemical equivalent of the two elements, thus 

^ The extremely primitive experimental facilities available at the time of Fara- 
day^s epoch-making investigation make that research one of the most remarkable 
in all scientific history. The student is urged to read Faraday ^s original account of his 
historic research. It is to Faraday that we owe the terminology now used to describe 
electrolytic processes. 
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Weight of Cu deposi ted ^ 6 3.57/2 ^ 31.78 5 
Weight of Cr deposited 52.01/3 17.50 

It is thus evident that, for a given quantity of electricity, more copper 
than chromium will be plated out of solution. 



Fifj. 100. Illustrating Faraday’s second law. 


Following is a table giving the electrochemical constants of a number 
of elements encountered in the more common electrolytic; processes. 


— 

Element 

Atomic 

weight 

Valence 

Clu'inical 

equivalefd 

Fl(‘ctroeheniicaI 
(equivalent (z) 

Aluminum. ... 

27.0 

3 

8.96 

(gu) per coiilomh) 

0.00009316 

Chlorine 

35.46 

1 

35.46 

0.0003674 

Copper 

63.57 

1 

63.67 

0.0006588 

Copper 

63.57 

2 

31.78 

0.0003294 

Chromium 

52.01 

3 

17.50 

0.0001796 

Gold 

197.2 

3 

65.21 

0.0006812 

Hydrogen 

1.008 

1 

1 .008 

0.0000104446 

Iron 

55.84 

2 

27.92 

0.0002894 

Iron 

55.84 

3 1 

18.61 

0.0001929 

Ivcad 

207.20 

2 

103.60 

0.0010736 

Nickel 

58.68 

2 i 

29.34 

0.0003041 

Oxygen 

16.0 

2 ’ 

8.0 

0.00082902 

Platinum 

195.23 

2 

97.6 

0.0010115 

Silver 

107.88 

1 

107.88 

0.0011179 

Sodium 

22.997 

1 

22.997 

0.0002383 

Tin 

118.7 

2 

59.35 

0.(K)06150 

Tin 

118,7 

4 

29,7 

0.0003075 

Zinc 

65.37 

2 

1 

32.68 

0.0(K)3387 
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In dealing with electrolytic processes one encounters a term frequently 
used in (;hemi(uil calculations. We refer to gram equivalent. The 
gram equivalent of any element is the amount of the element, in grams, 
which is equal to the atomic weight divided by the valence. Jtearing in 
mind our previous definition of chemical equivalent it is e\ndent that the 
gram equivalent of an element is numerically equal to its chemical equiva- 
lent. For instance, 29.34 gm of nickel constitutes the gram equivalent of 
that particular element. 

It is important to calculate the quantity of electricity required to 
deposit ele(*trolytic.ally, oi* plate out, the gram equivalent of an element. 
From the foregoing definitions it may be stated that the cpiantity of 
electiicity q recpiired to deposit a gram equivalent of an element will be 
given by the expression 

^ gram equivalent ^ 2 ^ 

^ electrochemical ecpiivalent ^ 

Taking silver as an example we have 

^ "" (HWT^O "" ‘-^^’494 coulombs. 

This means tliat 90,494 coulombs of electricity will deposit 107.88 gm 
of silver from an electrolyte. If we w(^re to go through the same (;alcu- 
lations for any other elements it is obvious that we would obtain the 
same numerical ratio foi (/. It may therefore be said that the passage of 
96,494 coulombs of electricity through an electrolyte will result in the 
deposition of a gram equivalent of any element. The number 96,494 
is one of the important constants of nature; it is called the faraday. 

Knowing the numerical value of the faraday, we can calculate the 
magnitude of the charge carried by each atom in the electrolytic process. 
From the atomic theory it is known that 1 gm ecpiivalent of silver con- 
tains 6.032 X lO^'* atoms of the element. This is Avogadro's number A. 
It follows, therefore, that in the process of depositing 1 gm equivalent of 
silver from one of its salts each silver ion carries an amount of electricity 
given by the relation 

q() 494 

^ ~ (TO^^' x 1023 X 10~*® coulomb/atom 

— 4.803 X 10”*® statcoulombs/atom. 

This figure, it will be recalled, is the same as that for the elemental charge 
of electricity — the electron. It is therefore evident that each silver 
atom, in the example cited, shows a positive charge equivalent to one 
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electron. The coinpleinentary negative ion, N()«~ for instance, \vonl<l 
carry one electron. Any other univalent element would give us the same 
result. 

If one were to carry througii the c.aicniiation in the case of a divalenf, 
element, such as nickel, it would be found that the charge being trans- 
ported would be 2(4.803 X 10”^*^) statcoulombs; and in the case of a 
trivalent element, such as (diromium, the ioni(^ (‘harge would be 

3(4.803 X 10 stat.<u>ul()rnbs. 

The corresponding negative ions would (‘arry two and three electrons, 
respectively. 

In (iomduding our discaission of Faraday’s laws, it may be pointed 
out that a knowledge of the first law makes possible the establishment of 
an electrochemical definition of unit current. Transposing Ecp (125) 
we get I = M /zL Taking a particular metal, and making t 1 sec, it may 
be said, for instan(*e, that an ampere is that constant current which will 
deposit silver from an aqueous solution of silver nitrate at the rate of 
0.0011179 grams per second. This is, in fact, a definition of the inter- 
national ampere. The electrochemical conditions under which the stand- 
ard test is to be made were (airefully prescribed ])y the London conference 
of 1908. For less accurate results copper may be used instead of silver. 
J.ater, we shall examine another, but ecpii valent, definition of the ampeie. 

90. Applications of the Electrolytic Process. An acanirate and rapid 
quantitative deteimination of the chemical constituents of a compound 
may be carried out l)y means of the electrolytic pro(tess. Suppose that 
it is desired to determine the percentage of (a)pper in a certain sample of 
brass (Cu + Zn). A representative sample of the metal to be tested 
would be dissolved, say in sulphuric a(dd. This compound salt solution 
would be placed in a platinum dish which had previously been c.arefully 
weighed. A platinum spiral or gauze immersed in the electrolyte would 
serve as an anode (positive terminal) and the platinum dish would func- 
tion as the cathode (negative electrode). If a potential difference of 
about 0.34 volts is applied, deposition of the copper will take place. 
Exner has shown that the deposition process may be greatly expedited 
by agitating the electrolytes while electrolysis is taking place. Rotating 
the anode or boiling the solution will accomplish this end. Complete 
deposition on the platinum receptacle will take place in a few minutes, 
as indicated by chemical tests. When this has occurred the (cathode is 
washed, dried, and again weighed. The difference in the two weighings 
will give the weight of the copper present in the sample, and the per- 
centage composition can be readily computed. By using a voltage of 
0.76 instead of 0.34 the zinc content can be plated out in a similar manner. 
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The. example cited above iwS representative of the procedure widely 
employed in electrochemical analysis. 

The extent to which the electric current is used in electrochemical 
processes in the manufacturing industries is very great and is constantly 
increasing. These applications include the electroplating of copper, 
silver, nickel, chromium, and gold; the refining of various metals; and the 
manufacture of a number of widely used chemical compounds. The 
plants whi(4i utilize electricity in this manner are located at or m^ar points 
where cheap hydroelectric power is available. In this country many 
of them are situated near Niagara Falls where several hundred thousand 
kilowatts are utilized for such purposes. We have already discussed the 
fundamental principles on which these various commercial applications 
rest. It only remains to describe briefly a few of the typical commercial 
electrochemical processes. 

In the plating of copper, silver, gold, nickel, and chromium the elec- 
trolyte usually consists of a complex salt. For example, in nickel plating 
the double nickel-ammonium sulphate [NiS() 4 -(NIl 4 ) 2 S 04 * 6 H 2 ()] is used. 

Copper plating is a somewhat simpler process than is the case in the 
deposition of gold and silver. An acid solution of copper sulphate may 
be utilized as an electrolyte. In the printing industry copper electrotype 
replicas are produced on an extensive scale. In making a copper electro- 
type of a printed page or photograph a wax or gelatine mold of the original 
is first prepared. This impression is then dusted over with finely pow- 
dered plumbago. Powdered iron is then sprinkled over the carbon dust 
and the surface thus prepared is immersed in a solution of copper sulphate. 
As a result of the chemical reaction copper is deposited on the graphite. 
After washing, the prepared wax plate is placed in a solution of copper 
sulphate and made the cathode; a piece of pure copper serves as an anode. 
A current density of from 0.9 to 1.3 amp/ft- is used. When copper has 
been deposited to the desired thickness the metallic shell is se^parated 
from the wax form and backed” with type metal or other material. 
The production of master phonograph records involves essentially the 
same process. 

Refining of copper has become an extensive industry. It consists of 
the electrolytic deposition of copper from an electrolyte of acidulated 
copper sulphate. Crude copper bars or plates are suspended in large vats 
and connected as anodes. Sheets of pure copper serve as cathodes at 
the beginning of the process. By the proper regulation of the current and 
voltage copper having a purity of 99.95 per cent is deposited on the 
cathodes. Copper of this purity is needed for use in the manufacture of 
wire which is to be utilized in the electrical industry. In order to carry 
on the electrolytic refining of copper on a large scale, large d-c generators 
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are required, the vats being arranged in a series-parallel circuit A 
total current of several thousand amperes may be employed in a given 
refining plant. 

One of the most extensive commercial applications of the electrolytic 
process is that connected with the production of the metal aluminum. 
In 1886 Hall in the United States and H^^roult in France developed an 
economic.al method of utilizing electric current for the separation of this 
important metal. Aluminum cannot be electrolytically deposited from 
an aqueous solution of its salts. However, Hall and H(^roult found that 
it is possible to deposit the metal from a molten mixture of cryolite and 
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Fn;. 101. -- Kellnor-Solvay coll as used for the making? of sodium hydroxide by the 

electrolytic process. 


alumina (AI2O3). The mixture of bauxite and cryolite is put into carbon- 
lined iron pots, the carbon serving as a cathode. An emf of 5.5 volts is 
applied and a current of 10,000 amp is passed through the mixture in 
each pot. The electric current serves the double purpose of maintaining 
the cryolite in a melted condition and of separating the aluminum oxide 
into aluminum and oxygen. The metal appears at the cathode in a 
molten state, collecting at the bottom of the receptacle. The oxygen 
which is liberated at the anode combines with the anode, which is car- 
bon, thus gradually consuming that electrode. The hot aluminum is 
drawn off from the pots and cast into ingots, after which it is worked into 
wires, sheets, and rods. 

As an illustration of the manufacture of chemical compounds by the 
electrolytic process, mention may be made of the production of caustic 
soda. Various electrolytic cells or organizations have been devised 
whereby it is possible to produce economically this chemical compound 
by electrical means. Several of the commercially successful cells involve 
essentially the same basic principle, viz., the use of mercury as the 
cathode. One form of such a cell is illustrated diagrammatically in 
Fig. 101, this particular organization being known as the Kellner-Solvay 
cell. 
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In this unit a thin layer of mercury is caused to flow across the floor 
of a large cement trough. Above the mercury a stream of brine (a solu- 
tion of NaCl) is caused to move continually. A number of platinum 
wire-mesh anodes are supported just above the layer of mercury that 
serves as cathode. The application of an emf of 5 volts results in the 
separation of the sodium at the cathode which reacts to form an amalgam 
with the mercury. Provision is made whereby the amalgam is separated 
by gravity from the general mercury stream and subsecjuently brought 
into contact with water, thereby forming sodium hydroxide (NaOIl), 
the product sought. The chlorine which appears at the anode escapes 
into the chamber above the brine and may be drawn off and utilized as 
a by-product. The energy efficienc^y of the electrochemical process just 
outlined is about 45 per cent, 1 kg of NaOH being produced for each 
kilowatt-hour of electrical energy consumed. 

Electrochemical processes are being rapidly extended in a number of 
industrial fields. 

PROBLEMS 

1 . In calibrating an ammeter by the electrochemical method, a deposit of 
0.5 gm of silver was deposited on the cathode. If the current jmssed for 15 sec, 
what was the value of the current? 

2 . If electneal energy costs 1 cent per kilowatt-hour, what will it cost to plate 
out too lb of copper from an electrolyte in which the valence of copi>er is 2? 
Assume that an emf of 2 volts is used. 

3 . A current of 2 amp flows through two electrolytic cells in series, one of 
which contains copper sulphate and the other nickel-ammonium sulphate. How 
long must the current flow in order that 25 gm of copper shall be deposited? 
How much nickel would be plated out during the same j)erio(i? 

4 . From the electrochemi(^al constants, compute the atomic weight of oxygen. 

5 . On the assumption that the density of hydrogen is 0.00009 gm/cc, how 
many cubic centimeters of that gas would be liberated by the passage of 2 amp 
through a dilute sulphuric acid solution during a period of 10 min? 

6 . Suppose that a current of 1 amp passes from an iron pipe to the surrounding 
moist earth for a period of 30 days. How much iron will have been electro- 
lytically removed from the pipe? 

7 . A faraday of electricity will liberate 1.008 gm of hydrogen. On that basis 
how many grams of chlorine will it liberate? How many grams of gold will it 
deposit? 

8. Assuming that the area of the chromium trimmings on an automobile 
totals 5 ft*-*, and that the plating is 0.1 mm thick, what will be the cost of the 
electrical energy involved in the operation? The density of (diromium is 6.9 
gin/cm®, and the electricity costs 2.5 cents per kilowatt-hour. The plating is 
done at 2 volts. 



CHAPTER XIll 

PRJMARY AND SECONJ)ARY CELLS 

91. Electrode Potential. Intimately assocHated with the questions 
involved in electi-olytic processes is the subject of the theory of electrode 
potentials. When immersed in an electrolyte why do certain elements 
show a potential which is different from that of the electrolyte? As a 
result of the careful investigations carried on by Arrhenius, Hittorf, 
Ostwald, Nernst, and others on the properties of solutions, particularly 
electrolytes, the explanation of this important phenomenon which has 
come to be accepted more or less generally may be summarized as follows. 

Let it be assumed that a piece of chemically pure zinc, for instance, is 
immersed in a solution of one of its salts, say zinc sulphate (ZnS 04 ). 
As previously pointed out (Sec. 88), some of the sulphate molecules will 
have undergone dissociation, thus giving rise to positive zinc ions and 
negative sulphate ions. We have seen that these ions appear to move 
abo\it in an irregular manner. Some of the sulphions (SO4 ) sooner or 
later will reach the immediate vicinity of the zinc, electrode. The metal 
constituting the electrode has a tenden(\y to unite with sulphions to form 
zinc sulphate, the zinc going into solution in the ionic state. The attrac- 
tion of a negative ion for a surfacre zinc ion is greater than the sum of the 
interatomic attractions. (This tendency is referred to by the term 
solution pressure.)’ 

Since the zinc goes into solution as a positive ion, the electrode is left 
with an excess of two electrons and hence manifests a negative charge. 
This process may be represented by the expression Zn — > Zn++ + 2c ; 
the two electrons remain on the electrode. The life of any newly formed 
zinc sulphate molecule is probably only transient ; dissociation presumably 
takes place at once. Any zinc ions thus formed will be attracted to the 
now negatively charged electrode. There is thus established what may 
be referred to as an electrical double layer. The presence of this posi- 
tively charged region of the electrolyte tends to prevent additional zinc 
ions from passing into solution. Thus we have two oppositely directed 
forces acting within the solution; one (solution pressure) tending to 

^ Nernst appears to have been the first investigator to use this term. In his writ- 
ings it refers to a property by virtue of which all metals and hydrogen tend to pass into 
solution in the ionic state. Later studies have led to the conclusion that it is not a 
true pressure, as the term is commonly employed. It is possible that this expression 
covers several forces that, for convenience, may be expressed as a pressure. 
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cause ions to go into solution, and a second (electrostatic repulsion) 
acting to inhibit the first mentioned process. 

There is also a third force involved in the situation, viz., a definite 
osmotic pressure, or the tendency of the zinc ions to go out of solution. 
Filectrochemical equilibrium will come to obtain when the sum of ^e 
electrical stress and the osmotic pressure equals the solution pressure. 
This condition is arrived at so quickly, and involves so little material, 
that no chemical change can be detected when a metal is immei-sed in one 
of its salts. 

The electrochemical process just outlined has, however, j*esulted in 
establishing a diffei*ence of potential between the metallic electrode and 
the electrolyte at the suiface of contact. In other words, our electrode 
has acquired a definite potential with respect to the electrolyte, and this 
potential is spoken of as the electrode potential. In the case of zinc in a 
solution of one of its own salts the electrolyte in the immediate vicinity 
of the electrode is at a potential of 0.485 volt above that of the electrode 
itself. 

In the case cited above (zinc in a zinc salt solution) the solution j)res- 
sure of the metal is greater than the osmotic pressure of the ion. if, 
however, we take such a combination as copper in a copper sulphate solu- 
tion wc have a situation in which the solution pressure is less than the 
osmotic pressure. Under these circumstances there is a tendency for the 
metallic ion to go out of solution, and thus be deposited on the electrode. 
The electrode will accordingly acquire a positive charge. This inter- 
change of charges may be represented by the expression Cu++ + 2c Cu, 
the two electrons being supplied by the electrode. The positively 
charged electrode will repel other positive ions, thus tending to inhibit 
the deposition of additional charges. As soon as the electrical stress 
comes to equal the difference between the solution pressure and the 
osmotic pressure, equilibrium will obtain, and further electronic transfer 
will cease. As a result of the loss of one or more positive ions to the 
electrode, the electrolyte in the immediate vicinity of the electrode will 
have an excess of electrons; in other words, it will be at a lower potential 
than the electrode, the potential difference being 0.621 volt. In this, 
as in the previous case, the size of the electrode has no bearing on the 
magnitude of the electrode potential. 

The question at once arises as to whether the nature of the electrolyte 
(a salt of the electrode element) has any bearing on the magnitude of 
the electrode potential. Newmann has very thoroughly investigated 
this question. He found that the sulphates and chlorides, when used as 
electrolytes with any given metal, yielded slightly different values of 
electrode potential, the sulphate giving the higher value. Some metals, 
nevertheless, have the same electrode potential regardless of the salt 
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solutions in which they are immersed. If, however, the electrolyte does 
not consist of an aqueous solution of a salt of the elec^trode element, the 
electrode potential may depend upon the nature of the electrolyte. In 
fact, the potential of a given electrode with respect to one electrolyte may 
be positive, while the same electrode may show a negative potential when 
immersed in some other solution. 

In addition it may be added that the degree of dissociation of the salt 
forming the electrolyte affects the magnitude of the electrode potential. 
In general the potential shows an increase with an increase in dissociation. 

It has also been found that ekictrode potential is a function of the 
ionic concentration. This is to be expected bec^aiise of the fact that, as 
we have seen above, osmotic pressure is one of t.h(^ factors having a bear- 
ing on the electroecpiilibrium conditions at any given electrode; and 
osmotic pressure is known to be directly proportional to the concentra- 
tion of the dissolved salt. Indeed, in any given case, it is possible to 
compute electrode potential from a knowledge of the osmotic pi’essure. 
In fact, the relation betw(HUi electrolytic solution pressure, osmotic pres- 
sure, and electrode potential can be given mathematical form. 

Following a line of argument suggested by Xernst, let us derive such a 
relation. 

In dealing with the (luestions having to do with electrode potential we 
may think of the surface of an electrode as fuiudioning as a semipermeable 
membrane for ions; the electrode and the electrolyte acting as the two 
mediums. For the purposes of this discussion, electrolytic solution pres- 
sure may also be thought of as being similar in character to osmotic pres- 
sure. Van’t Hoff has shown that one can compute the magnitude of 
osmotic pressure, at least in dilute solutions, by assuming that the solute 
acts as a perfect gas having the same volume as that occupied by the 
solution. On such an assumption the ions would follow the general gas 
law, viz., 

PV = Pl\ (i) 

where P is the osmotic pressure, V the volume in\’olved, R the gas con- 
stant, and T the absolute temperature. 

The work done in causing a gram equivalent of the electrode material 
to pass into solution in the ionic state would be given by the relation 

r'pdv, (ii) 

jp‘1 

where Pi is the solution pressure and P2 the osmotic pressure. But from 

(i) 
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Substituting this value for V in (ii) we get 



log. 


P2 


(iii) 


But the energy expended in doing this work has been transformed into 
electrical energy. The total energy involved in this process would be 
given by E7if\ where E is the potential difference established between 
the solution and the electrode, ti the valence of the ion involved, and F 
the faraday. We may therefore equate this expression to the energy 
relation given by (iii) and get 

EnF ~ FT log. 

which reduces to the form 


E 


FT 

liF 



( 127 ) 


This is a form of the well-known Nernst ecpiation; it gives the electrode 
potential in terms of certain definite, known (‘onstants, the electrolytic 
solution pressure, and the corresponding osmotic pressure. Later we 
shall apply this general relation to the case of several important special 
electrodes. 

We may conclude our present discussion with the observation that 
the seat of electrode potential is at the surface of separation of the elec- 
trode and the electrolyte and that its magnitude depends upon the relative 
values of the solution pressure of the element and the osmotic pressure of 
the ion involved. 

92. Reference Electrodes. The measurement of absolute electrode 
potential presents a number of difficulties. Because of this it has been 
agreed to adopt a particular electrode as an arbitrary standard or base 
from which to compute all other electrode j)otentials. By international 
agreement a hydrogen electrode, in a normal solution of hydrogen ions, 
has been taken to be such a reference base; and its emf is considered to 
be zero at all temperatures. This combination is frequently referred to 
as the normal hydrogen electrode. 

With regard to electrochemical reactions hydrogen behaves as a metal 
and will function as a reversible electrode. In order to make an electrode 
of hydrogen it becomes ncMa^ssary to provide a nuiaiis whei-eby the gas 
may be kept in contaert with the electrolyte, '^rhis is acujomplished by 
utilizing a small piece of platinum, whose surface is coated with platinum 
black (finely divided platinum). A platinum surface thus prepared will 
ociclude a large ejuantity of hydrogen, and can be made to funedion as a 
gas electrode. When in contac^t with an electrolyte containing hydrogen 
ions some of the occluded hydrogen changes from the gaseous to the 
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i(HU(* state, Jii short, if constant gas pressure is niaintaiiUMl, sik'Ji an 
electrode functions in a manner analogous to an electrode consisting of a 
piece of metal dipping into a solution of one of its salts. The platinum 
metal as such is not a, factor in the case. Tf such an electrode is saturated 


with hydrogen at atmospheric pressure, 
and partly immersed in a solution con- 
taining hydrogen ions (say, 11+ + Cl~) 
of such a concentration that it has 1 gm 
molecule of hydrogen ions per liter, a 
definite and reproducible potential will 
be developed — which potential is arbi- 
trarily taken to be zero, under the 
conditions mentioned. Actually, the 
potential difference between a hydro- 
gen electrode and a solution containing 
1 gm molecule of hydrogen ions per 
liter is known to be —0.277 volt, and 
not zero. The hydrogen electrode as 
introduced by Bottger,^ and later im- 
proved and simplified by Hildebrand,*'^ 
consists of a glass housing which serves 
to protect the platinum and confine the 

atmosphere of hydrogen. The elec- io2.-HvdroKen electrode, 

trode itself (Fig. 102) may consist of 

a piece of platinum foil P of about 1 cm- ai-ea or a short piece of platinum 
wire, the connection to which is sealed into an innei* glass stem as shown. 
This component is in turn inclosed in an outer glass tube provided with a 
side tube through which gas is introduced, and apertures near the lower 
end through which the gas may escape. 

If, then, we desire to determine the potential of a given electrode, an 
assembly such as that sketched in Fig. 103 may be utilized. The metal 
M under investigation is partially immersed in a solution containing one 
of its salts. By means of a tube B containing a salt solution (and known 
as a salt bridge) the electrolyte S is electrically connecte^d to a hydrogen 
electrode as shown. The difference of potential between the connections 
a and h is then measured by means of a potentiometer. Since the poten- 
tial of the normal hydrogen electrode is taken to be zero the potentiom- 
eter reading gives the potential difference between the solution S and the 
electrode M in terms of the normal hydrogen electrode. 

Employing the comparison method outlined above the electrode 




^ Z. physik. Chem., 24 , 253 (1897). 

2 J. Am, Chem, Soc,, 86 , 849 (1913). 
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potentials of the various elements, in a normal salt solution, have been 
carefully determined. Certain representative values are given in the 
following list, arranged in their order in the electrochemical series. The 
data listed in the table have been compiled from various recent sources. 
The marked values are somewhat doubtful. 


Electrode Potentials in Volts 


Klemciit 


loll 


Pot i'iitial n*f€Tred to 
h>'(lroj<eii (*l(‘(ttro(l(* 


Potassium . 
Magnesium 
Aluminum. 
Manganese . 

Zinc 

Iron 

Cadmium . . 

Nickel 

Lead 

Iron 

Hydrogen . . 
Antimony . . 

Copper 

Mercury. . . 
Chlorine . . . 
Gold 


K 

+2.924 

Mg 

+2.40* 

A1 

+ l .70* 

Mn 

+ 1.10* 

Zn 

+0.702 

Fe 

+0.441 

(Vi 

+0.401 

Ni 

+0 231 

Pb 

+0.122 

Fe 

+0 045 

n 

0.000 

Sb 

-0.10* 

Cu 

-0.344 

Hg 

-0.799 

(1 

- 1 . 358 

All 

” 1 .50* 


Since the absolute electrode potential of hydrogen is known to be 
— 0.277 volt, as indicated above, it is possible to compute the absolute 
potential of any electrode by making the necessary correction. For 
instance, in the case of zinc, the absolute potential would be 

(0.762) + (-0.277), 

or 0.485 volt. For copper we would have (—0.344) + ( — 0.277), or 
—0.621 volt. 

While the hydrogen electrode still remains the ultimate standard of 
reference, for reasons of experimental convenience this form of electrode 
has been largely replaced in practice by the calomel electrode. Mercury 
in contact with mercurous chloride (Hg 2 Cl 2 ) constitutes this electrode 
combination. Such an electrode is constructed as shown diagrammatically 
in Fig. 104. The potassium chloride (KCl) in the connecting tube forms 
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a **salt bridge” which serves to minimize any possible potential difference 
at the junction of the two electrolytes. The mercury electrode is given 
various forms, depending upon the use to which it is to be put. One type 
currently in use consists of a small and very simple form, as sketched in 
Fig. 105. In this model the salt bridge consists of the capillary space 
between the lower and upper sections of the outer glass housing. 

The potential of the calomel electrode vai-ies with the KC'l concentra- 
tion and with the temperatui-e of the cell, l^elow is given the potential, 
referred to the hydrogen electrode, for the three common types of such 
electrodes at the temperatures ordinarily encountered. These data were 
supplied by the Leeds and Korthrup Co. Because it is more easily pre- 




I’otential, volts 

CaloiiK^l elect r<)(l(‘ 


1 

-- - 


At 20°( ’ 

1 At2.i“(' 

At 30'’C 

j 

Tenth normal 

0.3379 

1 

0.3376 i 

0.3371 

Normal 

0.2860 

; 0.2848 ' 

0.2835 

Saturated . j 

0 2496 

0.2459 ! 

0.2420 


pared than cither of the others, and because it possesses certain other 
advantages over the other forms, the saturated type of calomel electrode 
is the one generally used in practice. When assembled according to 
definite specifications this electrode is both convenient and dependable. 
The absolute potential of a normal calomel electrode at 25°C" is 0.560 volt. 
The mercury is + with respect to the KCl . 

Two other special types of electrodes will be described in Sec. 96 in 
connection with a discussion of hydrogen-ion concentration. 

93. The Primary Cell. We come now to a consideration of a source of 
electromotive force, viz., the primary or voltaic cell. This consists of two 
chemically dissimilar electrodes immersed in a suitable electrolyte or 
electrolytes. The term primary implies that any electrical energy 
delivered by the cell results from the direct chemical reaction between the 
electrolyte and the electrodes, one of the electrodes being used up as the 
reaction progresses. 

Voltaic is a generic term, coming down to us from the time of Volta 
who made the first primary cells and who advanced the contact theory of 
potential. We have already considered (Sec. 91) the matter of electrode 
potentials. We may utilize the facts there noted ip accounting for the 
emf developed by a primary cell. 
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Suppose vve have a primary cell consisting of a piece of pure zinc 
immersed in a solution of zinc sulphate and a piece of pure copper 
immersed in a solution of copper sulphate, the two solutions being ke^pt 
from rapid diffusion by means of a porous cup, as sketched in Fig. 106. 
This type of cell was originally designed by Professor Daniell in 1836 and 
bears his name. In the previous section the electrochemical reactions 
at the two electrodes were individually indicated. It was there pointed 
out that the zinc electrode was at a potential of 0.485 volt below that of 
the electrolyte and that the copper 
electrode was at a potential of 0.621 
volt above its corresponding elec- 
trolyte. It therefore follows that 
the potential difference between the 
two electrodes will be the algebraic 
difference of these two potentials, 
or 1.106 volts; and this is the emf 
developed by the Daniell cell. In 
passing, it should be noted that in 
addition to the two sources of poten- 
tial difference cited above there is, in 
the case of the Daniell and other sim- 
ilar cells, a third source of potential 
difference. If the ions of the two electrolytes do not move at the same 
velocity through their respective electrolytes there will exist a potential 
difference at the surface of contact between the two electrolytes. How- 
ever, with the electi'olytes commonly employed, this potential difference 
amounts to only a few millivolts and hence, for most practical purposes, 
may be neglected. 

If the two electrodes of such a cell are ele(4ric.ally connected through 
a resistor, electrons will pass along the conductor from the negative ter- 
minal (zinc) to the positive electrode (copper), thereby destroying the 
electrochemical equilibrium that originally obtained at eac'h electrode. 
This change results from the fact that the electronic migration, due to 
the emf at the terminals of the cell, tends to lessen the electrostatic force 
factor at each electrode, with the result that more of the zinc will go into 
solution and additional positive ions will go out of solution at the copper 
electrode. As pi*eviously pointed out, the terminal voltage of the cell 
under these circumstances will be less than the open-cij-c,uit potential, by 
an amount equal to the drop in potential through the cell itself. The 
Daniell cell possesses certain desirable characteristics that we shall 
examine shortly. For the present, its design and operation may be taken 
as representative of the primary cell as an electrochemical source of emf. 



Fio. 100.— Daniell primary cell. 
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The primary cell may bo thought of as an electrochemical transformer 
whereby chemical energy is converted into electrical energy. 

94. Energy Relation in the Primary Cell. Again referring to the 
Daniell cell, let us examine the energy transformations which arc involved 
in this typical case. Suppose that we connect the electrodes of our (adl 
through a resistance of such a magnitude that 1 amp will flow' in tlu' 
circuit. Let this current flow for 1 sec. A (luaiitity of (^lectri(*ity eciual 
to 1 coulomb will, under those conditions, have passed completely around 
the circuit. J^y reference to our table of electrochemical e(iuivalents 
(Sec. 89) it will be noted that the passage of 1 coulomb will recjuire that 
0. 0003387 gm of zinc shall go into solution and that 0.0003294 gm of 
copper shall be liberated from the electrolyte. From thermocdiemical 
relations it is known that wdien 1 gm of zinc unites with sufficient S ()4 
ions to be completely transformed into zinc sulphate (ZiiSO^) 1,030 
calories of energy in the form of heat are liberated, this being what is 
known as the heat of formation per gramh The electrocdiernical reaction 
at the zinc electrode w^ould therefore involve an energy liberation given 
by the product of 1,030 X 0.0003387 or 0.553 calorie. Since one calorie 
is eciuivalent to 4.2 X 10^ ergs, our reaction I'epresents a liberation of 
2.32 X 10" ergs. 

Likewise, w hen 1 gm of copper unites with the acid radical to form 
copper sulphate ((iiSO-i) , 881 calories of heat are liberated. Therefore 
the amount of eneigy involved in the rejection of the copper from the 
solution would be given by 881 X 0.0003294 X 4.2 X 10^ = 1.22 X 10^ 
ergs. The differeru^e between the energy liberated at the zinc electrode 
and the energy required to deposit the copper at the other electrode w ould 
be the energy available for driving the current around the circuit, or 

(2.32 X 10^) - (1.22 X 10') = 1.1 X 10' ergs. 

In general, the work done in transferring a charge around the (ircuit 
would be given by Q X V joules, or Q X F X 10' ergs. In this case, 
Q X V X 10' = 1.1 X 10'. In our example we made Q ~ I coulomb; 
hence 

V — 1.1 volts = emf. 

As previously pointed out, the known emf of the Daniell (*ell is approxi- 
mately 1.1 volts. 

^ The h(^at of formation per gram = lu^at of formation p(3r gram equivalent per 
chemi<!al equivalent. For Zn804 the heat equivalent would he 

248,000/(65.4 + 32 + 16 X 4) « 1,630. 

For a more extended diseussion of heat of formation, see Jiny standard work on 
chemistry. 
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The foregoing cliseussion is based on the assumption that the energy 
liberated as a result of the electrochemical reacrtions at the electrodes was 
completely converted into electrical energy. The close agreement of the 
computed and actual values indicates that such an assumption was war- 
ranted, at least in this parti(‘ular case. Th('re are, hoA\ cA^er, some (*ases 
in which all of the energy liberated by the leactions inA^olved is not 
converted into (‘lectrical energy. In certain instances some of the 
liberated enei*gy manifests itself directly in th(‘ Ibian of heat. (U^lls of 
this type become warmer during operation. In such ('ases the emf 
decreases as the temperature of the cell increases. In certain other 
cases energy in the form of heat is abstracted from the components of the 
cell, and serves to augment the total energy available for maintaining 
the current in the circuit. Such a cell becomes colder when in operation 
and its emf will show an increase with rise in temperature. It is thus 
evident that some (;ells have what is known as a temperature coefficient , 
I.C., their emf is a function of their temperature. 

lly the applications of the principles of thermodynamics to the 
reversible cell it is povssible to work out a relation giving the emf of 
a cell in tcaans of the heat involved in the electrochemical reaction and the 
temperat urc' change. 

The term ‘‘reveivsible,’’ in this connection, requires some explanation. 
Cells may be ciassilied as reversible and nonreversible on the basis of the 
thermodynamic relations involved. These terms may be made clear by 
considering our typical cell, the Daniell unit. 

Suppose we apply to the terminals of such a (*ell an external and 
opposite cmif slightly less in value than the emf of the cell being con- 
sidered. XTnder these conditions the cell will cause a small current to 
pass through the external agent and through the cell itself. Zinc will be 
dissolved from the negative electrode and cop])er will be deposited on the 
positive ek^ctrode. Suppose now that the externally applied emf be made 
larger than that of the cell being studied. The original process will now 
be reversed. Zinc will be deposited, and copper will go into solution. 
In short, the cell is restored to its original condition. If we neglect one or 
two very slight losses in this process sin^h a cell may be considered to be 
reversible. If our two electrodes had been immersed in a single elec- 
trolyte such as hydrochloric acid, gas would have evolved when the cell 
was delivering current and the energy thus dissipated could not have been 
recovered, hence the process would have been nonreversible. It should 
be noted that the Daniell cell, and other similar units, are leversible 
only when an infinitely small current is passing through the electrolyte. 

There is an important theorem, applying to reversible cells, that 
serves to express the emf in terms of the heat absorbed or given out by a 
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cell during the time when it. is functioning as a source of electrical energy. 
This useful relation may be developed by taking a reversible cell through 
a series of electrochemical thermodynamic steps corresponding to Carnot’s 
cycle. 

A well-known theorem in thermodynamics is to the effect that in any 
reversible cycle operating between the absolute temperatures of T and T' , 
the ratio of the thermal energy utilized to the total heat taken from the 
source equals the ratio of the difference between the two limiting absolute 
temperatures to the absolute temperature of the soun^e. Algebraically, 
the above statement takes the form 

11 - ir T - r ... 

^ (,) 

As the first step in the cycle, let the cell be held at the absolute 
temperature 7’, while it is allowed to liberate a very small quantity of 
electricity </, according to the chemical reaction 

Zn + CuS()4 — > (^u + Zn8()4. 

This will correspond to the line ah in Fig. 107, and constitutes an isother- 
E 

I 

dE 


q 

Fig. 107. — Illustrating the thermodynamics of a reversible cell. 

mal change. The energy released during this process will be given by 
the expression 

(ii) 



qE ^ H + H', 
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where // is the net heat of formation, //' the external heat absorbed in 
order to hold the temperature constant, and E the emf of the cell. 

The second thermodynamic step consists in thermally insulating the 
cell so that we may carry out an adiabatic process while allowing an 
additional small quantity of electricity to be drawn from the cell. Under 
these circumstances the (*.ell will either fu^at or cool. Let us assume, 
for instance, that it cools, and that the temperature drops by an amount 
dT. This change is repi esented by the line hd on the diagram. At the 
end of this step the temperature of the cell will be T — dT. 

The third step in the cycle consists in bringing about an isothermal 
change. To accomplish this we apply an opposing emf whose value is 
slightly greater than the normal emf of the cell. Under these? conditions 
current will flow through the cell in a reverse direction, according to the 
chemical equation 

C\i + ZnS04 Zn + UuS( )4. 

Graphically this step will be represented by the line dc. During this 
step work is done on the cell. 

The final step consists in passing a small additional (juantity of elec- 
tricity through the cell, still in the reverse direction, while the unit is 
thermally insulated, thus bi-inging about a final adiabatic changs. 
During this final step the temperature will rise to its initial value T, theu 
completing the cycle. 

From elementary thermodynamic theory, we know that the area 
abed in the diagram would represent the useful electrical work done by 
the cell during the above-indicated cycle. This area will be given by 
q X dE, whi(?h product represents, then, the useful or net work done 
during the cycle. We may now substitute in (i) and arrive at the relation 

dE dT 

Rearranging terms we liavc 

„,dE ..... 

where h represents the heat which must be supplied by, or given up to, 
the surroundings if there is to be no change in the temperature of the 
cell while it is delivering q units of electricity in the direction of its own 
emf. The term h corresponds to H' of (ii) . The teim dE/ d T is an expres- 
sion for the temperature coefficient of tiie emf. If dE/dT is positive, the 
emf of the cell will increase with increase of temperature; and heat, other 
than that supplied by the chemical reaction, must be supplied to the cell 
if it is to operate isothermally. In other words, E > II. Therefore, 
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when operating by itself, such a cell would cool when delivering electrical 
energy. If and when dE/dT is negative the emf will fall with rising 
temperature, AA^hich means that E < H. In such a case excess thermal 
energy is liberated by the chemical reaction, and the cell becomes Avarmer 
as it operates. 

If now Avc combine (ii) and (iii) there results 


which leads to 


qE 


n + qT 


dE 

dY 



+ T 


dE 

dT 


If q is taken to be equal to a faraday, H \Adll represent the heat supplied 
by the chemical reactions taking place in the cell when 1 gm equivalent of 
material is transformed. With this understanding the last equation may 
be written 

E^H + T~ (128) 


If the temperature coefficient dE/dTh zero, the emf is determined solely 
by the heat of reaction per 9(>,494 coulombs of electricity delivered by 
the cell. In other words, Avhen dE/dT = 0 the energy liberated by the 
chemical reactions in the cell is just sufficient to account for the emf 
of the cell, i.c., E = H, ('Omputed on the thermod 3 mamic basis, the 
emf of the Daniell cell is 1,112 A'olts, AA'hich is in fairly close agreement 
with the value obtained on the assumption that its temperature coefficient 
is zero. The Daniell cell, because of the fact that it is reversible and 
because it has a Ioav temperature coefficient, Avas used for many years as 
a standard cell. 

As indicated above, the theorem embodied in Eq. (128) is an impor- 
tant relation. This expression was independently arrived at by Helm- 
holtz and by Gibbs and is frequently referred to as the Gibbs-Helmholtz 
equation. 

96. Concentration Cells. If a cell be constructed of two like elec- 
trodes immersed in a common electrolyte of uniform concentration, the 
potential difference between the electrolyte and the electrodes will be 
equal and oppositely directed, with the result that the eff ective emf of the 
cell will be zero. But Ave have already seen that electrode potential is a 
function of the ionic concentration. This is to be expected because of the 
fact that, as Ave have noted (Sec. 91), osmotic pressure is one of the factors 
that has a bearing on the electroequilibrium conditions in a primary cell ; 
and osmotic pressure is known to be directly proportional to the concen- 
tration of the dissolved substance. 
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Since electrode potential does depend upon ionic concentration it is 
possible to assemble a cell having like electrodes and a common electrolyte 
which will show a terminal emf which is not zero. This is accomplished 
by arranging to have the electrolyte more concentrated in the region of 
one electrode than it is about the other. Such a cell is known as a con- 
centration cell. The plan of a cell of this type may be represented thus : 


(Copper 


copper 

sulphate 

(concentrated) 


copper j 
sulphate | copper 
(dilute) ' 


The emf of such a cell is of small magnitude, being of the order of a few 
millivolts when the ionic concentration bears a ratio of 1 :10. When such 
a cell is delivering energy the electrode in contact with the more dilute 
portion of the electrolyte goes into solution and metallic ions will be 
deposited on the other electrode. The latter will therefore be positive 
and the former negative. 

The emf of a concentration cell is a function of the absolute tempera- 
ture, as well as of the ratio of (concentration. As a practical source of 
emf the concentration cell is of little value at present, but the fundamental 
principle involved does find wide application, as we shall see in the next 
section. 

96. Measurement of Hydrogen-ion Concentration. In the field of 
chemistry the acidity or the alkalinity^ of a solution is expressed in terms 
of the concentration of the hydrogen ions present in the solution. From 
one’s study of elementary chemistry it will be recalled that the concen- 
tration of any ion is expresscnl numerically in terms of a normal solution, 
and that a normal solution contains 1 gm of the ions per liter. Such a 
solution Avould be expressed as liV. In our present discussion we are 


^ The connotation of the terms ^^acidity'^ and ^‘alkalinity is clearly indicated 
by the following excerpt from a work titled “Theoretical and Kxp(^rimental l^hysical 
Chemistry “ by Crocker and Matthews. “The characteristic acidic properti(5s of an 
acid in solution depend upon the presence of hydrogen ions; and the alkaline character 
of a soluble base, in the same way, is dependent upon the presence of hydroxyl ions in 
solution. When these ions are present in equal proportions the solution is neutral. 
Thus water ionizes into equal proportions of hydrogen ions and hydroxyl ions, and 
hence, it shows no acidic or alkalinic reaction, if quite pure. When the hydroxyl ions 
are in excess of the hydrogen ions, then the solution is alkaline. When the hydrogen 
ions are in excess of the hydroxyl ions, the solution is acid; and the degree of acidity or 
alkalinity of the solution is directly proportional to the concentrations, respectively, of 
the hydrogen ions or of the hydroxyl ions. The determination of the degrees of 
dissociation of the acids or bases in solution, therefore, provides us with a means of 
comparing the relative strengths of acids and of bases. “ (The foregoing excerpt is 
reproduced by permission of the The Macmillan Company, publishers.) 



102 


ELECTRJdJry AND MAGNETISM 


interf^sted in the hydrogen ionic; content. Taking hydrochloric acid ns 
an example, and assuming for the sake of simplicity that the atomic mass 
of hydrcjgen is unity, a 0.001 N solution of the acid would contain 0.001 
gm of H ions per liter; its hydrogen-ion concentration would, accordingly, 
be O.OOliV" or 1 X 10 W. In most solutions the concentration of 
hydrogen ions is found to be a very small fraction of a gi*am per liter. 
It will thus be obvious that one will be dealing with cumbersome common 
fractions or with a large number of ciphers if the decimal foim is used. 
To avoid this a logarithmic method of expressing ionic concentration is 
commonly employed. That such a plan is justified will be evident when 
we examine the theory upon which the measurement of ioni(‘ concentra- 
tion is based. On a logarithmic bavsis, the ionic concentration could, in 
the (;nse cited above, be indicated thus: 

log [//+] = -3 
- log f//+] = 3 

log [y/V] = 3 

pH = 3. 


The last expression appearing in the above list is the form most commonly 
used. 

We next proceed to examine the experimental method whereby the 
pH value of a given solution may be determined, d'he technicpie involves 
the expression [Eq. (127)] giving the potential of an electrode in terms of 
electrolytic solution pressure and osmotic, pressure. It has already been 
pointed out that the potential of the hydrogen electrode is a function of 
the hydrogen-ion concentration of the electrolyte with which the electrode 
is in contact. If Eq. (127) can be so modified that it will involve ionic 
concentration, one would then be able to determine the pH value of a 
given solution by measuring the potential bet^^’een a hydrogen electrode 
and a second known electrode, both of which are in contact with the 
solution in question. Equation (127) is 


K 


BT 


uF 


J log. 


K’ 


where Pi is the solution pressure and P2 the osmotic pressure. We know 
that osmotic pressure is proportional to ionic concentration; hence, the 
above expression may be written 
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where <" i.s the hydrogen-ion c(»neentration, and k a proportionality 
eonstanl. But 

p 

= log. Pi — (log, k + log, C) 

— log. Pi — log, k — log, C. 


Since, by previous definition, K = 0 when ]\ = 1 atm and Cu == 1 gm 
molecule/liter, it follows that 

log. A- = 0 . 

For the })resent case we have, then, that 


where C » represents th(? hydrogen-ion concentration, 
becomes 


nF C,,' 


Our relation thus 


C'hanging to common logarithms, and inserting numerical values for 
P and F, the above ecpiation reduces to 


Ej, = ().0(H)1983?^ logi 


Ch 


(129) 


where Eh the potential of the hydrogen electrode l ef erred to a noianal 
hydrogen electrode. 

In order to secure data fiom which to evaluate (\f, use is made of the 
assembly shown in Fig. 108. A hydrogen electrode and a calomel elec- 
trode are brought into conta(d with the solution Avhose pH value it is 
desired to deti^rmine. The potential diffeience between the mercury 
and the hydrogen elect rodes is then measured by means of a potentiom- 
eter. The observed emf will be the sum of the two electrode potentials. 

Therefore, E (observed) = Em, + Eh = Ehu + 0.00019837' X logio 7 ^- 

Solving for the Ch term we get 




1 _ E (observed) — E^ 


Ch 


0.00019837' 


- pH, 


(130) 


And thus the hydrogen-ion (amcentration of any solut ion <ain be (piickly 
and accurately determined. 

As already pointed out, a 0.00 1 solution would have a pH value of 3. 
On the same basis the pH of a O.OlA^ solution would be 2; and for a 0 . 1 
solution it would be 1 . Pure water has a concentration of lO””^ gm of OH 
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ion per liter at 22^C. Such water is considered to be chemically 
neutral; hence, one may say that the pH of a neutral solution is 7. From 
the above examples it will be evident that increasing acidity is indicated 
by decreasing pH values; conversely, it may also be added that increasing 
alkalinity is shown by increasing pH values. 

In some pH-determination work it is found more convenient to use 
one of two special electrodes in place of the hydrogen unit. This is 
particularly true in connection with industrial applications. 


C 



Fig. 108. — ^Hydrogen-ion determination. 


In 1921, Biilmann^ introduced what is known as the quinhydrone 
electrode. This electrode usually consists of a gold wire wrapped around 
the end of a glass tube into which one end of the wire is sealed. By 
means of the usual mercury-wire combination within the tube, connection 
is made between the exposed gold wire and the potentiometer. When 
such an ele(;trode is immersed in a solution to which has been added a 
small amount of quinhydrone it is found that the potential of the electrode 
is directly related to the hydrogen-ion concentration of the solution and 
its temperature. Quinhydrone is a compound consisting of quinone 
(C 6 H 4 O 2 ) and hydroquinone [C 6 H 4 (OH) 2 ] combined in equimolecular 
proportions. When dissolved the compound dissociates into its two 
constituents, one of which ionizes. When equilibrium obtains the 
condition is indicated thus: 

Quinone + 2 H"^ 2e’^ hydroquinoru\ 

^Bitt.mann, K,, Ann, ChemiSj 16, 109 (1921). 
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If and when the ratitj between the concentration of the c|uinone to the 
concentration of hydroquinone is constant and approximately unity, the 
relation between hydrogen-ion concentration and electrode potential is 
linear, mthin limits. Since quinhydrone is only slightly soluble in acid, 
only a small quantity is required to bring about the condition specifie<I 
above. The potential of a gold or platinum electrode in contact with a 
solution saturated with quinhydrone is given by the relation,^ 

RT 

K = constant H — jr log, C h. 


The abo\^e ecpiation may be changed to the form 


pll ^ 


0.7177 - 0.00074/ ~ E - V 
0.0001 983 r ' 


(131) 


where i is the temperature of the solution and the electrodes, E the cm 
reading of the potentiometer (potential difference between the calonu' 
and gold ele(^trode), and V the potential of the calomel electrode at th(' 
working temperature. In an acid solution the quinhydrone electrode is 
higher than that of the saturated calomel electrode, and hence must be 
connected to the positive terminal of the potentiometer. However, at 
a temperature of 25'^C' and a hydrogen-ion concentration (pH) of 7.t)4 
the potential of the two electrodes becomes equal. If the pH value of 
the solution is higher than the value just indicated, the calomel electrode 
is higher than the gold electrode and hence the connections must be 
reversed. The quinhydrone electrode is not reliable when the pH value 
is above 8, but below this limit it is entirely dependable, and very con- 
venient to use. 

In recent years still another form of electrode has come into extensive 
use. Reference is made to the so-called glass electrode. In 1909 Haber 
discovered that a potential difference exists between a glass surface and 
a solution, and that this potential difference is a linear function of the 
hydrogen-ion concentration of the solution. This type of electrode 
consists of a thin- walked bulb of low-melting-point glass (Corning 015) 
in which is placed a solution containing hydrogen ions (buffer solution) 
plus a small amount of (piinhydrone into which dips a platinum wij*e that 
serves as a connection. The glass electrode, thus constructed, is placed 
in contact with the solution under investigation and the potential differ- 
ence between this electrode and a reference electrode (usually a calomel 
unit) is measured by means of a special potentiometer network. The 
glass electrode is chemically inert and can be used in the determination of 

^ See ‘^Theoretical and Physical Chemistry’^ by Crocker and Matthews for a 
diacuasion of this equation. 
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pH values up to 9. Within this range the glass electrode is 0.352 volt 
positive with respect to a hydrogen electrode in the same solution. 
In practice, however, it is customary to calibrate the glass electrode by 
means of solutions the hydrogen-ion concentration of which is accural ely 
known. 

Since a glass wall forms an element in the electrical circuit, the resist- 
ance of a cell, one component of which is a glass electrode, is very liigh, 
being of the order of 10^ to 10^ ohms. As implied above, this necessitates 



Fia. 109. — (V)miner(*ial form of hydrogon-ioii determination assi^rnbly, using a glass 
electrode. {Leeds A: Norihrup Co.) 

the use of special potential-measuring facilities. To a void polarizing the 
cell made up of the glass electrode and the reference electrode, and also to 
make it possible to utilize a rugged type of galvanometer, recourse is had 
to an electronic amplifier (Sec. 237), usually of the single-tube type. 
By means of a suitable bridge and a potentiometer that incorporates a 
tube amplifier, it is possible to construct a compact portable assembly 
that can be made to read rH values directly. A commercial unit of this 
character is shown in Fig. 109. A detailed discussion of the circuits 
involved is beyond the scope of this book. 

Because of the wide use to which a knowledge of pH values is put in 
both research and industry, it is highly important that all students of 
physics, chemistry, and biology acquire a working knowledge of the 
theory and technique of making pH determinations. For useful informa- 
tion regarding the theory and applications of the glass electrode, the 
reader is referred to a recently published monograph entitled ^‘The Glass 
Electrode, by M. Cole, published by John Wiley & Sons. 
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97, Polarization. Returning again to the problems directly con- 
nected with the operation of primary cells, we encounter a fundamental 
phenomenon that manifests itself whenever certain types of primary 
(*.ells are employed as a source of emf. 

We have already shown (Sec. 94) that the passage of current through a 
reversible cell does not change the chemical nature of the electrodes or 
the electrolyte. For instance, it has been pointed out that, having a cell 
consisting of two copper electrodes immersed in copper sulphate, the 
application of the slightest emf will cause some current to pass through 
the cell. If, however, we have a combination (consisting of carbon 
electrodes immersed in zinc sulphate and apply a definite external emf 
to the terminals of such a cell, it will be found that after a brief interval 
the current through the cell will diminish in value and, unless the applied 
emf exceeds 2 volts, the current will entirely cease. In the short time 
during which the current is passing through the cell a thin layer of zinc 
will be deposited from the solution on the negative terminal (cathode), 
and therefore one of our original carbon electrodes has been electrochem- 
ically transformed into another type of electrode. We now have a cell 
made up of carbon and zinc electrodes, with zinc sulphate as the electro- 
lyte. A test will show that the emf of this combination is about 2 volts, 
and that the direction of the emf is opposite to that of the original applied 
emf, the carbon now being positive with respect to the zinc-plated rod. 

The counter emf thus established is known as the emf of polarization 
and the phenomenon connected with the production of this opposing 
emf is known as polarization. 

It is also possible to bring about polarization under somew^hat differ- 
ent circumstances. If, instead of using zinc sulphate as our electrolyte 
in the cell just described, we had employed dilute sulphuric acid, decom- 
position of the solution w ould also have occured; but in this case hydrogen 
gas w^ould have appeared at one of the electrodes (negative) and oxygen 
at the other. A counter emf would be manifest in this case also, having 
a value of about 1.7 volts. In this instance w^e have produced two 
dissimilar electrodes, one consisting of an extremely thin layer of hydrogen 
gas about the original cathode, and the other being composed of molecules 
of oxygen clinging to the original anode. Thus w^e have established v/hat 
amounts to a cell in which the electrodes are gaseous. In other words, 
polarization has occurred; and in order to force a current through either 
this or the former cell, w^e must apply an emf greater than the emf of 
polarization. 

When tlie i)rocess of polarization is brought, about under circumstances 
similar to those outlined in the first case it may be made use of in impor- 
tant ways, as w e shall see shortly. The type of polarization exemplified 
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in the last instance, however, becomes a troublesome phenomenon, 
particularly in connection with the use of primary cells. It does not 
alter the essentials of the case if the gas is liberated as a result of the 
passage of the current through the cell due to its own emf rather than as a 
result of an externally applied emf. The liberation of hydrogen as a 
result of the operation of the cell itself, and its appearance at one of the 
electrodes, constitutes one of the serious defects of primary cells. Not 
only is a counter emf set up, hut the existence of the layer of gas molecules 
introduces a high resistance into the internal circuit of the cell. As a 
result, the effective emf of the cell is decidedly reduced. In order to 
prevent polarization a number of plans have been devised to keep the 
hydrogen from reaching the positive electrode. It is chiefly because of 
these various depolarization schemes that we have the several types of 
existing primary cells. In Sec. 99 we shall consider this matter further. 

98. Local Action. Because of its position in the electrochemical 
series, (Sec, 92), and also because of its relative cheapness, zinc is most 
commonly employed as the material for one of the electrodes in primary 
cells. Due to the impurities frequently present, what is known as local 
action takes place. A bit of impurity, iron for instance, forms a tiny 
local primary cell with the surrounding zinc and electi’olyte with the result 
that a local emf is developed which in turn gives rise to a locally cir- 
culating current. Thus the electrode tends to disintegrate even when the 
cell is not in use. 

To prevent this, recourse is had tu what is known as amalgamation. 
This consists in bringing mercuiy mechanically or chemically^ into con- 
tact with the surface of the zinc, and thus forming a zinc-mercury 
amalgam. The impurities do not unite with the mercury and are covered 
up by the zinc-mercury amalgam formed on the surface of the electrode. 
As the zinc is dissolved the mercury remains and unites with the remain- 
ing zinc, the impurities falling to the bottom of the cell. 

Local action may also be caused in some cells by concentration effects. 
We have seen (Sec. 95) that an emf may result from a difference in con- 
centration between two points in an electrolyte. Near the surface of the 
electrolyte the density will tend to be less than in the body of the solution. 
This gives rise to a local emf and the consequent local wasting of the 
electrode at a point near the surface of the solution. 

99. Examples of Primary Cells. In designing a primary cell there are 
several important ends to be attained, among which may be mentioned 
(1) highest possible emf, (2) rapid and complete depolarization, (3) 

^ The most satisfactory method of amalgamating battery zinc is by immersion for 
a few minutes in a solution made by dissolving mercury in ‘^aqua regia.’’ Convenient 
proportions are mercury, 15 cc; nitric acid, 170 cc; hydrochloric acid, 625 cc. 
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absence of local action, (4) low internal resistance, and (5) low cost of 
materials. To the foregoing characteristics might be added the feature 
of portability which is important for certain classes of service. How 
some, at least, of these desirable features have been attained is illustrated 
by several of the primary cells in current use. It may not be out of 
place, however, to say that the “last word” in the design of primary 
cells probably has not been said. It is quite possible that further research 
in this field would result in a substantial monetar\^ return. 



We have already examined the Danicll cell. While its emf is quite 
constant and depolarization is complete, its internal resistance is high — 
which fact limits its usefulness in cases where currents of any magnitude 
are desired. A cell that has a somewhat lower internal resistance than 
the original Daniell unit, but which is essentially of the same type, is 
commonly known as the gravity cell (Fig. 110).- This cell consists of a 
negative electrode composed of zinc, commonly in the form of a “crow- 
foot”; a number of copper strips riveted together serve as the positive 
terminal. A saturated solution of copper sulphate surrounds the copper 
electrode, and the zinc electrode is immersed in a solution of zinc sulphate. 
Partial separation of the two electrolytic solutions is maintained as a 
result of the difference in density of the two electrolytes, hence the name. 

Depolarization is rapid and complete in both this and the Daniell 
cell, and is accomplished as a result of the presence of the two electrolytes. 
Zinc passes into solution thus, 

Zn + H 2 SO 4 ZnS 04 + 2hD + 2c, 
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Simultaneously, at the positive electrode, copper is deposited as given by 
the equation 

CuS 04 -^Cu++ + S(K-- 

W here the two solutions are in contact the H ions and the S()4 ions unite 
to form sulphuric acid thus, 

2H+ + S04~““->H2S()4. 

It will thus be seen that hydrogen does not reach the copper electrode and 
hence polarization does not occur. The gravity cell gi\'(*s an emf of about 
1.08 volts, but its internal resistance is comparatively high, being of the 



order of 1 ohm. Hence, the cell can deliver only a relatively small 
current even on short circuit. Because of the fact that polarization is 
absent, this cell may be used in closed-circuit work. It has been t^xten- 
sively employed in telegraphic circuits but is not widely used at present. 
The modern dry cell is an outgrowth of a cell originally known as the 
Leclanch4 cell. The original unit consisted of a zinc and a carbon elec- 
trode in a single electrolyte, ammonium chloride (sal ammoniac). In the 
Leclanch6 cell the positive electrode (carbon) was inclosed in a porous 
cup in which were packed manganese dioxide and granular carbon. 
Diffusion of the solution took place through the porous cup and its 
contents. In the modem portable form of this cell the porous cup is 
dispensed with and the zinc electrode forms the container (see P'ig. 111). 
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The pcKsitive elecirode (carlxni rod) forms the center of the unit. This 
is surrounded by a mixture of manganese dioxide, granular carbon, and 
zinc chloride. This, in turn, is surrounded by a layer of absorbent 
material such as sawdust, and a layer of blotting paper next to the zinc 
container. The sawdust and paper are saturated with a solution of 
ammonium chloride. Idle top of the cell is seakid to prevent evaporation. 

When current is jrassing through the cell we have, as a result of 
dissociation, 

NH4( 1 + 11+ + C\~. 

At the negative el(‘ctrode, 

Zn + 2(d~--> Zn(M, + 2c. 

Simultaneously, at the carbon electrode the hydrogen undergoes oxidation 
thus, 

2Mn()o + 211^ Mn.Os + UiO - 2c. 

It will be notcnl that the hydrogen unites with oxygen to form water. 
Under the circumstances this reaction takes place slowly; hence, if the 
( ircuit is closed for any appreciable length of time, excess hydrogen will 
accumulate and polarization will occur. This type of cell is therefore 
not adapted for closed-circuit work. Notwithstanding this limitation, 
it is vei-y extensively used in the United States. The emf of the dry cell 
is about 1.5 volts and the internal resistance of the standard No. 6 size 
varies from 0.05 to O.l ohm. 

Another form of single-electrolyte (‘ell finds application in signal- 
circuit work, particularly in connection with the operation of railroad 
l)lock signals. This cell utilizes two zinc plates connected in parallel as 
the negative terminal, and a block of compressed copper oxide held in a 
copper band serves as a positive electrode (Fig. 112). The elecitrolyte 
is a concentrated solution of sodium hydroxide (caustic soda). A layer 
of heavy oil is placed on top of the electrolyte, thus preventing evapora- 
tion and the creeping of the solution. The cell is ruggedly built and 
may be left for long periods without attention. It was originally devised 
by Dr. Lalande, but the modern form is largely due to Edison, and is now 
known as the Edison primary cell. 

When this cell is delivering energy, we have, at the negative electrode, 

Zn + 2NaOH ZnNaaO., + 2H+ + 2c. 

At the copper electrode the hydrogen, in reducing the copper oxide, is 
itself oxidized thus, 

2H+ 4- CuO H 2 O + Cu - 2c. 
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The last reaction takes place rapidly, and hence polarization does not 
occur. Local action is also absent. The emf of the cell is about 0.75 
volt. Owing to the large area of the electrodes, and the short distance 
of separation, the internal resistance is low, varying from 0.02 to 0.1 ohm, 
depending on the size of the unit. The cell is therefore capable of deliver- 
ing large currents. The commercial form of the Edison primary cell is 
made in sizes ranging from 100 to 600 ampere-hoursb and the elements 
of a given cell are so designed that they all become exhausted at about 
the same time, thus facilitating renewal. 

^ The primary cell giving the most constant emf is known as the Weston 
standard cell. Figure 113 shows the general plan of the cell assembly. 
Mercury in (a)ntact with saturated mercurous sulphate forms the positive 
electrode, Avhile cadmium amalgam, in contact Avith saturated cadmium 
sulphate, serves as the negative element. This cell Avas designed by 
Dr. EdAvard Weston and has, because of its reliability, become the 
standard of emf throughout the Avorld. d'he International Electrical 
Conference (London, 1908) set up specifications for the construction of 
the Weston cell; and when the unit is assembled according to those 
instructions the emf of different cells Avill not differ from one another by 
more than tAvo or three parts in 100,000. The temperature correction 
formula recommended by the London Conference is 

Kt = 1.01830 - 0.0000406(/ - 20%^) - 0.00000095(i - 20°C)2 

+ 0.00000001 - 20°C)^ 

Avhere Et is the emf of the cell in international volts at any temperature t 
on the centigrade scale. Commonly the first tAvo terms of this relation 
are used. In using a standard cell it is important to keep in mind that 
no current greater than 0.0001 amp should ever be allowed to pass 
through such a cell, and then only for a feAv seconds. If any appreciable 
current is draAvn from the cell a certain amount of polarization Avill occur 
and thus cause a reduction in the cell’s emf, thereby destroying the cell’s 
value as a standardizing unit. The Weston cell is one of the tAvo or three 
standard units upon aaLIcIi all electrical measurements are based. 

100. Secondary Cells (Storage Batteries). In our discussion of the 
theory of primary cells (Sec. 93) attention Avas directed to the fact that 
such a cell consists essentially of tAVo electrodes of unlike material, and 
that, during the use of the cell, at least one of these electrodes was 
gradually converted by electrochemical action into a different substance. 
It was further noted that, in the case of certain primary cells (the reversi- 

' Batteries are rated in terms of ampere-hours. For instance, a 150-ampere-hour 
cell will deliver 10 amp for 15 hr. All batteries have a normal discharge rate. If this 
rate is exceeded the cell will not, in general, deliver its rated output. 
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ble type), the cell, after use, might be restored to its original condition by 
sending a current through the unit in the reverse direction. The Danioll 
cell was found to be of this type. Obviously, then, such a cell could be 
utilized for the conversion of electrical energy into chemical potential 
energy and for the reconversion of chemical potential energy into electri- 
cal energy. When used for such a purpose, the cell would be called a 
secondary cell, or accumulator. While such a piocess is theoretically 
possible in the case of any reversible cell, certain practical considerations 
make it advisable to utilize a special combination of electrodes and 
electrolytes in the construction of secondary or stojago cells. 

From our previous study of the theory of cells it is evident t hat in order 
to produce a cell that will have a maximum emf we should select- two 
elements which are far apart in the electrochemical series. It happens 
that if a compound consists of a metal and some very electronegative 
element, such as oxygen, the compound (in this case the oxide) will be 
electronegative with respect to the metal; and the greater the percentage 
of oxygen in the compound the more electronegative will it be. It is an 
interesting fact that the oxide of a comparatively cheap metal, viz., lead, 
is highly electroiuigative with respect to lead itself. Furthermore, lead 
and lead oxide (PbOu) in sulphuric acid form a reversible cell. 

In his work on the polarization of metals in electrolysis, M. Gaston 
Plante in ISOO observed that an electrolytic*, ccdl showed a reveise emf 
after the applied emf was disconnected, and that this phenomenon was 
particularly marked when lead served as the electrodes. This was the 
beginning of the development of the lead accumulator. 

To assist in understanding the theory of the secondary cadi let us 
examine what happened in Plant6's original experiment. If we immerse 
two pieces of clean lead in dilute sulphuric acJd and connect the terminals 
to a source of emf exceeding 2.2 volts electrolysis will take place. Hydro- 
gen will be liberated at the negative electrode (cathode) and oxygen at 
the positive terminal (anode). The metallic lead will be atta(*.ked by the 
oxygen, forming a coating of brown lead oxide (Pb 02 ) on the anode. 
The hydrogen will not react with lead. We began our hypothetical 
experiment with two like plates. As a result of electrolysis, one of these 
electrodes, in part at least, was changed to an entirely different sub- 
stance, so that we now have a lead electrode and a lead dioxide electrode. 
In other words, by expending energy in the form of the electrical current 
we have manufactured a new electrode. 

If now we disconnect the source of outside current and test our cell it 
will be found that the electrode coated with lead dioxide is positive with 
respect to the metallic lead plate — the i^terminal emf being about 2.2 volts. 
It will also be found that if Ave connect the terminals of our cell to some 
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device, siicli as a door bell, current will flow for several minutes, 
gradually decreasing in value. 

If we examine our cell after having used it as a secondary source of 
electrical energy, it will be found that electrochemical reaction has 
resulted in the changing of the lead oxide back to metallic lead. The 
cycle of operations has thus been completed. During the first stage of 
our experiment, commonly but erroneously called charging,'^ electrical 
(^nergy was converted into chemical potential energy. During the second 
stage of the pro(*(\ss this chemical potential energy was made use of to 



Fig. 114. — Positive and negative elements of a Fanre type of secondary cell. 
Positive components at the left; negative at the right. {The Electric Storage Battery 
Co. ) 

produce an electric current exactly as is the case in a primary cell. After 
the cell was “charged” it contained no more electrons than before the 
process started. 

In the simple experiment just described, only a comparatively small 
amount of oxide was formed and hence but little energy was “stored. 
Plants found that it was possible to increase materially the amount of 
oxide formed by a given charging current if the plates were first put 
through a process known as forming. This consisted of a series of 
reversals— charging first in one direction, discharging, allowing to st^nd 
for a time and then charging in the reverse direction. !3y this process a 
superficial layer of the electrode is transformed into, “active material 
which results in a greatly increased eflSciency. The process of forming, 
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however, is quite expensive, and as a result the Plants type of plate has to 
a great extent been replaced by one made by a more rapid and less 
expensive procedure. 

M. Camille Faui'e introduced a type of electrode for secondary cells 
wiiich is known as the Faure or pasted-plate electrode. This consists of a 
grid of lead (Fig. 114) into the interstices of which is forced a paste con- 
sisting of lead oxide and dilute sulphuric acid. Fed lead (rb 304 ) is used 
in the positive grid and litharge (PbO) in tlu' negative i)lat(‘. At least a 
part of the mixture on each plate is chemically changed to lead sulphat(‘ 
(PbSOd. As a result of the use of this “pasting” process a f)art ol’ the 
work of forming the plates is done (‘hemic, ally, and thus the time of 
preparing the plates for use is greatly lesstaied and the manufacturing 
cost materially reduced. 

The Faure type of electrode is lighter in weight but is not so rugged as 
the Plant^^ plate. Owing to its lighter Aveight and relative cheapness tlu^ 
Faure type of plate is widely used for portable units. It is also used to 
some extent in large fixed plants. 

AVhile the exact electrochemical reaction that occurs in a lead secc'iiu- 
ary cell is somewhat uncertain, the folUnving equations probably represent- 
what takes place. The dissociation of the electrolyte gives 

lh+ + SO., — . 

At th(i positive; plate*, 

Ph804 -h SOr- + 2T1,() — PbOo -f 2H,S()4 -f 2e 

At the* iK'gative* plate*, 

PbSO, 4- 2H+ - ^ Pb 4 KoSO, - 2c 

i At the* positive; plate*, 

I>b0, + H.S0.+2H'^l>l.S(),+2H=0-2e 
At the; ne‘gative; plate*, 

Pb 4- SO 4 - -> Phm, 4- 2c 

These reactions show that during the charging process lead dioxide is 
formed on the positive grid and spongy lead on the negative plate. The 
amount of sulphuric acid in the electrolyte also increases, and hence the 
specific gravity of the solution rises. While the cell is delivering energy 
in the form of electric current both the lead and the lead dioxide revert 
to lead sulphate, thus completing the electrochemical cycle. During 
these electrochemical reactions the so-called active material” in the 
plates undergoes considerable expansion and contraction. As the cell is 
repeatedly charged and discharged nonreversible reactions also tend to 
occur. Both of these factors operate to limit the life of the battery. The 
positive plates disintegrate more rapidly than the negative grids. 


During charge 
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The ampere-hour capacity of a secondary cell is proportional to the 
amount of active material available in the plates. To secure large 
capacity, cells are usually made of a series of positive and negative plates, 
with like grids connected in parallel. Such an arrangement not only 
serves to augment the capacity, but also serves to reduce the internal 
resistance, which, in most cases, is only a few hundredths of an ohm. If 
a cell is to be used uiidei* conditions requiring a heavy discharge current 
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the plates ai-e made comparatively thin, thus allowing the electrolyte 
freer access to the active material, and hence producing a more rapid 
reaction. A sectionalized view of a modern lead storage cell of the 
portable type is shown in Fig. 115. Figure 116 gives the charge and 
discharge characteristics of a lead cell. 

In speaking of the ampere-hour capacity of a secondary cell it should 
be borne in mind that the rate of discharge is an important factor in this 
connection. Any given cell is designed to be charged and discharged at a 
certain predetermined rate known as the normal charge and discharge 
rate. The ampere-hour rating of a cell is based on its normal rate of 
discharge. 

A freshly charged secondary cell shows a terminal emf of about 2.2 
volts which becomes less on discharge, and should never be carried below 
1 .8 volts. Further discdiarge brings about certain nonreversible reactions 
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in the active material, thereby more or less permanently reducing the 
capacity of the cell. In practice it is found advisable to take the density 
or specific gravity of the electrolyte as an index of the condition of the 
battery. The concentration of the electrolyte used in a given cell 
depends somewhat on the type of plates used and the character of the 
service for which the battery is designed. In the case of stationary 
batteries the specific gravity of a fully charged cell will be of the ordcT 
of 1.23 and when completely discharged will show a reading of about 
1.15. The electrolyte of cells used in connection with automobiles and for 
other similar purposes has a specific gravity of 1 .27 to 1.30 when charged 
and 1.15 to 1.18 when discharged. 



By the efficiency of a storage battery is meant the ratio of the watt- 
hour output to the watt-hour input. On this basis a good secondary 
cell has an efficiency of about 75 per cent. When given proper care and 
adapted to the class of service it is called upon to render, the life of a good 
accumulator should be not less than 200 cycles of charge and discharge. 

While the lead secondary cell has a comparatively high efficiency and 
is extensively used for many purposes, it has, nevertheless, certain 
inherent disadvantages, chief among which are its weight, its tendency 
to lose capacity with use, the more or less undesirable character of the 
electrolyte (a strong acid), and the necessity of careful supervision at all 
times. Many attempts have been made to produce an accumulator unit 
in which these features woidd be absent, or at least be present to a lesser 
degree. The Edison storage battery lias, to some extent, accomplished 
this end. 
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1x1 the secoiuliiry (*(^11 f^e^ eloped by Mr. Edison we hiive a unit that, in 
some respects, is radically different from the lead cell. The active mate- 
rial of the positive plate in the Edison cell is nickel hydrate [Ni(OH)o], and 



Fir., 117, — Posilivo and nep:ativ(‘ plates of an Edison secondary cell. Positive unit 

on the left. 


that of the negative plate, iron oxide (FeO). The electrolyte is a 21 per 
cent solution of potassium hydrate (KOll), to which has been added a 
small amount of lithium hydrate. 

The mechanical construction of the ^ . 

plates, and the cell as a whole, is somewhat 
unusual. Figures 117 and 118 show the 
detailed construction and plan of the cell 
assembly. The positive grid consists of a 
group of small perforated nickel-steel tubes 
rigidly fastened to a nickeled-steel frame. 

These tubes are packed with alternate 
layers of nickel hydrate and pure nickel 
flake, the latter (constituent being intro- 
duced for the purpose of increasing the 
electiical (conductivity of the active metal. 

The negative grid is made up of a series of 
perforated nickeled-steel pockets into which 
is packed the iron oxide and to which is 
added a small amount of mercury, the 
latter element serving to increase the con- 
ductivity. The metallic pockets are rigidly fastened to a nickeled-steel 
frame. The entire assembly of positive and negative grids is solidly 



Fig. 118. — Cutaway view of an 
Edison secondary cell. 
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bolted together and supported in a housing that consists of a nickel- 
plated steel container. It will thus be seen that the Edison cell is an 
extremely robust unit and therefore mechanically adapted to severe 
types of service. 

The exact chemical reactions that take place in the Edison cell havc^ 
not as yet been definitelj^ determined. However, it is probable that the 
following represent about what takes place. 

By dissociation we have 

KOH K+ + OH-. 


During charge 


During discharge 


At the positive grid, 

2Ni(OH)2 + 20H- 2Ni(OH)3 -f 2c 
At the negative grid, 

FeO "h 21\. ^ H 2 O — > Fe -J“ 21vDF[ — 2c 

At the positive grid, 

2Ni(OH)3 + 2K^ -^2Ni(OH), + 2K()H - 2c 
At the negative grid, 

+ 20H- FeO + H,() 4- 2c 


From these reactions it is evident that the electrolyte remains 
unchanged during charge and discharge; hence, there is no change in the 
specific gravity of the solution during a cycle of operation. The only 
function performed by the electrolyte is to serve as a medium for the 
transfer of the hydroxyl ion from one plate to the other. It would appear 
that the nickel-iron-hydrate combination, as arranged in the Edison cell, 
makes possible a group of completely reversible reactions. In this 
respect this cell differs from the corresponding lead unit in which the 
reactions are not completely reversible, and become less so as the age of 
the battery increases. 

The capacity of the nickel-iron cell tends to increase somewhat after it 
is put into commission. The effective life of the Edison portable units is 
at least three times that of the lead cell and in some instances much 
greater than this. On the basis of watt-hours per pound, the Edison cell 
is considerably lighter than the lead unit. 

The electrical characteristics of the Edison cell are also different from 
those of the lead unit. Its terminal emf is about 1.4 volts when fully 
charged, falling to approximately 1 volt when discharged. Thus the 
average emf is about 1.2. The internal resistance of the cell is somewhat 
higher than that of its rival, resulting in an energy efficiency of something 
like 60 per cent. The cell is not damaged by short-circuiting, can be 
completely discharged without injury, and may be left unused, either 
charged or discharged, for an indefinite time. Because of the fact that 
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there is no change in the specific gravity of the electrolyte, the hydrometer 
test would give no indication of the state of charge or discharge; hence, 
the condition of the cell is judged by the terminal voltage. Because 
of the nature of the materials entering into the construction of the Edison 
cell its initial cost is about five times that of the lead unit, but when 
length of batteiy life is considered the cost is approximately the same 
for both types. 

For detailed discussion of the theory, manufacture, care, and applica- 
tion of storage batteries, the reader is referred to a treatise by G. W . 
Vinal, entitled ^^Storage Batteries.!!- 

101. Grouping of Cells. In order to secure an emf greater than that 
given by one primary or secnnidary cell a number of units may be con- 
nected in series, as shown in Fig. 119a. 

In this case the total emf would be given by uE where E represents 
the emf of a single cell (assuming all of the cells to have like values of 
emf), and n the number of (^ells connected in series. If we assume that 
each cell in the series has an internal resistance of r, the current that 
would flow through the circuit, if the switch were closed, would be given 
by the relation 


nE 

li d" 7ir 


(132) 


where H is tiie value of the external or load resistance. As previously 
pointed out, when current is flowing the terminal voltage of the cell 
assembly will be less than the total emf by an amount equal to the IR drop 
through the cells. 
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Fi(i. 119 . — Grouping of buttery colls: ia) in scries, ii^ ijariilb^l, (c) in series-parallel. 


In the event that the external resistance R becomes vanishingly small 
the current would be given by the familiar I == E/'i\ 

If it is desired to use a current greater than can be safely delivered by 
a single cell, a parallel grouping may be arranged as shown in Fig. 1.196, 
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In this case the total internal resistance would be 1/Adh that of a single 
cell, or r/n. d'hiis the current through the load I’esistance R would be 


I 




{r/n) -j- R 


(183) 


If R is very large compared to r the current value would appioacdi E / R as 
a limit. 

If a high total emf and a high current value are both desired a seiies- 
parallel arrangement of cells will attain such an end, ‘‘is indicated in Fig. 
1 19c. Under these circumstances the current would be given by the 
relation 


1 - 


vE 

(nr/m) + 


(184) 


where n is the number of cells in each series group and m the number of 
rows in parallel. In the illustration shown 7i = 8 and m = 2. 

The question may arise in practice as to what arrangennnit of (adls will 
give the greatest current through a given external (load ) resistance^ when 
each cell has a known internal resistance. If we divide both numerator 
and denominator of the fraction in Eq. (133) b.y n we get 

7 = 

(r/m) + {R/n) 

Now, since E is constant, / will be at a maximum when the denominator 
has a minimum value. But the denominator is the sum of two terms 
whose product is a constant. It therefore follows that the denominator 
will have a minimum value when 


R ^ r 
n m 

or when 


R = 


nr 


m 


where nr/m is the internal resistance of the battery. It is therefore 
apparent that maximum current will obtain when the total resistance of 
the battery is made equal to the load (exti‘i nal) resistam^e. 

It might be found useful to have available a relation by means of 
which one might exj)ress the maximum cuiient in terms of the total 
number of cells and the resistances involved, although in practice it is 
seldom possible to arrange the factors so that this condition holds. 
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By miiltiplyitij? the last eciuation above by n, and rearranging terms, 
we get 


nV ~ nmR = NR, 


where N represents the total number of cells making up the series-parallel 
combination. From this we find that 



We have seen tliat, if th(‘ load and total inteinal resistances are equal, 


yf = -— • 
m. 

If, then, we substitute these values for n and R in F]q. (133) there results 

^ 'i ylifr 

But it is to be remembered that the relation holds only when the external 
(load) resistance is equal to the total internal battery resistance. 


PROBLEMS 

1 . A saturated calomel electrode was used to determine the potential of a 
given electrode when immersed in a solution of one of its own salts. A poten- 
tiometer showed a reading of 0.908 volt when the tem}>erature of the solution was 
25°C. What would be the potential of the electrode under test, and what was 
the probable nature of the electrode material? 

2 . Assume a primary cell is made up of zinc and mercury electrodes in con- 
tact with a zinc sulphate and a mercurous sulphate solution, respectively. Com- 
pute from the electrochemical relations the emf that would be developed. 

3 . In a certain pH determination, w^hen using a hydrogen and a saturated 
calomel electrode at 25°C/, the potentiometer gave a reading of 0.54 volt. What 
was the hydrogen-ion con (rent ration of the solution? 

4 . The hydrogen-ion concentration of another solution was investigated by 
means of the potentiometer, a calomel electrode, and a quinhydrone electrode, 
all at a temperature of 25°C. If the potentiometer show^ed a reading of 0.1 volt, 
what is the pH value? 

6. A bank of 55 lead storage cells connected in series supplies a load resistor 
of 5 ohms. On the assumption that the internal resistance of each cell is 0.1 ohm, 
compare the energy loss, in watts, in the external and the internal parts of 
the circuit. What would be the value of the current if the battery were short- 
circuited? 
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6. A number of cells are grouixid as shown in the accompanying sketch. If 
the emf of each cell is 1.5 and the individual cell resistance is 0.1 ohm, what will 
be the value of the current through the resistor? 

I — vwwm — I 

" I h— j F 

— IHH' — 

— IHH*— 

7 . With the above-indicated arrangement of cells, what would be the 
magnitude of the current if the load resistan(‘e were made equal to the total 
internal resistance of the battery? 

8 . Given 10 cells each having a resistance of 0.1 ohm, determine the nearest 
practical grouping that will give the maximum current through a load resistance 
of 5 ohms. 

9 . A two-wire telegraph line is 30 miles in length. The wire is No. 1 0 copper 
having a resistance of 1.02 ohms/1,000 ft. Four telegraph relays are to be 
operated in series on the line, the resistance of the winding of each relay being 
200 ohms. The instruments require 25 ma for satisfactory operation. What is 
the smallest number of gravity cells that can successfully opeiate the relays? 
The emf per cell is 1.08 volts, and the internal resistance per cell is 3 ohms. 

10 . Suppose that 10 Edison-I^alande (ells connected in series are used to 
operate a railway semaphore signal. On the assumption that the signaling 
mechanism is operated on an average of 30 min per day, how often must the zinc 
electrodes be renewed? Each cell has an emf of 0.7 volt, and the operating cur- 
rent is 10 amp. Two zinc plates are connected in parallel in each cell, and the 
plates weigh 625 gm each. 


CHAPTER XIV 
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102. The Seebeck Effect. In the precedin^^ chapter we studied the 
means whereby an emf may be produced as a result of chemical reactions. 
In 1822, J. Seebeck announced to the Berlin Academy of Sciences the 
disc.overy of an entirely new method of producing an electric current. 
Seebec^k arranged a circuit of two metallic bars one of which was copper 
and the other bismuth, the two pieces of metal being soldered together 
at their ends, as illustrated in Fig. 120, A magnetic needle was placed 
as shown. When one of the junctions was warmed Seebeck found that 
the magnetic needle was deflected, 
and in such a direction as to indicate 
that a current flowed across the hot 
junction (as he put it) from the bis- 
muth to the copper. The electronic 
current passed from the copper to 
the bismuth, showing that the hot 
end of the latter element is at the 
higher potential. Further investi- 
gation showed that the magnitude 
of the effect is a function of the 
difference in temperature between 
the two jtmctions and also that various combinations of metals give dif- 
ferent results. It thus became evident that thermal energy may be uti- 
lized to establish an emf, and thus it can be directly converted into 
electrical energy. A pair of metals so arranged that one junction of the 
pair may be maintained at a different temperature than the other and 
thus be used to develop an emf has come to be known as a thermoele- 
ment or thermocouple. 

On the basis of his observations Seebeck arranged a number of the 
metals in a series so that when any pair of the metals is employed as a 
thermocouple the conventional current flows across the hot junction from 
the one occurring earlier in the series to the one appearing later in the 
list. The electron current would be the reverse of this. Seebeck’s list 
included, among others, 
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Fig. 120. — (Jeneratioii of a thermo- 
(‘loctric current. 
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Bismuth 

Monairy 

Silver 

Nickel 

Lead 

Zinc 

Cobalt 

Tin 

Tungsten 

Palladium 

Chromium 

Cadmium 

IMatinum 

Molybdenum 

Iron 

Uranium 

Khodium 

Arstaiic 

Copper 

Tridium 

Antimony 

Maiip:aii<‘.s(* 

Titanium 

Cold 

Tellurium 


At best, the magnitude of tlie emf developed })y a thermo(;ouple is 
very small. For instance, using an antimony-bismuth pair, the emf 
developed per degree centigrade difference in temperature between 0 and 
100° is 0.000057 volt. Hence if one of the junctions of such a couple were 
maintained at 0° and the other at 100° the emf prodiu^ed would be less 
than 6 millivolts. 

Notwithstanding the low emf produced by thermal means, it w^as 
hoped, immediately follomng Seebeck’s discovery, that the thermocouple 
might be utilized for the production of electrical energy directly from heat 
on a practical scale. Indeed, Clamond designed a thermoelectric battery 
consisting of a large number of heavy metal bars so arranged that the 
emf developed w^ould be additive when similar junctions of the entire 
series were simultaneously heated. Employing 1 20 pairs and heating the 
junctions by means of a gas flame, he secured an emf of 8 volts; the 
efficiency, however, w^as extremely low , being less than 1 per cent. 

Though the thermojunction method of producing current for powder 
purposes has not provei^feasible, nevertheless this device has found an 
important field of usefulness in connection with temperature and radia- 
tion measurements. As a result of the wwk of the Italian physicist, 
Meloni, and several American investigators, among wdiom may be 
mentioned A. H. Pfund and W. W. Coblentz, the sensibility of the 
thermocouple has been greatly increased, and has thus become a research 
tool of great importance. We shall discuss certain uses of this in a later 
section. 

103. Laws of Addition of Thermal Emf. Three simple but important 
laws in connection with the use of thermocouples have been experi- 
mentally established. In using a thermocouple, it is obviously necessary 
to introduce some current- or potential-indicating device into the circuit 
in series with the metals forming the original junction. This naturally 
involves the presence of additional metallic contacts in the circuit which 
will, in general, constitute thermojunctions, and which may therefore 
develop thermal emf. The question arises as to how these additional 
junctions will affect the emf developed in the circuit as a whole. Experi- 
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ment has shown that the introduction of one or more pieces of metal into 
the circuit does not change the total emf, provided the junctions thus 
introduced are maintained at the same temperature as that of the point in 
the circuit where they are inserted. This fact is known as the law of 
intermediate metals. 

For instance, in the circuit shown in Fig. 121 the 
presence of the copper connecting wires will not 
altei* the emf developed in the circuit if the tem- 
perature of the point s x and x' is maintained at tlu' 
same vahie, this value being what it was before tlu^ 
connecting wires were inserted. It is therefore* 
evident that the two metals M i and forming tlie 
couple may be soldered together at one of the junc- 
tion points without changing the emf developed by 
the couple. 

The second law has to do with the relation that 
exists between the temperature and the emf devel- 
oped, and is lef erred to as the law of successive 
temperatures. This law is to the effect that for any given thermo- 
couple the emf developed when the junctions of the couple are 
maintained at any two specified temperatures is equal to the sum of the 
emf that would be produced if the couple was operated between succes- 
sive temperature steps throughout the original range. Symbolically 
this fact may be represented thus: 

+ • • • + (130) 

where fi, is, etc., are any successive temperature values between h and 
in. We shall find this relation useful in the next part of our discussion. 

A third law, based on experimental findings, is to the eff'ect that if we 
have one thermojunction consisting of two metals, A and B, and a second 
junction consisting of metals B and C, the two junctions being in series, 
the over-all emf will be equal to the emf developed if and w’hen the metals 
A and C function as a thermojunction, and if both junctions are operated 
at the same temperature. An application of this property of the thermo- 
junction will be found in connection with thermoelectric diagrams 
shown in the following section. 

^^^104. Thermoelectric Diagrams. Before proceeding to a description 
of practical applications of the thermocouple we may well examine the 
relation which obtains between the temperature factor and the emf 
developed. 

If we set up a thermocouple circuit as sketched in Fig. 122, and apply 
heat as shown, thereby gradually raising the temperature of the oil- 



Fi(i. J21.— Etfect of 
connetrtions on the emf 
developed by a thermo- 
junction. 
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immersed junction, the deflection of the galvanometer will increase for 
a time. If the heating is continued beyond a certain temperature, how- 
ever, the current will gradually decrease to zero and will, in fact, reverse 



ICE 


Fig. 122. — ExperinuMital iirrangeinent for determining the relation b(‘tween thermal 

emf and temperature. 


in direction if the heating is continued far enough. If we make a graph 
from the data obtained by such an experiment a curve of the form shown 
in Fig. 123a will result. It is found that a similar curve results for other 
thermocouple combinations. 



An examination of the curve will disclose the fact that it is parabolic 
in form (axes parallel to emf axis), and consequently may be represented 
by the equation y ^ ax + hx^. In our case this relation be(M)mes 

= at -f* 


(i) 
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where Eq represents the emf; t the temperature of the hot junction, the 
other being at 0 ° ; and a and h are constants that depend on the nature pf 
the particular pair of metals used. If we differentiate (i) with respect 
to t, we get 

dE 

- a + 2hl, in) 

in which dE/dt will represent the slope of thecurv^e (Fig. and hen(*e 

the rate of (‘hange of einf with temperature. If we make the teinpc^raturt* 
interval 1°, represented })y ED or FC in Fig. 1236, the corresponding 
change in emf will be represented by BC, Under these conditions dE/dt 
is known as the thermoelectric power of the particular couple. 

If in (ii) ^ve made dE/dt equal to zero, the resulting expression will give 
the temperature at which the emf reaches a maximum . That tem- 
perature is given by the relation tn = —a/26, and is known as the neutral 
point. It is to be noted that the neutral point does not depend upon the 
temperature of the cold junction. If the temperature of the cold junc- 
tion is higher than zero it is ecpii valent to moving the temperature axis 
upward in the graph diagram — the form of the curve is not changed. 

Inspection of (i) shows that E is a two-valued function, and hence 
there are two temperatures of the hot junction which will give the same 
value for the emf developed. Thus, if a thermojunction is employed as 
a temperature-indi(^ating device, it is important to know on which side 
of the neutral point one is operating, otherwise the reading will be 
ambiguous. A solution of the quadratic equation (i) gives 

, —a ± + 4bE ^.... 

' - - — "'■> 

thus confirming the above statement regarding the uncertainty of t unless 
in is known. In the above relation, if and when the quantity under the 
radical is e(|ual to zero. 



which, as shown above, is the neutral temperature. 

Again referring to (iii), it is also evident that there are two temp- 
erature values for which E will be zero. One such value is zero and 
the other is —a/6. When t = —a/6 the temperature of the hot junctibn 
is as far above tn as the neutral point is above the cold junction. When 
(a^ + AhE) equals zero, it follows that E = — a^/46, which is the maxi- 
mum positive value that the emf can attain in the case of that particular 
couple. 
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In practice, it is frequently convenient to know th(‘ value of tlu' (‘inf 
developed by some given pair of metals when operated bet ween nny two 
known temperatures. Professor Tait has shr)wn that it is possible to set 
up a simple diagram by the aid of which one may readily (^onq)ute the 
value of the emf pioduced in any gi\'en case. 

Referring again to (ii), it will be noted that it is of tlu^ form 

y = a + 2hr, 

and that this represents a straight line. Furthermore, the tangent which 
the line in question makes with the A"-axis is given by 2b. 

Suppose then, say in the case of lead and zinc, we plot the thermo- 
electric power, (fE/dt, against temperature, as shown in Fig. 121. 'J'he 



Fio. 124. — T(*inpcratur(^-f'nd relation in the case of a lead-zine 1 h(‘rinojun(*tion. 

straight line A A' will result. In this gi-aph OA represents the constant 
a and tan 6 = 26. At a temperature represented by t, the median point 
of the narrow temperature range dt, the thermoelectric power will be 
represented by OC\ the height of the elemental strip BB\ The area 
of this strip = (dE/dt)dt = dE. Therefore the elemental area BB' 
represents the small emf dE developed by the thermocouple when its two 
junctions are at the infinitesimal difference of the temperature represented 
by dL 

From the law of successive temperatures (Sec. 103) it follows that the 
total emf developed by the couple, when its junctions are maintained at 
the temperatures h and respectively, will be represented by the area 
AiAMi in Fig. 124. Geometrically the area is equal to the product of 
one-haH the sum of the two thermoelectric power ordinates and the 
distance representing the difference in temperature ti — h. It may 
therefore be said that the emf developed by a thermocouple whose 
junctions are maintained at two different temperatures is numerically 
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equal to the product of the thermoelectric power and the difference in 
the temperatures. 

If now we plot on the same diagram a second thermoelectric power- 
temperature line for a pair of metals such as, say, lead and iron, we will 
have a line something like BE' in Fig. 125. The line A A' applies to our 



Fig. 125 . — Therinoolectric power-temperature relation for two juiietionK having one 

element in eommon. 

original pair, lead and zinc. From what has already been said, it will be 
evident that the emf developed by the lead-iron pair will be represented 
by the area As a result of the third property of a thermojunc- 

tion (Sec. 103), it follows that the emf developed by a junction composed 
of zinc and iron, when operated between the same temperatures and 
< 2 ), will be represented by the area B 1 B 2 A 2 A 1 . From the geometry of the 
case the magnitude of this emf will be given by the product of the differ- 
ence in temperature of the two junctions {h — ti) and the difference in the 
thermoelectric power when referred to lead at the mean temperature t of 
the two junctions. If one of the temperatures, say falls on the other 
side of the neutral point the emf developed in the circuit will be given 
by the difference in the two shaded areas. 

It is thus evident that if some one metal be taken as a standard of 
reference we can extend our diagram to include as many metals as desired. 
For reasons to be pointed out later, lead is usually taken as the reference 
metal, though platinum is also sometimes utilized as a basis. Such a 
thermoelectric diagram showing the lines for a number of metals is given 
as Fig. 126. The figure is based on one given by Noll in ^^Wiedemann^s 
Annalen,'' 53, p. 874. 

An an example of the use of the thermoelectric diagram, suppose we 
were to maintain one junction of our zinc-iron combination at 50° and 
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the other at 150°. The mean temperature would therefore be 100°. 
From the diagram (Fig. 1 20) we see that the mean thermoelectric power 
for zinc and for iron at 100° is approximately 7 /xv. The total emf that 



Temperature 

Fic;. 12(). — Thermoelectric diagram. 

would be developed by the zinc-iron couple under the conditions named 
would be 7 X 100 = 700 microvolts. 

The student will find a list of thermoelectric power values for various 
metals given in ^'Smithsonian Physical Tables/^ 7th ed., pp. 317 ff. 

106. Peltier Effect. In 1834, 12 yr after Seebeck (Sec. 102) made his 
discovery, J. C. Peltier of Paris discovered a phenomenon which is the 
converse of the Seebeck effect. He demonstrated that an electric current 
when passed across a thermoj unction will, under certain circumstances, 
cause an increase in temperature; and under certain other conditions a 
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lowering of the temperature. For iuHtance, when Peltier passed a current 
across an antimony-copper junction from the former to the latter element, 
he secured a rise of 10® in temperature; when the current w'as reversed, 
the temperature was dininished 5®. An antimony-bismuth couple gave 
even more marked effects. In fact it is said that Lenz, of whom we shall 
hear later in another connection, was able to freeze water by the Peltier 
effect. 

It is not difficult to account for the Peltier effect. Our discussion of 
the Seebec^k effect (Sec. 102) led to the conclusions that the application 
of heat to a metal changes its electrical properties and that different 
elements are affected differently. (We are not referring here to changes 
in electrical resistan(*e.) Furthermore the law of conservation of energy 
must hold in the case of thermocouples as well as in other connections. 



HEAT ABSORBED 


Bi — ^ Sb 



HEAT GIVEN OUT 

Fig. 127. — Peltier effect. 


If we refer again to Seebeck’s original experiment, as shown in P'ig. 120, 
it is evident that an emf was developed at the hot junction, and that the 
emf caused a current to flow around the circuit. The energy represented 
by the current was supplied by the applied flame; in other words, heat 
disappeared at that junction. In our study of the primary cell (Sec. 93) 
we saw that, if no energy were dissipated, the process which gave rise to 
an emf was reversible. In the case now under discussion the process 
proves to be, in part at least, a reversible one. When a bismuth-anti- 
mony junction is heated the direction of the electronic current is as shown 
in Fig. 127. If the external heat source be removed and current from an 
outside source be passed across the junction, heat will be absorbed and 
the junction cooled. Conversely, if current from an outside source is 
sent across the junction in a direction opposite to the normal thermo- 
electric current, as indicated in Fig. 127, the current will be converted into 
heat and the heat will be liberated. These phenomena are entirely 
consonant with the law of the conservation of energy. 
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It can also be shown that the Peltier effect is in conformity with the 
laws of thermodynamics; but it is beyond the scope of this volume to 
enter into this aspect of the case. In passing, however, it may be noted 
that the heat absorbed by the thermoelectric*, current at the heated 
junction is gi\^en out again at the colder junction; thus a thcu-inocouple 
acts as a heat engine. 

In considering the Peltier effect, the studemt is cautioned not to con- 
fuse this phenomenon with the thermal effect due to the resistance 
encountered by the cuiTent in passing through all conductors. In the 
latter (!ase the heat produced varies as I'R, and is independent of the 
direction of the current. In the Peltier phenomenon the thermal effect 
A^aries as the first power of the current. 

106. Thomson Effect. In 185ff Lord Kelvin (then Professor William 
Thomson) was led to believe, from theoretical considerations, that an 
effect similar to the Peltier phenomenon might be expected to obtain 
throughout the body of any conductor when the conductor was unequally 
heated. Experiment has shown that there is a potential difference 
between different parts of a conductor when these parts are not nt tln^ 
same temperature. In any given case the direction of the emf depends 
upon the relative temperature and the nature of the conductor. Poi’ 
instance, in the case of copper the emf is directed from the colder to the 
hotter parts. In the case of iron, palladium, cobalt, nickel, and platinum 
the reverse is true. Zinc, tin, silver, and several other metals act simi- 
larly to copper. Lead does not shoAv an appreciable Thomson effect, 
and it is for this reason that lead is taken as the reference metal in the 
thermoelectric diagram. In the case cf those metals which behave as 
does copper the Thomson effect is said to be positive. In the conductors 
that behave similar to iron it is considered to be negative. On the 
thermoelectric diagram (Fig. 126) those metals having lines that slope 
downward to the right show a negative Thomson effect, and those that 
slope upward exhibit a positive Thomson effect. 

107. Applications of Thermocouples. Shortly after Seebeck’s dis- 
closure of the elementary principles of the thermocouple an Italian phy- 
sicist, Leopoldo Nobili, a professor in Florence, devised what is known as 
the thermopile. This consisted of small alternate bars of bismuth and 
antimony connected in series, the bars being suitably insulated from one 
another except at the ends which were soldered together. Thus there was 
formed a battery of thermocouples, the pairs being connected in series, 
as shown diagrammatically in Fig. 128. The junctions on one side of 
the ‘‘pile” were blackened in order to absorb completely any incident 
radiation, 

Macedonio Melloni, a contemporary and fellow countryman of Nobili, 
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greatly improved the thermopile and utilized it extensively in (•onne(‘tion 
with his classical researches in the field of thermal radiation. 

In recent years the thermocouple has been still further improved and 
now serves as the essential part of several research and engineering 
devices of remarkable sensitiveness 


and wide utility. For example, mul- 
tiple couples consisting of fine iron and 
constaiitan wires are now used for 
measuring the radiant energy in spec- 
ti'ograpliic lines. A single thermo- 
couple made of exceedingly fine wires 
and directly c(mnected to a high-sensi- 
tivity galvanometer is sometimes 
employed as a radiation detecting 
system in connection with temperature 
studies of distant stars. 



highly sensitive instrument of this gxaieral type, known as a radio- 
micrometer, was devised by Professor C. V. Bo 3 ^s, and used by him in the 
study of radiant energy. The essentials of this device are shown in Fig. 
129. It consists of a delicate thermocouple and galvanometer combined 



Fkj. 129. — l^)ys’ nidioiiiicroaioter. 


in one instrument. A loop of 
sih^er wire W terminates in a 
bismuth-antimony pair ./. The 
closed electrical circuit thus 
formed is suspended by a fine 
quartz fiber between the pole 
pieces, N and of a strong mag- 
net. Any rotation of the mov- 
able system is indicated l)y a beam 
of light reflected from the mirror 
M to a suitably positioned scale. 
In order to absorb completely all 
incident radiation a small piece of 
blackened copper C is attached to 
the active junction. Because of 
the fact that a magnetic, field pro- 
duces certain effects on antimony 


and bismuth, and to avoid extraneous thermal effects, the thermocouple 


hangs in a thick-walknl iron housing. An opening is provided in this 
inidosure through which the radiation is admitted to the thermojunction. 

The slightest heating of the lower junction will give rise to a current 
around the loop which, due to the strong magnetic field, will result in a 
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rotation of the movable system. Incredibly small quantities of radiant 
energy have been detected and measured by this instrument. It is said 
that it will give an appreciable deflection when actuated by the energy 
from a candle a quarter of a mile distant. 

A modification of Boys' radiometer was made by W. Duddell in 1889, 
and is known as the Duddell thermogalvanometer. It is an instrument 
designed to measure small values of alternating current (Sec. 155). The 
only essential difference between the original Boys instrument and the 
Duddell modification consists in the manner in which heat is caused to 

reach the thermocouple. In the 
Duddell thermogalvanometer a 
small resistance element is placed 
directly beneath the thermo- 
couple. The current to be meas- 
ured is passed through the resist- 
ance and heats the adjacent 
thermoj unction, thus causing a 
deflection of the movable system 
due to the current in the loop. 
Figure 130 indicates the essential 
components of the Duddell instru- 
ment. The instrument is made 
with several heater units, thus 
adapting it to various classes of 
service. This type of galvanom- 
eter is quick acting, nearly aperi- 
odic, and has practically no 
capacitance or self-inductance 
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Fig. 130. — Duddell therniogalvanometer. 


(Sec. 133). Because of these characteristics it is particularly adaptable 
to the measurement of extremely small values of h-f alternating current. 
Currents as low as 20 microamperes may be measured. Using a suitable 
resistor the current generated by a sustained tone spoken into a common 
telephone receiver is sufficient to give a full-scale deflection. 

Portable and switchboard ammeters utilizing a thermocouple as a 
detecting agent, but operating on a somewhat different plan from the 
Duddell instruments, are now available for research and commercial 
processes. The general design on which these instruments are based is 
shown schematically in Fig. 131. The current to be measured is passed 
through a resistance H which serves as a heater. The active junction 
of the thermocouple J is in direct contact with the resistor. Connections 
from the terminals of the thermocouple are made to a suitable d-c indicat- 
ing instrument, such as a sensitive galvanometer or a milliammeter. 
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By rexlucing the mass of the heater and therm oj unction elements to a 
minimum, and inclosing these parts in a vacuum, the sensitivity of the 
organization is materially increased. Thermocouple ammeters may be 
accurately calibrated by means of direct current, and are suitable for use 
in the measurement of alternating currents of any frequency and \vav(‘ 
form,^ 


While the thermocouple is used to a considerable extent in the measure- 
ment of the electric current, it is as a temperature and radiation-indicating 
agent that it finds its most extensive research and industrial application. 

When one considers the possible use of the ther- . 

inocouple as a temperature-indicating device, an 

interesting and important problem at once presents I A I 

itself. On referring to Fig. 123a it will be seen that y / 

there are two possible temperature values corre- -r 

spending to any given emf value. If, then, we take 

the emf developed by a couple as an index of tem- 

})erature, the i*esult will, in general, be ambiguous. 

In order to avoid this, a pair of metals must be jiV 

selected that have a neutral point well above the \ / A j 

maximum temperature it is desired to measure. Two ^ t 7 

metals that have nearly parallel thermoelectric lines ^ 

(Fig. 120) would fulfill this requirement, and such a i ^ L 

pair would have an emf-temperatui’e (*urve which ' ^ 

would be nearly straight. Fortunatelv there are 

, , ^ 1 . r .1 1 7 f 131. — Ther- 

several metals of this character available. , . . 

niocoiiple type of 

In selecting the elements from which to assemble ainmeter 
a thermojunction, two factors must be considered: 

(1) the magnitude of the emf per degree that will be developed; and (2) 
the effect of extreme temperatures on the phyvsical and electrical proper- 
ties of the metals forming the couple. A vast amount of research has 
been carried out in this connection. 


At present there are two general types of thermoelements employed 
and they are designated as base-metal couples and noble-metal couples. 
In the first mentioned cjlass we have the copper-constantan- combination 
which, though it shows a high emf per degree (40 to 60 gv), tends to det('- 
riorate at temperatures above 300°C. A couple of these metals can there- 
fore be used only for the lower range of temperatures. In fact, this 
combination finds wide use at subzero temperatures. 

In the same general class may be mentioned the iron-constantan 
couple. This combination has a straighter emf-temperature curve than 


* Seo chapter on alternating currents. 

* Constantan is an alloy consisting of 60 per cent copper and 40 per cent nickel. 
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the copper-constantan unit but has the (iefect that; the iron may rust in 
a humid atmosphere. The iron-eonstantan couple may be used for 
observations up to about 8()0°C. 

As a result of an effort to find a substitute for iron in thei-mocouples, 
Hoskins developed two alloys which have ])roven to be (piite satisfactory, 
particularly for use at higher temperatures. One of these alloys is 
composed of 90 per cent nickel and 10 per cent chromium. The other- 
metal consists of 98 per cent aluminum, 2 per (*ent nickel, and a trace of 
silicon and mangaiK^se. This combination is knov^n undr^r the trade 

name of the chromel-alumel thermo- 
couple. The chromel-alumel pair may 
be used in measuring temperatures up 
to JIOO^C continuously, and will func- 
tion satisfactorily for* short, periods irp to 
i30()°(\ 

For still higher temperatures, and 
particularly where greater accuracy is 
essential, nobkvmetal thermocouples 
consisting of platinum and platinum-K) 
per* cent rhodium are employed. These 
couples were introduced by Le Chatelier 
and are reliable up to 15()()°C^ (2732^^10. 

Ther-e are two general methods in 
rrse by means of which a suitable thermo- 
couple may be utilized in temperature 
measurements. Tn one, the couple is 
connected directly to a galvanometer or* 
millivoltmeter, the indicating instrument 
being calibrated directly in degrees. 
Such an organization is referred to as a thermoelectric pyrometer. 

In the plan just outlined the magnitude of the thermoelectric current 
is taken as an index of the temperature of the hot junction. In the second 
method, the emf developed by the thermocouple serves to indicate the 
temperature being observed. In order to measure conveniently and 
accurately the thermo-emf, recourse is had to the potentiometer, a 
device which we have already studied in Chap. IX, Sec. 79. The thermo- 
couple and the associated potentiometer are known as a potentiometer 
pyrometer. 

A simple and compact form of the potentiometer is used in this con- 
nection, the readings being made directly in degrees of temperature 
instead of volts. Figure 132 is an illustration of a well-known portable 
potentiometer type of temperature indicator, and Fig. 133 shows a panel 



Fig. 132. — Portable potenti- 
ometer for use with thermocouple. 
{Leeds & Northrup Co.) 
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model. Jri both of the models the nul d-c potentiometer setting is made 
manually. In the panel type provision is made by means of the switches 
at the left for reading the temperature as indicated by several different 
therm oj unctions which may be located at various points in a manufactur- 
ing plant. 

There are also automatically operated potentiometer pyrometei*s 
actuated by thermojunctions. Figure 134 shows an indicating assembly 
of this type; and Fig. 135 is an illustration of a recording model. Fre- 
quently, in industrial applications, the thermojunction-generated emf 
not only serves to operate automatically the indicating and recording 
mechanism, but it also is made to function as a control agent. This is 



Fkj. 133.— Panel 
model of pot out i- 
oiiU‘t(‘r 1yp(' of tern- 
peniturt' indicator. 
{Leeds A Norihru p 
Co.) 



Fic. 134. — Indicating: 
type of potentiometer 
pyrometer. (Leeds d* 
Northrup Co.) 



Fic;. 135. — Record- 
ing model of potenti- 
om(‘ter pyrometer. 
(Leeds & Northrup Co.) 


brought about by incorporating the thermoj unction in a balanced circuit. 
Any change in temperature in the region of the thermojunction results 
in a deflection of the associated galvanometer which in turn, by means of 
a relay and a valve-driven motor, serves to readjust the fuel supply, thus 
maintaining a constant temperature between narrow limits. Such a com- 
bined recording and control mechanism, though complicated, is very 
reliable, and is extensively used in industrial plants. 

When used at high temperatures, thermocouples are enclosed in 
ceramic or metallic housings. Figure 136 shows a unit suitable for 
installation in the wall of a furnace. 

Wherever conditions are such that the regular thermocouple assembly 
cannot be used, or wherever it is found desirable to observ^e the tempera- 
ture of specific regions of a still or moving object, such as a hot metal 
sheet being rolled, use is made of a portable thermojunction assembly 
whi(4i is both convenient and reliable. Within a housing is assembled 
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a highly-sensitive thermopile and a suitable lens (or mirror) by which 
radiation from the hot object is brought to a focus on a nest of thermo- 
couples. The emf thus developed is measured by means of a simple 
form of potentiometer that is calibrated to read in temperature units 





Fig. 136. — Thermocouple for use at high temperatures. {Cambridge Infitrument Co.) 


rather than in volts. A commercial unit (Fig. 137) known as a ^‘Rayo- 
tube Pyrometer'’ finds wide application in industry. Thpge units may be 
calibrated to cover several ranges between the limits of 225 to 3000°F. 

108, Becquerel Effect. Bearing in mind that in this and the preced- 
ing chapter we are dealing with means whereby an emf may be developed, 
it will be in order to examine a phenomenon which involves the production 

of an emf as the result of the direct 
action of radiant energy. The 
generation of an emf in this case, 
however, apparently involves an 
electronic process that is different 
from that which obtains in connec- 
tion with the Seebeck effect. In 
1839, the French physicist, A. C. 
Becquerel, discovered that if two 
platinum or silver electrodes coated 
with silver chloride were immersed 
in dilute sulfuric acid, and one of 
the electrodes was illuminated, an emf was developed between the two 
electrodes. Such a phenomenon is now commonly referred to as a 
photovoltaic effect. Since Becquerel's original experiments, it has been 
found that the presence of an electrolyte is unnecessary. It is now 
known that certain metallic contacts will develop an emf w hen illuminated. 
Thus it becomes possible to transform radiant energy directly into electri- 
cal energy. In 1926 L. 0. Grondahl discovered that the presence of light 
produced an effect on the action of a copper-oxide rectifier, which con- 
sists of a copper plate coated with a film of cuprous oxide. He suggested 



Fig. 137. — Kayo tube pyrometer, 
(fc Northrup Co.) 
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that such a unit might have possibilities as a means whereby radiant 
energy could be transformed into electrical energy. Later (1930) Lange 
developed a light-sensitive unit that, when the surface is illuminated, 
develops an emf of sufficient magnitude to operate a sensitive relay. 

The construction of the so-called copper oxide cell is indicated 
diagrammatically in Fig. 138. The Lange cell consists of a plate of 
copper, one side of which is covered with a thin layer of CU 2 O of the order 
of 10)u or less in thickness. On the cuprous oxide layer is deposited an 
exceedingly thin and semitransparent layer of copper. Electrical 
connection is made to the copper plate and the thin copper facing. 
When the copper film is illuminated, and connection is made between the 
two plates, an electronic current will flow from the copper plate to the 
copper film. The maximum open-circuit emf is of the order of 0.5 
volt. If the external resistance R does not exceed a few ohms the 
relation between the intensity of the 
incident light and the magnitude of 
the current is linear. The unit can 
therefore be utilized as a photometric 
device and, in fact, is widely used for 
that purpose. Commercially the 
copper oxide unit is known as a 
Photox cell. 

Another example of this type of 
generator consists of a plate of iron 
over which is a thin coating of sele- 
nium mixed with a trace of silver. On the selenium is deposited a very 
thin metallic layer which serves as one terminal of the cell. This sele- 
nium-on-iron form of photoelectric cell functions in the same general 
manner as the copper oxide unit. Commercially it is referred to as the 
Photronic cell. The spectral response of the two types of cells just 
described is shown in Fig. 139. It is to be noted that the response of 
the copper oxide cell corresponds quite closely to that of the human eye. 

The manner in which an emf is developed in a photovoltaic cell is 
still a matter of debate. The characteristics of the response curve 
(Fig. 139) would appear to preclude the possibility of the effect being a 
thermoelectric one. There are those who contend that we are here 
dealing with a case of photoelectric emission (Sec. 136); while others 
hold quite a different view. In any event, it would appear that the 
seat of the emf developed is the interface between the copper and its 
oxide in the first case, and the interface between the iron and the selenium 
in the second. Further research will undoubtedly lead to a better 
understanding of this important and widely \itiUzed phenomenon. 


LIGHT 
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Fig. 138. — Chopper oxide photoeleetric 
cell. 
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109. Pyroelectric Effect. In addition to the Seebeck and the Becque- 
rel effects there is at least one other method by which an emf may be 
developed directly from thermal energy. When certain crystals are 
heated they manifest an electrical charge, and this phenomenon is referred 
to as the pyroelectric effect. Among the crystals which exhibit this 
property may be mentioned tourmaline, quartz, fluor, and boracite. 
If a crystal of tourmaline, for instance, is heated, the ends will, during 
the process of heating, manifest opposite charges, and when cooling 
takes place the signs of the charges will be re\'ei'sed. The initial tern- 
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Ficj. 139. — Response curves of photoelectric (rells <^onipar(*(i witli that of th(‘ (‘ye. 


perature of the crystal does not affect the signs of the charges. If the 
crystal is broken into fragments, or even reduced to a powdered form, each 
part will exhibit the same characteristics. 

110. Piezoelectric Effect. While the pyioelectric effect in crystals 
has, as yet, found no application, there is a procedure by which certain 
crystals may be made to develop quite an appreciable emf. In 1880, 
F. and P. Curie discovered a phenomenon^ that, in recent years, has 
assumed great importance. Certain doubly-refracting crystals, notably 
quartz, tourmaline, and crystals of Rochelle salt,^ exhibit electric charges 
on certain parts of the crystal when the crystal as a whole is subjected 
to mechanical pressure. This phenomenon is known as the piezoelectric 
effect. It was found by the ('uries that the magnitude of the charge 

^ This subject is sometimes discussed in coniiectiou with the study of dielectrics. 
It is considered at this point in our discussion because we are dealing with methods of 
d(*veIoping an emf. 

Hoch(ille salt is sodium potassium tartrate, NaK(/ 4 H 40 fi- 4 H 20 . 
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thus made inaDifest is proportional to the pressure, and may he repnv 
sen ted by the relation Q = KPj where Q is the charge, P the total force 
applied to the crystal, and K a constant known as the piezoelectric*, 
constant . Thus if an alternating mechanical pressure is applied to sucli 
a crystal a corresponding alternating ernf will be developed. Further, 
the response is independent of the frequency between very wide limits. 
A thermojunction when subjected to wide temperature diffeiences 
develops an emf measured in millivolts. A crystal that exhibits the 
piezoelectric property to a marked degree will produce an emf of the order 
of a volt when subjected to a pressure of a few grams, d'his is partic- 
\darly true of Rochelle salt crystals. Nicholson^ and others have 
thoroughly investigated the piezoelectric effect in the case of this crystal, 
particularly in connection with the possible utilization of this phenomenon 
in the field of electroacoustics. A salt crystal may be easily arranged 
t o show the piezoelectric effect by compre^ssing the crystal between two 
metal plates applied to two opposite faces and arranging a metallic^ band 
around the middle of the crystal. If the two pressure plates are elec- 
trically connected to form one electrode and the central band serves as 
the other connection and the system thus formed is connected to a poten- 
tial-measuring device, it will be found that very slight variations in pres- 
sure will develop a variable emf of considerable magnitude. Indeed, 
under suitable conditions, the j)ressure due to sound waves may be made 
to produce a terminal emf of several millivolts. The piezoelectric effect 
is utilized in the design of phonograph reprodu(*ers and sound pickups 
(so called crystal microphones”). A Rochelle salt crystal when 
mechanically articulated with a properly mounted phonograph needle 
will be subjected to a variable pressure as the needle follows the groove 
of the recording. Thus the mechanical recording will be transformed into 
a varying potential having an ave^rage value of the order of 1 volt. A 
Rochelle salt crystal having dimensions of the order of 1.8 cm long, 1.2 
(‘m wide, and ().7() mm thick is used for such a purpose. 

In common with all mechanical systems, such a crystalline structure 
has a natural period of mechanical oscillation. The dimensions of the 
crystal used for acoustical purposes are so chosen that its natural fre- 
quem^y lies above the useful frequency range. It is possible to design a 
phonograph pickup which will have a reasonably flat response between 
40 and 8,000 cycles/sec. Temperature variations modify slightly the 
emf developed, though not seriously. Piezoelectric phonograph pickups 
are widely and successfully used. 

When used as sound-pickup units, the Rochelle salt crystal is usually 
slightly smaller in size than those used in a phonograph assembly. A 

iPror. ATEE, p. 1,467 (1919). 
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representative section would be of the order of 1 cm^ and 0.5 mm thick. 
Since the pressure exerted by incident sound waves is relatively small, 
several crystal elements are often connected in series, or in a series- 
parallel grouping. By allowing the sound waves to impinge directly on 
the crystal elements a very flat response between 60 and 6,000 cycles - 
second is secured, the response rising slightly from that point as thc^ 
frequency approaches 10,000. However, special microphones of this 
type have been developed which give a satisfactory response up to the 
limit of audibility. Sound pickups are made in w Inch the sound waves 
are received on a diaphragm which in turn serves to convey the pressure 

to a crystal element. While this 
type of crystal microphone gives a 
higher emf output than the type just 
mentioned, its frequency response is 
not as satisfactory. 

Rochelle salt crystals are utilized 
in electroacoustical pickup devices 
because of the relatively high emf 
developed for a given pressure. In 
the case of quartz the piezoelectric*- 
constant is only one-thousandth that 
of Rochelle salt; but quartz is much 
more stal)le mechanically, and is 
accordingly used w^here such a crystal 
element W'ould be subjected to severe 
mechanical treatment. Its lower 
emf output does not constitute a 
serious limitation because depend- 
Fio. I40.-Photograph of a quartz high-gain amplifiers (Sec. 236) 

crystal. Note the geometrical form. readily' available. 

In addition to the applications above cited, use has been made of the 
piezoelectric effect in the design of pressure and surface gauges, and 
other similar devices. 

In their study of piezoelectric phenomena the Curies discovered that 
the effect w^hich we have just considered is reversible, i.e., if a crystal 
that shows the direct piezoelectric effect is subjected to a potential differ- 
ence between its faces, its crystalline structure will undergo a change 
in thickness and other, though lesser, dimensional changes will occur. 
The latter behavior is sometimes referred to as a converse piezoelectric 
effect. If the electric field to which the crystalline plate is subjected 
is of an alternating character, the plate will undergo a corresponding 
mechanical deformation. Since this important property is widely util- 
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ized in communication engineering, we will examine this aspect of the 
piezoelectric effect somewhat in detail. 

Quartz, because of its mechanical properties, is almost universally 
employed when use is made of this reverse property. Natural quartz 
(SiOo) crystals have the appearance indicated in the photograph shown 
in Fig. 140. In Fig. 141 it is shown that the body cross section is hex- 




Fig. 141. — Showing the geometrical relation of piezoelectric 8(‘ctions to the siweral 

axes of a quartz crystal. 


agonal in shape and that there are three sets of mutually perpendicular 
axes. The electromechanical properties of a section cut from such a 
crystal depend upon the spatial relation which the particular section 
bears to these three axes. The line Z joining the apices of the crystal is 
the optic axis. A line cutting two opposite faces of the hexagon, and 
normal to the optical axis, is referred to as a F-axis, or a mechanical axis; 
and a line bisecting any two opposite angles, and perpendicular to the optic 
axis, is considered to be an A"-axis, or an electrical axis. Obviously there 
are three A~axes and three F-axes. These relations are indicated in the 
illustration appearing as Fig. 141. 
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If a flat section having its faces normal to an A"-axis (Fig. 141) is cut 
from a quartz crystal, we have what is known as an X, or Curie cut. If 
a mechanical stress is caused to exist along the l -axis of such a section, 
electrical charges of opposite polarity will appear on the flat sides of the 
section. If the stress is changed from a compression to a tension, for 
instance, the sign of the charges appearing will be reversed. And, con- 
versely, if a potential difference is established between the two faces of 
the section, a mechanical stress will be manifest along the A"-axis. Like- 
wise, if a section is to be cut with its faces normal to the }^-axis it is referred 
to as a y or 30° cut (Fig. 141). The electromechanical behavior of such 
a section is, in general, similar to that which ol)tains in th(i case of the 
A" cut. A section whose faces are normal to the optic axis does not show 
any piezoelectrical effect. (Compare this behavior with the correspond- 
ing optical characteristics of such a crystalline structure.) 

If conditions are so arranged that an alternating potential difference 
is established between the two flat faces of either an A" or a F section, as 

indicated in Fig. 142, the physical 
structure of the crystal will undergo 
periodic deformation; and these 
structural oscillations will be in syn- 
chronism with the impressed poten- 
tial. If the frequency of the applied 
alternating potential approximates 
the natuial mechanical frequency of 
the crystal, the amplitude of the 
structural oscillations will be relatively great. Indeed, if resonance 
obtains and the impressed potential difference is great enough, the crystal 
may break into a number of pieces. 

While both the A"- and }'-cut sections may be caused to oscillate, as 
outlined above, their detailed mechanical behavior differs somewhat. 
For instance, F-cut plates will usually oscillate more readily than will the 
A^-cut sections, particularly at the lower frequencies. The resonating 
properties of quartz crystals were discovered by Dr. W. G. Cady. 

Temperature has an effect on the natural frequency of piezoelectric 
crystals. X-cut plates show a negative temperature coefficient, the 
frequency decreasing with rise of temperature. The frequency of such 
a section will change something like 15 to 25 cycles in a million for each 
centigrade change in temperature. In the case of a I'-cut plate the 
temperature coefficient is positive, the frequency change being from about 
20 to 100 cycles per megacycle per degree centigrade. MoirisoiF has 

^ Mohbison, W. a., a High Piecision Standard of Frequency, Eroc, IRE^ July, 
1929. 



Fig. 142. — Oscillating piezoelectric plate. 
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found that if one cuts an annular ring from a ) -cut |)lat(^ the two tc^in- 
perature coefficients tend to cancel out approximately. It has also been 
determined that’ if a plate is (ait from a panmt crystal at an angle of 
to the ordinary }'-cut position, its fre(iuen(*y is almost completely inde- 
pendent of temperature change. Such a section is known as an .47’ 
cut, its relation to the other (aits being shown in Fig. 143. 






Fic. 14a. — Showing the orientation of an .17 -cut plate to the .V, and Z axis of a 
quart# crystal. (Courtesy Bell Lahoratories Record.) 


Young’s modulus in crystalline (piartz varies with direction, and in a 
complex manner^ This would lead one to expect that a given section 
of such a crystal might manifest a number of frequencies simultaneously; 
and such is found to be the case. The fretiuencies which do obtain in any 
given instance depend upon the size of the plate, the orientation of the 
section with respect to the several axes, and the manner of excitation. 
The modes of vibrations may be longitudinal, transverse, or torsional. 
Elastic coupling between the several types of vibrations exists; hen(;e 
combinations of these modes sometimes occur. In the case of (juartz 
plates, one of the higher natural frequencies is commonly utilized in 
practice. In such cases the thickness of the section is the governing 
factor, the frequency being proportional to that dimension. An A"-cut 
plate having a thickness of 1 mm will have a frequency of approximately 
3 megacycles, and a F-cut section of the same thickness would show a 
frequency of about 2 megacycles. A working relation which is often used 
in the cutting and grinding of such crystalline sections is, for the cut. 


fx - 


112.0 

__r, 


(137) 


^ Willard, G. W., P^lastic Vibrations of Quartz, Bell Lab. Record, April, 1936. 

2 Willard, loc. cit., and F. R. Lack, Observations on Modes of Vibration and 
Temperature Coefficients of Quartz Crystal Plates, Proc. IRE, July, 1929. 
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where fx ia the frequency in mega(*ycles and / the thickness in thousandths 
of an inch. For a F-cut plate the relation is 

fy - ( 138 ) 

The frequency of an A T cut is given by 


'Fhe manner in which platcjs cut from natural quartz crystals a]*e 
excited, and the uses to which oscillating units are put, will be discussed 
in a later chapter. For the present it may be said that the frequency 
of all radio transmitters is governed by means of such a crystal, supersonic 
waves are generated by their use, they enter into the construction of 
highly accurate timepieces, and they are incorporated in the design of 
electrical filters. Thus it will be seen that wide practical use is made 
of the piezoelectric effect — a phenomenon which for many years was but 
an interesting scientific curiosity. Today the supply of natural quartz 
crystals scarcely meets the demand. Possibly some Aterprising chemist 
will eventually be able to produce quartz crystals from fused quartz. 
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MAGNETIC EFFECTS OF THE ELECTRIC CURRENT 


111. The Oersted Effect. Having made a study of the thermal and 
chemical effects of the electric current we shall next consider the magnetic 
effec.ts which result from the movement of electrons. Thus we enter the 
domain of electrodynami(;s. 

From time to time in the history of science investigations have been 
undertaken which have led to epoch-making discoveries. Such an experi- 
ment was performed by Professor Hans Christian Oersted in 1819, and 
announced by him in the following year. J^y holding a wire, through 
which a current was flowing, parallel to a magnetic needle, Oersted found 
that the needle was deflected, thus clearly establishing the enormously 
important fact that an electric current gives rise to a magnetic field. His 
experiment also showed that the magnetic field at any given point, due 
to the current in the wire, is perpendicular to the direction of the current. 
It ma}^ truly he said that the science of what we shall call electromag- 
netism had its beginning in Professor Oersted’s classical experiment. 
Oersted’s discovery united the fields of magnetism and electricity, 
and thus opened a field having far-reaching scientific and practical 
possibilities. 

Oersted’s announcement excited widespread interest, and resulted in 
energetic experimentation on the part of many other investigators. 
Within a few months important advances were made in this new field. 
In order to increase the magnetic effect due to a given current, M. Andre 
Ampere conceived the plan of forming the conducting wire into a spiral 
or helix. He also discovered that two conductors, each of which is 
carrying a current, will react magnetically upon one another without 
the presence of a magnetic material; and further that such parallel cur- 
rents, when flowing in the same direction, attract one another, and when 
in opposite direction exhibit repulsion. We shall see that these observa- 
tions of Ampere have been important factors in the development of the 
science of electrodynamics. 

However, before proceeding to consider the quantitative relations 
that obtain between the magnitude of the current and the field produced, 
it will be well to observe that an electromagnetic effect is prc^uced only 
when the electrons that constitute the current are in motion, A single 
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electron in motion gives rise to a magnetic field, but a thousand coulombs 
at rest would produce absolutely no magnetic effect. 

Rowland, in 1876, demonstrated that a moving charge does produce 
a magnetic field. He arranged to rotate rapidly an insulating disk on 
the surface of which had been placed electric charges. He found that a 
small magnet suspended near the rotating disk was deflected, as it would 
have been if an electric current had existed in the region occupied by the 
moving charges. 

It should be observed that the magi^etic effects due to electrons in 
motion are entirely independent of the nature of the conductor. For 
instance, an isolated electron, whether being carried on a Rowland 
rotating disk, or moving along a copper wire, or through the highest 
possible vacuum, will give rise to a perfectly definite magnetic field. The 
magnitude of the magnetic effect produced in either case will depend 
upon certain definite factors, but the character of the conductor is not 
one of them. ^ 




Fig. 144. — Relation of inagn<‘tic flux to the direction of the current. 

One other fact, noted soon after Oersted’s discovery, should also be 
mentioned, viz., that the lines representing the magnetic field about a 
conductor form concentric circles about the direction of the current as an 
axis. For example, if the stream of electrons constituting the current 
is moving in a direction normal to this page and toward the reader, as 
shown in Fig. 144a, the lines of force will be as shown by the concentric 
circles and the general direction of the field will be clockwise as shown 
by the arrows. If the current is away from the reader, the field will be 
as shown in Fig. 1446. If the left hand is closed, and the thumb points 
in J<he direction of the electronic current, the fingers will point in the 
direction of the magnetic flux. (If the conventional ciirient is being 
considered the right hand rule holds.) At any particular point p the 
direction of the magnetic field will be as indicated by the straight arrows. 

112. Laplace’s Rule* Within two months after the announcement of 
Oersted’s discovery two French physicists, J. B. Biot and F. Savart, 
reported to the French Academy that they liad discovered the relation 
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that exists between the magnetic field intensity at a point, produced by a 
current flowing in a long straight wire, and the distance of the point from 
the conductor. Biot and Savart found that the field intensity varied 
directly as the current- strength and inversely as the distance from the 
conductor carrying the current. Laplace, an eminent French analyst 
and astronomer, in discussing the law established by Biot and Savart 
for the special case examined by them, showed that a generalization 
might be formulated which would take the form 


(iff - 


1 (II sin <t> 

r‘2 


(140) 


where dH (Fig. 145) represents the element of field strength at p due to 
the current element dly r the distance of the point p from the middle 
of the element, and <t> the angle which the 
element dl makes with the line r. The 
direction of the field dli is normal to the 
plane of the figure at p. This generaliza- 
tion has come to be known as Laplac^e’s 

rule; it will serve as a basis for important i i 

^ ' rio. 145. — Laplace s rule, 

deductions to follow. 

113. Field Due to a Linear Current. The results enunciated by Biot 
and Savart may be readily deduced by employing Laplace’s general 
relation [Eq. (140)]. Suppose we have a conductor of infinite length 
through which a current I is flowing; let us find an expression for the field 
intensity at any point P distant x centimeters from the nearest point S 
on the conductor, as set forth in Fig. 146. In making use of Laplace’s 
equation it will be more convenient, in our case, to deal with angle 6 than 
with angle </>. Since sin </> = cos 6 we may write Laplace’s equation 
in the form 



dH 


I dl cos B 


oersteds. 


We can eliminate d/, and also express r in terms of x. From the similar 
triangles QMN and MPS we may write 


But 


jU ^ r 
MN X 

MN == r do. 


dl _ r 
r dd X 


Hence 





Fig. 146. — Magnetic field at a point due to a linear current. 
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f^or an infinitely long wire 


and hence 



sin 6 1 = sin 62 — 


Therefore the total field at P d\ie to the current in an infinitely long 
straight conductor will be given by 

// = (141) 


where // is the field strength in oersteds; I the current in abamperes;^ and 
X the distance in centimeters from the point P to the current path, 
which is in conformity with the observations of Biot and Savart. 
This means that if a unit test pole is placed at a distance x from an 
infinitely long wire carrying a current it will experience a mechanical 
force in dynes given by 21 /x. The direction of the field at P is normal 
to the plane of the figure. Obviously this expression will also give the 
approximate field strength at a point very near to a wire of finite length. 

114. Field at any Point on the Axis of a Circular Loop. Assume a 
circular loop carrying a current 7, as shown in Fig. 147. Our problem is 
to find the field intensity at any point P on the axis of the loop. Laplace’s 
relation [Fxp (140)] may be used to advantage in this case also. 



Fi(i. 147. — Magnetic lield on the axis of » circular loop. 


Oonsider first the contribution made by an element of the circuit dl 
to the field at P which is at a distance x from the center of the loop. 
Since the line 8 is normal to d/, Laplace’s eipiation becomes, in this case, 


dH 


I dl 


dH will have the direction of PQ, We are interested, however, in the 
field parallel to the axis OP. The field in the direction PQ may be 
1 This unit of current is defined in S<*c. 115. 
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resolved into components along PN and PR. If the entire loop is con- 
sidered, the elemental components normal to OP will cancel out in pairs, 
leaving the vector sum of the dH components (along PR) as the resultant 
field. 

The component parallel to OP due to dl will be given by 


The total field will be 


which leads to 


dH = - 77 .,- sin 0 

= 7 — X -• 

^ s 




H == 


2irlr^- 




We may express S in terms of x and r, and get 


H = 


27rr2/ 

(*r2 +"r2)?2 


oersteds. 


If P is at the center of the loop, Eq. (142) becomes 


// 


r 


(142) 


(143) 


which gives the field intensity in oersteds at the center of a single loop the 
radius of which is r. 

Further, if the loop consists of several turns instead of one, the turns 
being connected in series and occupying a space small compared with the 
radius, the field at the center will be given to a close approximation by 

7/ = ^ oersteds, (144) 

r 


where n is the number of turns making up the coil. 

116. Electromagnetic Unit of Current. In applying Eqs. (141) to 
(144) to actual cases, we are at once confronted with the question of 
units. These equations are different expressions for field intensity in 
terms of force action on imit magnetic pole. We have already seen 
(Sec. 20) that, when dealing with numerical values, the cgs unit of mag- 
netic field intensity is expressed in dynes per unit pole. In the equations 
referred to, distances will of course be expressed in (!entimeter8. It 
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therefore becomes necessary to set up a definition of the cgs unit of 
current. 

Following the usual custom in such cases we may make all the inde- 
pendent variables in the defining ecjuation unity. In deriving Eq. (143) 
we integrated over the entire loop. If, instead of doing this, we had 
made the radius of the loop unity, and had considered only unit length 
of the conductor, the field intensity H would be numerically equal to the 
current 1. It may therefore be said that the cgs unit of current is defined 
as a current of such magnitude that, when flowing in a conductor in the 
form of an arc whose radius is one centimeter and whose length is one 
centimeter, it will exert a force of one dyne on unit magnetic pole placed 
at the center of the arc. Since this unit is based on unit magnetic pole 
it is known as the cgs electromagnetic (em) unit of current, or the 
abampere. 

In Sec. 19 the practical unit of current, the ampere, was defined in 
terms of electrostatic units. The ampere may also be defined in terms 
of the em unit of current (the abampere). For reasons which we will 
examine later, it has been agreed to say that the ampere is equivalent to 
one-tenth of the em unit of current, i.e., to one-tenth of an abampere. It 
theiefore follows that, if / in Eqs. (141) to (144) is to be expressed in 
amperes, the factor 10 should appear in the denominator of each of those 
equations. 

Problem. A current of 2 amp is flowing in a conductor which forms a circular 
loop the diameter of which is 14 cm. What is the magnetic field strength at a 
j)oint on the axis of the loop 10 cm from the loop’s center? 

27rr^/ 27r7^ X 2 

Solution. H = 10 ( 3-2 ^2)3 , = To("]-o 2 + 72 )?ii = 0.0662 oersteds. 

Problem. A closely wound coil consisting of 100 turns has a mean diameter 
of 10 cm. If a current of 2 amp flows through the wire, what is the field strength 
at the center of the coil? 

ct 7 rr 27r/n 27r X 2 X 100 ^ ^ 

SoltUton. H = Toi^ ~ — 10 ~ oersteds. 

116. Helmholtz Coils. In certain important cases, several of which 
occur in the study and applications of electronics, it is necessary to be 
able to produce a magnetic field which is uniform over a distance of at 
least a few centimeters. In order to develop such a field, recourse is had 
to an electromagnetic system consisting of two coils arranged as originally 
used by Helmholtz in connection with a type of galvanometer that is noAv 
more or less obsolete. 

If a region can be found, in the field due to a single coil, where the rate 
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of change in field strength is constant, it would then be possible so to 
combine the fields due to two similar coils that a uniform field .would 
obtain, at least in a restricted region. 

We may learn whether such a region of constant rate of change exists 
by examining the relation embodied in Eq. (142). For a coil having n 
turns this expression becomes 

jj 2 Trr ^I n 

- 

If there is a point where the rate of change of field strength with respect 
to the axial distance from the center of the coil is constant, it may befound 
by equating the second differential of the .r term in the above expression 
to zero. Thus 



Fig. 148. — Magnetic field in the region between a pair of Helmholtz coils. 


This procedure leads io x = r/2; which means that, at a point equal to 
half the radius of the coil, the rate at which the field strength H changes 
is constant. If, then, two similar coils, connected in series, are arranged 
coaxially at a distance from one another equal to their radius, the decrease 
in the field of one of the coils will be compensated by the increase of the 
field due to the other, at least over a limited region. This is shown 
graphically in Fig. 148a. The curves H\ and represent the field 
intensities as a function of x, while Hn shows the resultant field due to the 
two coils. The horizontal part of the Hr curve indicates the region in 
which the field strength is approximately constant. Figure 1486 roughly 
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illnsti ates the field pattern in the region between the two Helmholtz coils. 

At a point on the common axis midway between the two coils the 
magnetic field strength will be given by the expression 


- 2 


2Trnrn 



3 27rn/ ^ 2 .86x7 

5^r r 


oersteds, 


(145) 


where I is in abamperes and r is the radius of the coils in centimeters. 

117. Field Intensity within a Helix. We may extend the results of 
Se( 5 . 1 14 to include the case of the solenoid. An helical w inding is a fo»*m 
of circuit frequently met with in practical electrical ecpiipment; its mag- 
netic properties are therefore of peculiar interest. Let us suppose that 
we hav^e a solenoid the wire of w^hich is w'^ound in a single layer having n 


-Hdx 




Fig. 149. — Field intensity within a h(‘lix. 


turns per unit length. Our problem consists in finding an expression for 
the field intensity at any point on the axis as show n in Fig. 149a. Ck>n- 
sider a very small section of the winding dx. This section will contain 
n dx turns. The field at P, due to the element dxy is (Sec. 114) 


It will facilitate the evaluation of this relation if we express dx in terms of 
d. Referring to Fig. 1496, we may write 
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S dB . ^ 

— r = Sin B, 
ax 


or 


, S dB 

dx = 

Sin 6 

(i5) 

Further, 


sin B - - 

(iii) 


Substituting the values from (ii) and (iii) in (i), we get 

dll = 2 Tr Jn sin d dd. 

The field at P due to the complete helix will be 

f dll = 27rn/ f i>m d dO^ 

J J 0 = (fi 

where di and 62 are values of 6 at the ends of the solenoid. This gives 
H = %rnl j^cos 

= 27rn7(cos Bi — cos 62 ). oersteds (146) 

If the point P is moved to the nearest end of the helix, 62 = 90° and hence 
cos 62 = 0 ; thus giving for Eq. (146) 

H = 2 TrnI cos 61 . 

Expressing the angle Bi in terms of the length of the solenoid / and its 
radius r, the above equation becomes 

H = 2Trnl oersteds, (147) 

V 

which gives the magnetic field intensity at the end of the solenoid, when 
I is in abamperes. 

If the length of the helix is great in comparison with the radius, Eq. 
(147) becomes 

H = 27rnl. oersteds (148) 

If P is at the center of the solenoid, the angles Bi and B 2 are equal and, 
for a very long slender coil, appi^ck ssero M a limit* Hehce 

• ' " cos — cos B 2 

becomes sensibly equal to 2, and Eq. (146) reduces to 

H = 4iml oersteds, 


(149) 
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which is the field intensity at the center of a long slender helix. A com- 
parison of Eqs. (148) and (149) shows that the field strength at the ends 
of the winding is only half what it is at the c.enter. 

If the current I is in amperes, Kqs. (148) and (149) bexoine 


and 


H = ~iQ ~ 0.628/?/ oersteds, (150) 

H = = 1.256a/ oersteds. (151) 


respectively. 

In the case of a torodial winding (Fig. 

150) the field is uniform throughout the 
interior of the coil, and hence Eq. (151) 
applies at any central point within the 
winding.. If the solenoid is made up of a 
multiple-layer winding, as is commonly the 
(^ase in practice, and if the thickness of 
the winding is small compared with the 
radius of the coil, Kq. (151) will give the 
field intensity to a first approximation. In such a case the mean radius 
is used in the computation. 


t'lc. 150. — Torodial winding. 



Problem . A solenoid consisting of 500 turns is 20 cm in lengtii. What will 
be the field intensity near the center of the coil if it carries a current of 5 amp? 

Solution. Since the number of turns is 500 and the length 20 cm, the number 
of turns per centimeter will be 25. Employing Eq. (151) we have 


II = 1.256n/ - 1.256 X 25 X 5 = 157.07 oersteds. 


118. Mechanical Force on a Current in a Magnetic Field. We have 
seen that a current gives rise to a definite magntdic field and that the 
intensity of that field may be easily cahmlated (Sec. 113). The magni- 
tude of the field was defined in terms of the mechanical force experienced 
by unit test pole at the point in question. If the current exerts a force on 
a magnetic pole, the pole also exerts a force on the current, as we would 
expect from Newton’s third law. Since this mutual force action between 
currents and magnetic fields lies at the basis of the operation of many 
(dectrical met(ws, motors, and other similar (dcict.rical (Miuipmtuit, it is 
important that we examine the basic relations that, obtain between the 
several factors involved. Fort.unately tlu^ relations ari^ sim})l(‘ in form 
and direct in their application. 

Let us first derive an expression for the mechanicail for(!e experienced 
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by a conductor of unit length, carrying a current, and located in a 
magnetic field due to some agenc}^ outside the conductor itself. Referring 
again to a simple loop (Fig. 151), the field at the center, as given by Kq. 

(143), is // = 27r//r. If a unit 
magnetic pole is placed at the cen- 
ter of the loop it will experience a- 
mechanical force of 2^1 / v dynes. 
If a })ole whose strength is m be 
similarly placed, the force will be 



F - 


2t Ini 


dvnes. 


As implied above, such a mag- 
netic pole will likewise exert an 
equal force on the current and 
hence on the conductor forming 
the loop. This force is exerted by 
the magnet on the loop as a whole. 
The force experienced by unit length of the loop \\ ould be 


Fir,. 151,- 


-Mechaiucal force on a current 
in a magnetic field. 


27r/m 1 

r 27rr r 


Irn 


because the total length of the conductor is 27rr. It follows from the 
fundamental law of magnetism (Sec. 19) that the field intensity H at the 
loop, due to the magnet at the center of the loop, will be given by m/r\ 
Hence the mechanical force experienced by unit length^ of the conductor 

may be expressed in the form 

F = IH dynes/cm length, (152) 

where / is in abamperes. If we express I in amperes, and deal with a 
conductor whose length is /, the above relation takes the form 


F 


JJH 
10 ' 


(153) 


where F is in dynes and I in centimeters. It is left for the student to 
show that, if F is expressed in pounds of force, I in inches, and H in lines 
per squai*e inch, the above expression will take the form 

^ In the case of a loop, any section of the conductor, however small, will not be 
straight. As r increases, however, unit length will approach a straight line; and since 
Eq. (143) applies to a loop of any size, F'ep (152) will give force on unit length of a 
straight conductor. 
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F - 


BlI 

1.13 X 10^' 


(154) 


This relation is useful in connection with the design and operation of d-c 
motors; and indeed it represents one of th^a^c laws in electrodynamics. 

The results just derived may he exteMed t7) include a form of circuit 
frequently met with in practice, namely' ar-*e©tan|p^]aj:.^U the 

conditions be as illustrated in Fig. 152a. The side ^fD^^ll experience a 



Fici. 152 . -(Jouplo duo to a ciirrcmt in a rectangular loop locat(‘d in a magnetic fu‘ld. 


force IH{AD) tending to move it upward and the side BC will be acted 
upon by an equal force 11I{BC) directed downward; hence the resultant 
force on these two sides will be zero. The force action on the sides AB 
and CD will be as diagrammed in Fig. 1526 when viewed from the side 
AD. If the length of AB and CD equals Z, the force F operating on each 
side will be Illl dynes. It is evident that we have a couple acting on the 
coil and tending to produce rotation about an axis through P. The value 
of this couple will be given by 

L = IHl{x cos e), (155) 

where L represents the couple in dyne-cm; $ the angle that the coil makes 
with the direction of the field; and x the width of the coil, in this case AD 
or BC. It will be noted that the product xl gives the area of the coil; 
hence we may write 

L = IHA cos e, (156) 

where A is the area of the coil. If the coil consists of a number of turns 
in series, each loop would contribute its part to the total torque action ; 
hence a general expression for the couple on a coil in a magnetic field will 
take the form 
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L - THAN cos 0, 


( 157 ) 


where N is the number of turns in the coil, A the average effective area 
of the individual turns, and I the current in al)amperes. When 6 = 0, 
L will have its maximum value. This condition obtains when the plane 
of the coil is parallel to the direction of the field. It is therefoi-e evident 
that the coil will tend to turn so that the area within the coil will include 
the greatest number of lines of force. If 7 is in amperes the last expi'es- 
sion becomes 


lllN cos 6 
10 “ 


dyne-cm. 


(158) 


119. Galvanometers. The relations derived in the last section find 
application in several important connections, the most notable of which 

are the moving-coil galvanometer and the d-(*. 
motor's. For the present we shall consider the 
theory of the D’Arsonval type of galvanometer 
and reserve for a later chapter a discaission of 
motor's. In 1882, D’ Arson vaP developed a cur- 
rent-indicating instrument which is now almost 
universally used where direct currents are 
involved. In this form of current-indicating 
device, a rectangular coil of many turns is sus- 
pended in the field of a permanent magnet by 
means of a delicate gold, phosphor bronze, or 
steel strip (Fig. 153). The suspension strip con- 
nects electrically with one terminal of the coil 
winding and serves as one connection to the 
source of curr'ent. A coiled metallic .strip con- 
nects the other terminal of the coil to the source. 
A mirror or pointer attached to the coil serves 
to indicate any rotation of the moving system. 
The (*oil is free to move about a fixed soft-iron core, the latter serving to 
increase the field strength in the region of the winding. 

When current is passing through the winding, the coil will turn about 
its axis in response to the electromagnetic couple which will be developed ; 
and the magnitude of the deflecting moment will be given by Eq. (158). 
This electromagnetic couple will be opposed by a restoring moment due 
to the twisting of the suspension. The coil will come to rest when the 

^ The suspended-coil type of instrument was first used by Sir William Thomson in 
1870. However, this form of galvanometer did not come into extended use until 
D’Arsonval introduced the design of moving-coil instrument that bears his name. 



Fig. 153. — D’Arsonval 
type of galvanometer. 



MAGNETIC EFFECTS OF THE ELECTRIC CURRENT 


253 


deflecting moment equals the restoring moment. From the principles 
of mechanics we know that the moment due to the torsion of the suspen- 
sion is proportional to the angular displacement of the end attached 
to the coil. This mechanical moment will be given by ToB, where To 
is the moment of torsion of the suspension and 6 the angular displacement 
of the coil in radians. The value of is any given case will obviously 
depend on the physical characteristics of the suspension. We may there- 
fore write 


. IRAN 

loO == — — cos 6 

* “ 'TofT "■ 


(15!)) 


The last equation shows that the magnitude of the deflection produced 
by a given current is a function of tlie field strength, the number' of turns 
constituting the winding, and the 
mechanical characteristics of the sus- 
pension. However, because of the 
cosine term the relation is not a linear 
one. In many cases it is convenient 
to have available a current-indicating 
instrument in which a linear relation 
does obtain between the rotation of 
the moving system and the magnitude of the current passing through 
the coil. In order to accomplish this the magnetic system of the 
galvanometer is designed as shown diagrammatically in Fig. 154. As a 
result of the presence of the soft-iron core centrally located with respect 
to the curved pole pieces, the magnetic flux in the air gap is radial. 
Under these circumstances, the plane of the coil will always be, within 
relatively wide limits, parallel to the direction of the flux. This means 
that cos 0=1, and our working equation accordingly becomes 



Fig. 154. — Radial magnetic field due 
to })r(\sen(!e of iron core. 


, THAN 

0 = . 

lOTo 


(160) 


Since for angles of 5° or less the cosine does not differ materially irom 
unity, this factor is negligible when dealing with deflections of but a few 
degrees, even though the field is not radial. When used in connection 
with bridge circuits where a null method of adjustment is employed, a 
galvanometer having plane pole pieces is entirely satisfactory. 

If Eq. (100) is written in the form 

/ ^ lOTo 

6 HAN cos 6 


( 101 ) 
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we have an expression giving what is commonly-designated as the current 
sensitivity of a galvanometer. In the ratio I/B (current sensitivity) the 
current I is commonly expressed in microamperes and 6 in terms of the 
deflection on a scale located 1 m from the galvanometer mirror. It is 
accordingly the custom to designate the current sensitivity of a galva- 
nometer as the current (in microamperes) which vcill cause a deflection 
of 1 mm on a scale 1 m distant. In the case of most galvanometers 
having a fixed scale, the scale distance is 3^^ m; the standard sensitivity 
deflection would therefore be }/2 mm. For instance, a certain form of 
wall galvanometer widely used in electrical measurements, and known as 
type P, has a current sensitivity ranging from 0.0002 ;xa to 0.014 ^a, 
depending upon the number of turns in the coil used. Other liigh-sensi- 
tivity galvanometers of the reflecting type are available which have a 
sensitivity as high as 0.00001 ^a, or lO”^^ a,mp. 

It was formerly the custom to rate a galvanometer in terms of megohm 
sensitivity. By this is meant the resistance in megohms that must be 
placed in series with the galvanometer winding in order that the standard 
deflection shall obtain when a potential difference of 1 volt is applied 
to the terminals. If the galvanometer resistance is neglected, the 
megohm sensitivity is numerically equal to the reciprocal of the current 
sensitivity. As implied above, this method of expressing sensitivity is 
rapidly going out of use; but models are still to be found bearing such a 
designation. 

Still another method of rating galvanometer sensitivity involves the 
voltage which must be applied to the terminals, in series with critical- 
damping resistance (discussed below), in order to produce the standard 
deflection. This is known as the voltage sensitivity, and is expressed in 
terms of microvolts (mv). Reflecting galvanometers are made having 
voltage sensitivities ranging from 0.5 hy to 0.05 /xv. 

In making electrical measurements one may encounter circumstances 
which make it desirable to have an instrument whose deflection will 
indicate quantity rather than (current magnitudes. By proper design, a. 
galvanometer may be given such characteristics that it will perform this 
function. If, for example, one wishes to measure the quantity of elec- 
tricity discharged from a condenser, it is desirable that the period of the 
galvanometer be made great as compared with the time required for the 
discharge to take place. ^ (By period is meant the time required for 
the swinging coil to describe a complete excursion.) 

The period can be made relatively great (several seconds) by using a 
coil whose moment of inertia is large and by reducing both the mechanical 

' The reasons for this rtiquirement are discussed in any standard work on electrical 
measurements. 
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and eloctrical damping to a minimum. Such a galvanometer becomes, in 
effect, a coulombmeter, and is referred to as a ballistic galvanometer. 
The term ballistic sensitivity is used to indicate the quantity of electricity 
that must be discharged through such a galvanometer in order to bring 
about the standard deflection. Ballistic galvanometers are available 
having sensitivites ranging from 0.0003 fic to 0.01 /ic. 

In using a galvanometer to measure a quantity of electricity the first 
swing of the coil system is noted. The quantity causing the deflection 
is proportional to the resulting deflection, in conformity with the relation 

Q = kd^ (162) 

where 6 is the deflection expressed in radians, and k a constant depending 
for its value upon the current sensitivity and the damping. 

In addition to the sensitivity and the period of a galvanometer a third 
working constant shoidd be noted. Reference is made to what is known 
as the external critical -damping resistance. By this is meant the value 
of the external resistance in the galvanometer circuit that will produce 
critical damping. And by critical damping is meant a condition such 
that the coil does not overshoot its quiescent reading when a current 
pulse is passed through the winding. When critically damped, the coil 
does not oscillate after having undergone a deflection. By means to be 
discussed later, it is possible to make a galvanometer ‘^dead beat,'’ as we 
say, even when on open circuit. For many uses to which a galvanometer 
is put, much time may be wasted in waiting for the coil to come to rest 
unless a condition of critical damping obtains. The value of the external 
resistance that produces critical damping ranges from a few ohms up to 
100,000 ohms, depending upon the design of the instrument. In selecting 
a galvanometer for a particular use it therefore becomes necessary to 
consider all three characteristics, viz., sensitivity, period, and external 
critical-damping resistance. 

In Fig. 155 may be seen illustrations of two widely used types of 
D’Arsonval galvanometers. The instrument shown in Fig. 156 is a 
portable D’Arsonval unit. In the portable model the suspension is 
short, and the coil carries a light pointer rather than a mirror, thus 
obviating the use of a telescope and scale. Such instruments have a 
current sensitivity of the order of 1 fia on their own scale; they are used 
chiefly as null indicators in bridge or potentiometer circuits. 

The reader who desires to pursue the subject of the theory of the 
D’Arsonval type of instrument further will find the papers of Dr. Frank 
Wenner of the Bureau of Standards and of Dr. P. E. Klopsteg of North- 
western University of special interest. A booklet entitled Notes on 
Moving-coil Galvanometers,” published by the Leeds and Northrop 
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Company, also contains a good resume of gal\ anonu'ter theory, i-ogether 
with a bibliography on tlie moving-coil galvanometer. 



Fig. 155. — Modern laboratory types of D'Ar- 
sonval galvanometers. Wall type shown at the 
left; high-sensitivity form at the right. {Leeds & 
Northrup Co.) 



]‘"iG. 156. — Portable D’Ar- 
sonval galvanometer, [Leeds & 
Northrop Co.) 


120. Vibration Galvanometer. In dealing with alternating curients 
it becomes necessary to measure capacitan(;e, inductance, and phase 
angle (Sec. 159) . Such determinations are usuall}^ made by null methods. 

A special form of detector for use in such measurements 
is known as the vibration galvanometer. This instru- 
ment consists of a solid coil of wire suspended between 
two pole pieces as shown in the illustration appearing 
as Fig. 157. The mass of the coil, together with the 
length and tension of the suspension, is so chosen as to 
give the moving system a natural mechanical period 
approximately equal to the electrical period of the cur- 
rent it is desired to detect. Provision is made whereby 
the mechanical period of the coil may be varied slightly. 
If and when an alternating current, say of 60 cycles, 
flows through the coil system it will, due to electro- 
mechanical resonance, vibrate through a small angle. If, 
then, a narrow band of light is caused to fall on the mirror 
attached to the coil the vibration of the coil will give 
rise to a widening of the reflected band as it appears 
on a suitable scale. Alternating currents whose frequencies differ 
materially from the natural frequency of the coil system will produce 
little if any effect. This is clearly shown by the graph appearing in 
Fig. 158. Galvanometers of this type are available having current 



Fig. 157.~ 
Vibration gal- 
vanometer. 
{Leeds dfc North- 
rup Co.) 
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sensitivities varyiiiR from 0.025 hb, to 5 /la, when operating on 60-cycle 
current, and voltage sensitivities of 2 /iV to 500 nx. 



Fi(j. 158. — Relation between frequency and deflection in the case of a vibration type 
of galvanoniet€T. (Leeds dfc Northrup Co.) 

121. String Galvanometer. Another type of current-indictiting 
instrument, having restricted but important fields of application, is 
known as the Einthoven galvanometer. This instrument is const ructed 



as diagrammatically sketched in Fig. 159. Between the poles of an 
electromagnet is strettdied a fine fiber, usually made of tpiartz, whi(*h is 
rendered conducting by means of an extremely thin coating of silver, 
gold, or platinum. The current to be detected or measured is caused 
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to pass through the fiber element. The magnetic field due to this current 
reacts with the intense field due to the pole pieces of the electromagnet 
with the result that the fiber is slightly deflected at its middle point in a 
direction at right anglCvS to the field and to the direction of the current. 
The movement of the fiber is observed through a hole in the pole pieces 
by means of a microscope equipped with a micrometer eyepiece. The 
sensitivity of the Einthoven type of galvanometer is of the same order 
as that of the D’Arsonval unit. In some applications of the Einthoven 
instrument the image of the fiber is projected, by means of a suitable 
optical system, on to a screen or photographic film. When observed 



Fig. 160. — Laboratory form of Einthoven galvanometer. 

by the latter means, this type of galvanometer may be used in the study 
of variable and alternating currents of extremely small magnitude. From 
the nature of its construction, the string galvanometer is quick acting 
and is also dead beat — two very important features in connection with 
certain applications. This type of instrument has been extensivel.y used 
in several special fields of study, particularly in connection with medical 
investigations involving the use of the electrocaniiograph, and also as a 
recording device in research in the fields of radioactivity and cosmic rays. 
Figure 160 shows a recent model of this type of galvanometer. 

122. Ammeters and Voltmeters. The D^Arsonval type of indicating 
instrument may be made even more portable than the model shown in 
Fig. 156. This is accomplished by mounting the coil on pivots moving 
in jewel beariilgs. The current is led into and out of the winding 
through helical springs which also serve as control elements. A pointer 
attached to the coil system is free to move over a circular scale several 
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inches in length. The mechanical relation of these (components may be 
seen in Fig. 161. The resistance of the coil winding is of the order of 
5 ohms, and full-scale deflection is produced by a current of, say, 50 ma. 
]u facet, such an instrument is actually a milliammeter. Such a unit can 



Oil. — Iii1(‘ri()r \ i('\v of D’Ar.son val typt* of portable indicatinj^ meter. iW'rsfon 

InsiruitietU Co.) 

I>e converted into an ammeter by the use of suitable shunts, as outlined 
in Sec. 71. The resistance of such shunts is so chosen that the currents 
causing full-scale deflection will be some convenient multiple of one 
another, as given by Eq. (100). Thus a single milliammeter may, with 
suitable shunts, function as several ammeters. In the case of low-range 

^ r-S- 

E 


I /SAAA/ ' 

LOAD 

U)2. — Showing- maimor of eoiuuM-t 
iag a slmat to an ammeter. 

ammeters, say 0 to 10 amp, the shunts are commonly housed within the 
body of the instrument. For the higher ranges, outside shunts are 
provided. An ammeter is connected in series with the source of potential 
difference and the load resistance, as indicated in Fig. 162. 

A voltmeter is used to determine the potential difference between two 
points in a circuit. Can a milliammeter be made to function as a poten- 


a 



6 


Fig. 163. — Method of connecting a 
voltmeter into a circuit. Note the series 
resistor. 
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tial mea,8uriiig device? The answer is in the affirmative; and this end is 
attained by inserting a high resistance in series with the instrument 
winding. This resistance should have a magnitude such that the current 
through the meter will not exceed the value necessary to produce full- 
scale deflection. For instance, if 50 ma will give a full-scale reading, and 
the internal resistance of the meter is 5 ohms, what external series 
resistor would be required if the meter was to be connected across a 
120-volt circuit as sketched in Fig. 163? By Ohm’s law we have 

1 20 

^ == 2,400 ohms 

0.05 

as the total resistance required between a and b in order that the current 
through the meter shall not exceed 50 ma. Since the internal resistance 
of the instrument is' 5 ohms, the value of /?, in this case should be 2,395 
ohms. If the potential difference between a and h exceeds 120 volts, 
the series resistance would have to be correspondingly greater. Under the 
circumstances just indicated the deflection of the instrument would be 
proportional to the potential difference applied to its terminals (including 
the series resistor), and may therefore be calibrated to read direcdJy in 
volts. If the voltmeter is of the multiple-range type it will contain a 
series resistor for each range, the several resistors being connected in turn 
into the circuit by means of a plug or a multiple-point switch. Since the 
resistors carry only a few milliamperes, the wire can be small in diameter, 
and is commonly wound on a thin strip of insulating material located 
within the body of the instrument. It is to be noted that, in the particu- 
lar case cited as an example, if the milliammeter had been connected 
directly across the 120-volt line the current would have been 24 amp, 
with the result that the wire constituting the winding would have melted. 

128. Law of the Magnetic Circuit. We shall next consider the 
behavior of magnetic materials when placed in an electromagnetic field. 
In Sec. 30 the relations between magnetic field intensity //, flux density 
B, and permeability m were discussed. In Sec. 117 of this chapter 
expressions relating current and field strength were developed. Both of 
* these sections should now be reviewed. 

In considering electromagnetism it should be observed that we are 
dealing with what may be called a magnetic circuit corresponding roughly 
to the electric circuit. In the magnetic case the lines of force are analo- 
gous to the paths of the electrons in the case of the current. There is, 
however, one marked difference between an electric and a magnetic cir- 
cuit. An electric circuit may be opened, '' so that the electrons will not 
flow, but a magnetic circuit is always closed. Lines of force always form 
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closed paths. For instance, in the case illustrated in Fig. 164, the 
magnetic circuit consists of the horseshoe magnet NMS^ the two air 
gaps G and fi", and the iron bar D. If the bar D was not there the lines 
of force would pass through the air between the N and S poles. There is 
a law of the magnetic circuit which corresponds to Ohm’s law in an 
electrical circuit. Such a law has been known in a general way for some 
200 years — possibly from the time of Euler, in 1761 — but Rowland, in 
1873, was the first to give definite form to this relation. In 1883 Bosan- 


quet introduced the term magnetomotive 
force (mmf), corresponding to emf in the 
electric circuit. (The letter is sometimes 
used to designate magnetomotive force.) 
The law usually takes the form. 


Magnetic flux — 


magnetomotive force 
reluctance 


Expressing this in symbols we have 

^ _ mmf _ ^ 

W ~ CH* 


The resemblance of this relation to Ohm’s 
law is obvious. It will be recalled that 
the woi'k done by a battery, when unit 
quantity of electricity is driven completely 
around the circuit, is a measure of the emf 
developed by the battery. Likewise the 
mmf established by the current flowing 



through a winding is numerically equal to the work done in transport- 


ing a fictitious unit pole once around the magnetic circuit. In general 


terms, the above statement might be wTitten 


Work = mmf — (^ H dl, (164) 

In order to derive a working expression for mmf, let us assume that 
we have a toroidal winding as shown in Fig. 150, the length of the mag- 
netic path being 1. It has been shown [Sec. 1 17, Eq. (149)] that the field 
intensity in such a case is given by the relation 

// - 4x///, 

where tt is the number of turns per unit length and / the current in 
abamperes. Mul1ii)lying the above equation by / we have 


HI « AwnIL 
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But HI would be the work done in transporting unit test pole around the 
magnetic circuit. Therefore, by definition, 

mmf = 4wnll. 

For convenience in evaluating, we may let N == n/, where N is the total 
number of turns in the winding. Then 


mmf == WNI — 


(165) 


The term NI is frequently spoken of as ampere turns. It is evident 
that a given value of mmf may be produced by making the number of 
turns in the magnetizing coil relatively large and the current small, or by 
utilizing a comparatively large current and a few turns in the winding. 
In any given case, circumstances will determine the relative values of 
N and L The unit of mmf is the gilbert. When one erg of work is done 
in moving a unit magnetic pole once around a magnetic circuit, the mmf 
is said to be one gilbert. If 7 is to be expressed in amperes, the above 
relation becomes 

AttNI 

(16b) 


mmf = 


10 


= 1.256777. 


Dealing next with the denominator of pAj[. (163), it may be said that 
reluctance in the magnetic circuit corresponds, in a general way, to 
resistance in the electric circuit. In general tei ms it may be said that the 
term reluctance signifies the resistance which any substance offers to the 
setting up of magnetic flux. The magnitude of the relucdance is a func- 
tion of the length of the magnetic path, the cross-sectional area, and the 
permeability. These factors are related thus. 


Reluctance 


fjia 


6 \. 


(167) 


If a magnetic circuit is made up of several component parts, as shown in 
Fig. 164, the total reluctance of the circuit would be given by the relation 

(R = A + A 4- J±. + 

fJLiai M4a4 

where h equals the length of the magnet NMSj h equals the length of air 
gap (?, h equals the length of bar 7>, and U equals the length of air gap 
The several g and a represent the permeability and cross-sectional 
area of the corresponding parts of the path. 

From Eq. (38) it is seen that jx = B/H; and we know that the ratio 
B/H is not constant. Hence it follows that reluctance is not a con- 
•tant. In this important particular reluctance differs from resistance. 
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The unit of reluctance has no particular name. From the relation indi- 
cated in Eq. (163), it may be said that reluctance can be expressed in 

gilberts per maxwell. 

If we now combine Eqs. (165) and (167), we have as the relation for 
any magnetic circuit 




AttNI 

T/W 


( 168 ) 


If the current is expressed in amperes the above equation becomes 
AirNl 




mi/yLo) 


1.256A^/ 

1/ ^la 


maxwells. 


{169) 


In the event that the reluctance of all parts of 
the magnetic circuit is not the same, our expres- 
sion becomes 


$ = 


i.256.V/ 


h / + U / + 


(170) 



The utility of the above expression may be 
illustrated by the examination of a specific case. 

Suppose we have a winding arranged to develop 
magnetic flux in an iron core, as shown in Fig. 

165. Let us assume the mean length of the 
magnetic (circuit, as shown by the dotted line, 
to be 60 (;m. Let the cross section of the core be 
5X5 cm. (a) What ampere turns will be 
required to develop a flux density of 15,000 

gausses in the iron if the permeability at the specified flux density is 
1,000; and (5) what ampere turns will be needed if an air gap 1 cm in 
length is cut from the core? 

(-ombining F^qs. (41) and (169) we have, for (a) 

IB 60 X 15,000 


Fig. 105. — Effect of 
an air gap on the reluc- 
tance of a magnetic 
circuit. 


Nl 


For (i>) we have 


NI == 


1.256 



15,000/ 59 
1.256 \1,000 


= 12,570 ampere turns. 


If, for instance, the available current in the above two cases was 2 amp, 
the total number of actual turns of wire in the winding would be 358.5 
and 6,285, respectively. It is thus evident that even a short air gap in a 
magnetic circuit greatly inci’eases its reluctance. In designing electrical 
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machinery it therefore becomes important, in most cases, to reduce the 
air gap spaces to a minimum. In a few instances arrangements are made 
for adjusting the reluctance of a circuit by means of an adjustable air 
gap. In solving the second part of the above problem, we assumed that 
the cross section of the flux in the air gap is equal to the cross section 
of the iron core. Actually there is sonn^ spreading out of the flux 
fringing '0- Ii^ practice the ga]) area is approximated by the use of 
empirical rules. 

124. Magnetization Curves. In applying the relations embodied 
in Eqs. (165) to (170), incluvsive, it becomes important to know in advance 
the magnetic properties of the ferromagnetic materials which are to be 
utilized. In Sec. 30 a preliminary survey was made of the relation that 
exists between the magnetic field strength H and the induction B that is 
established in a ferromagnetic material by the application of such a field. 
In practice magnetic material is commonly taken through a cyclic process 
of magnetization. It is ne{‘essary, therefore, to know how a given 
specimen of material will perform, magnetically, under those circumstan(‘es. 




H 

(a) (b) 

Fio. 166. — Magnotization curves and the hyst(‘resis loop. 

If a specimen of magnetic substance, such as iron, entirely free from 
magnetism, is subjected to a gradually increasing magnetizing field the 
flux in the material will increase quite rapidly at first and then more 
slowly; at length reaching a point beyond which an increase in the mag- 
netizing field will not cause any increase in the flux. This is shown by 
the curve CD in Fig. l()6a, the data for which were taken from an actual 
test. At something over 6,000 gausses tliis pa!*ti(adar type of iron 
became saturated. If, after reaching the point D in the curve, the 
magnetizing current is gradually reduced to zero, the curve DK will 
result. It is evident that, though the magnetizing field has become zero. 
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ca Hux deiiHity of about 1,500 lines still exists in the iron. This flux is 
referred to as the residual induction or remanence, commonly designated 
by the symbol Hr. 

Referring now to tdg. 1006, if the magnetizing current is reversed and 
gradually increased in value, the flux will continue to diminish, becoming 
zero when the magnetizing field has attained a reverse value represented 
by CQ. The magnetizing field that must be applied in the opposite 
direction in order to demagnetize a material after the initial magnetizing 
field has been reduced to zero is known as the coercive force, commonly 
designated by 7/^. 

If the magnetizing field be increased beyond Q, the flux will build up 
in the reverse direction as shown by Qfi' on the curve, reaching saturation 
in the region of F. Reducing the magnetizing current from X to zero 
causes the flux to decTease in value, leaving a residual flux represented by 
CR, As a final step in the cycle of magnetization, the field may be 
increased from zero, in the original direction, with the result that the flux 
will \'ary as shown by that part of the curve marked RGD. When D has 
been reached the magnetic (;ycle has been completed. 

An examination of the curve j\ist traced discloses the fact the magnetic 
flux lags the magnetizing field throughout the entire cycle. This 
phenomenon is known as hysteresis. If our specimen of magnetic 
material were to be taken through subsequent magnetic cycles the flux 
would repeat the changes indicat ed by the loop DQFGD. The figure just 
described is known as the hysteresis loop. Owing to hysteresis the 
branch GD will not be descril>ed except when the specimen is entirely 
without magnetism at the beginning of the magnetic cycle. The differ- 
ence between the magnitudes of the flux density due to the presence 
of the magnetic material and the flux density of the magnetizing field is 
referred to as the intrinsic induction, and is given numerically by the 
relation 

Hi ^ B - H. (171) 

Figure l()7 is reproduced from a photographically traced hysteresis curve 
for a sample of annealed iron wire. 

How shall w'^e account for the peculiar phenomenon just outlined? 
It is now assumed that the fundamental magnetic entity is the spinning 
electron. There is evidence that appears to indicate that when mag- 
netization is modified, the direction or sense of the axial spin of certain 
of the electrons in the atom is changed, thus altering the over-all magnetic 
moment of the atom. The student who wishes to pursue this subject 
further should read a paper by R. M. Bozorth which appeared in The Bell 
Telephone System Technical Journal, January, 1940. 
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If and when a ferromagnetic material is subjected to a cyclic mag- 
netizing field, at least a part of the energy involved in changing the 
direction of the electronic rotation manifests itself as heat. This results 
in the wasteful dissipation of energy. In other- 
words, the material becomes heated and we have what 
is known ashysteresis loss. The nature of t he ma,gneti(* 
material used, as well as the frecpiency of the cyclic 
changes and the maximum value of the induction, 
govern the magnitude of the heating effect , and henc(‘ 
the loss due to hysteresis. The magnitude of the loss 
resulting from hysteresis is proportional to the area of 
the hysteresis loop. If the scale of plotting is known, 
one may compute the hysteresis loss in watts by deter- 
mining the area inclosed by the curve. 

Steinmetz developed an empirical formula for use in 
computing the loss due to hysteresis. It is 

p = (172) 

where P is the loss in watts, V the volume of the mag- 
netic material in cubic centimeters, / the frequency in 
cycles per second, B the maximum flux density, and 17 
is a constant the value of which depends upon thc^ 
material being used for a core. The value of 77 varies from 0.0006, in the 
case of high-grade silicon steel, to 0.058 for hard tungsten steel. Equa- 
tion (172) will not apply in those cases where the magnetizing field is not 
increased continuously from zero to its maximum value. (Why?) 

It is interesting to note that, in general, the effect of impurities is to 
decrease the permeability and to increase the hysteresis loss; although 
there are certain exceptions to this statement. These exceptions are of 
considerable commercial importance. For example, the presence of a 
small percentage of silicon or aluminum increases the permeability and 
decreases the hysteresis loss. As a result of this, silicon steel (1 to 4 per 
cent silicon) is extensively used as the core material in the design of power- 
transformers and dynamos. By subjecting pure iron to a special heat< 
treatment in vacuo , Yensen has produced an iron having a permeability 
higher than that shown by the best iron previously obtainable and a 
hysteresis loss of only a third that of standard transformer steel. A 
magnetic alloy known as perminvar (iron, nickel, and cobalt) is said to be 
almost entirely free from hysteresis when worked at low flux density. 
This material also shows only slight coercive force. 

Still another magnetic alloy, know as permendur, is composed of 
50 per cent iron and 50 per cent cobalt. Its saturation value is extremely 



Fi(i. 167.— 
Expc'rim(‘ntally 
recorded hyster- 
esis loop for a 
sample of an- 
nealed iron wire. 
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high, being of the order of 25,000 gausses at 1,250 oersteds. This mate- 
rial is particularly useful in the design of d-c electromagnets. 

In the field of communication engineering it is particularly important 
to have available a magnetic material that shows high permeability and 
low hysteresis loss in weak fields. A magnetic alloy known as permalloy 
possesses these desirable properties. One form of this material consists 
of approximately 80 per cent nickel and 20 per cent iron and is said to 
have a permeability 200 times as great as that of iron. Figure 1(38 shows 
the B-H curves for a specimen of this alloy as compared with a sample of 
high-grade silicon steel. 

In the design of transformeis that must fuiu^tion at frequencies of the 
order of 100,000 cycles/sec., it becomes necessary to have available, if 
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Fic.. Magnetization curves of iron and permalloy. 

possible, a core material whose permeability is approximately constant 
and which shows a negligible hysteresis loss. 

It has been found that either iron or permalloy dust, mixed with such 
a material as resin and pressed into usable shape, answers this purpose 
quite satisfactorily. Such core material is now extensively used in radio 
receiving sets. 

If a material is to be used for permanent magnets, it is important that 
its coercive force and its remanence be high. K. Honda, a Japanese 
metallurgist, has produced a cobalt-steel alloy which contains, in addition 
to the steel, about 35 per cent cobalt, 8 per cent tungsten, and 3 per cent 
chromium. This special steel is very resistant to demagnetization, its 
coercive force being three or four times that of tungsten steel. The 
Honda alloy is utilized to some extent as the material for magnets that 
are to be \ised in devices requiring great permanency of the magnetic 
field. 
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Recently another important magnetic alloy has been developed by 
Nesbitt and Kelsall of the BeW Telephone Laboratories. Known as 
vicalloy, it is composed of cobalt, vanadium, and iron, "bhis alloy is said 
to have a greater coercive force than any other commercial material. It 
can be drawn into fine wire and rolled into a thin tape. Because of its 
magnetic and mechanical properties it is being utilized as a medium for* 
the magnetic recording of voice and music (Sec. 251). 

126. Barkhausen Effect and Magnetostriction. In dealing with the 
magnetic behavior of materials, one encounters several singular phe- 
nomena. If an experimental assembly is set up, as shown in Fig. 1(>9, 
definite clicks will be heard in the telephone headset as the current is 
slowly increased in the magnetizing coil about the rod or bar ol magnetic 
material. This would appear to indicate that the flux in the iron changes 

by small discrete increments rather 
than in a continuous manner. The 
phenomenon is called the Bark- 
hausen effect, after its discoverer. 

A second magnetic phenome- 
non, discovered by Bidwell in 1886, 
is also of interest. Bidwell found 
that changes in the dimensions of 
bodies occur when they are magne- 
tized. For instance, a wire or rod 
of magnetic material shows a meas- 
urable change in length when sub- 
jected to a magnetic field. If the 
applied field is of a variable nature, 
the magnetic material will expand and contract in response to the chang- 
ing magnetizing force. The phenomenon of a change in one or more 
dimensions of a body when it undergoes magnetization is termed mag- 
netostriction. Pure iron and steel exhibit only very feeble magnet os tri c- 
tive effects. Pure nickel, however, shows marked magnetostrictive 
response. Certain alloys also exhibit this phenomenon. While the 
absolute change in dimensions due to magnetostriction is small, this 
effect is utilized in certain special electrical equipment for use in con- 
nection with the production of h-f alternating currents, and also in the 
production of supersonic vibrations. 

The converse of the above-mentioned effect is also encountered. For 
instance, a nickel rod in a magnetic field shows an inci ease in magnetiza- 
tion when subjected to longitudinal compression and a decrease when 
tension obtains. A small strain may produce a marked effect in the 
magnetisation. This reverse phenomenon is called the Villari effect* 



haiison effect . 
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Tt sooms probable that whatever the final explanation of magnetism 
may turn out to be it will have to account for both the Barkha.usen effect 
anfl magiK^tostriirtion. ft is possible that an intensive study of these, and 
»r('Jated phenomena, might yield valuable information as to the ultimate 
nature of magnetism. 


[ 

Fkj, 170. — ArranRC'inciit for producing intense magnetic fields. 



126. Electromagnets. Except in the case of certain electrical 
measuring instruments, electromagnets having soft-iron cores are utilized 
for the purpose of jiroducing intense magnetics fields. Owing to the form 
of the magnetization curve it is not practicable to subject the iron used 
in transformers, dynamos, and special electromagnets to flux densities 



greater than about 10,000 gausses. Hence, in order to secure the required 
number of lines, suitable cross-sectional areas must be provided, and 
the magnetic circuit kept as short as possible in order to hold the reluc- 
tance at a minimum value. Equation (170) is applicable in such cases. 
The magnetic circuits of dynamos and transformers will be considered 
in a later chapter. 
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Various special electromagnets are of great iutcK'st hei^ause of their 
use in connection with highly important research and development work. 
Very intense magnetic fields are often needed for such purposes. For 
instance, a concentrated, high-intensity field is essential in connection 
with the mass spectrograph (Sec. 207). Such electromagnets often take' 
a form similar to that shown in Fig. 170. By shaping the pole tips in the 
form of a cone or a wedge highly concentrated fields may l)e produced. 

If the dux is to be distributed over a relatively large pole-fa(‘e aj*ea, 
as in the construction of a cyclotron or a betatron (Sec. 217), the double- 
yoke type of design is usually employed. The plan of such a magnetic 
circuit is diagrammatically indicated in Fig. 171. In such ceases the pole 
facies may be several feet in diameter and tlie highest possible flux 



H IN OERSTEDS 

Fkj. 172.— MMgneti74ition curvos. 

density in the gap is needed. In order to develop the flux required in 
such cases, the iron involved may amount to two or three hundred 
tons and the field windings may consist of several thousand turns of 
heavy copper conductor, often in the form of tubing cooled by water or 
oil. 

127. Magnetic Testing. From what has been said in the preceding 
section it is obviously of great importance, in connection with the design 
of all equipment that involves a magnetic circuit, to have available 
accurate data bearing on the magnetic properties of the material proposed 
for use. Hence the testing of magnetic materials forms an important 
part of electrical measurements. Magnetization and permeability 
curves corresponding to those shown in Figs. 172 and 173 are extensively 
used as aids in design calculations. 
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For example, if one is designing a transformer which is to be used in a 
telephone circuit, it is important to arrange conditions so that the iron 
will not be worked at or near the saturation point; otherwise speech 
distortion will result. In such a case as this the volume of iron and the 
number of turns in the windings w^ould be so laid out that the core would 
be worked on the comparatively straight part of the B-H curve. In 
order to secure data from wdiich to plot the B-H and curves, together 
with the complete hysteresis loop, various methods are followed. It is 
outside the scope of this volume to describe these methods in detail. 



However, it may be said that the general process consists in first com- 
pletely demagnetizing the sample of material and afterw-ards subjecting 
it to a magnetizing field the value of which is changed by definite steps. 
Means are provided whereby the resulting flux in the material can be 
directly or indirectly measured as the magnetizing field is changed. 
Such a measurement commonly involves a small ^Hest coiF^ connected 
to some form of a ballistic galvanometer. This coil is placed about the 
sample under test. When the magnetic flux is changed in magnitude an 
emf will be developed in the winding constituting the test coil, and the 
resulting galvanometer deflection will be a function of the flux magnitude. 
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Portable direct-reading fluxmeters are now commercially available, such, 
for example, as the one illustrated in Fig. 174. For a complete treatment 
of the methods used in magnetic testing the student is referred to the tw^o 



Fid. 174. — Portable fiuxmeter. (Sensitive Research InsirumenI Co,') 

following publications of the U.S. Bureau of Standards: Bulletin, Vol. 6, 
p. 31, and Magnetic Testing/’ Circular 17, or to any standard laboratory 
manual on electrical measurements. 

PROBLEMS 

1 . What will be the niagiietic field strength at a point 10 cm from a long wire 
carrying a current of 10 amp? 

2 . What will be the mechanical force cxjxjiienced by a magnetic pole whose 
strength is 50 cgs units if placed at the point indicated in the above problem? 

3 . What will be the magnetic field intensity due to the current in a con- 
ductor that is in the form of a closely wound circular coil at a point on the axis 
25 cm from the center of the coil. The coil has 20 turns, the mean radius of 
which is 10 cm. The current is 5 amp. 

4 . A pair of Helmholtz coils, having the specifications given in Prob. 3, 
and carrying a current of 5 amp, are supported 10 cm apart. What will Ik? 
the field strength at a point on the axis of the coils midway between the windings? 

6. A helical winding is 100 cm long and contains 500 turns. If a current of 
5 amp flows in the winding, what will he the field strength near the center of the 
winding? Near the ends? 
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6 . What will lx* thn total flux if a bar of iron ocaMipios tho spac^e within the 
winding of Prob. 5, assuming the {Ku-meability of the iron to })e 500? 

7 . Find the am^^ere turns necessary to produce a flux density of 10,000 
gausses in a closed ring or iron having the following specifications: Mean diameter 
of ring = 15 cm, diameter of iron core == 2.5 cm, and permeability = 500. 

8. What ampere turns would be reejuired to produce the same flux density if. 
in the iron of Prob. 7, the core had an air gap of 5 mm? 

9. What will ])C the me(*hanical force exix;rienced by a conductor at right 
angles to the direction of a uniform magnetic field whose intensity is 1,000 oer- 
steds? The effective length of the condin^tor is 10 cm, and the current is 5 amp. 

10 . Show that the mechanical force exerted upon one another by two parallel 
conductors, carrying currents of and Jo, respectively, and located d centimeters 
apart, is given by the expression 2{I yLf/d) dynes i)er unit length. 

11 . A rectangular looj) measures 16 X S cm, and is supported by, and is free 
to rotate about, an axis through its center and parallel to its greater dimension. 
If, in a field whose intensity is 1 ,000 oersteds, the plane of the coil makes an angle 
of 30° with the direction of the flux, what torque will be developed when a current 
of 5 amj) flows in the conductor? 

12 . It is desired to use a certain milliammeter as a voltmeter. There are 100 
scale divisions and each division represents 1 ma. If the internal resistance of 
the meter is 100 ohms, what must be the value of the resistance that must be 
inserted in series with the winding in order that full-scale deflection shall indi- 
cate 100 volts? 

13 . The iron core of a certain transformer has a volume of 2,050 cm'\ The 
core material (silicon steel) has a coefficient of hystersis loss of 0.001. Compute 
the hysteresis loss in the core when the transformer is o])erated at a maximum 
flux density of (S,000 gausses and a frequency of 60 cycles/sec. What would be 
the core loss if the frequency were 1 ,000? 

14 . The hysteresis loop for a given sample of iron is plotted on centimeter 
cross section paj^er. On tlie V-axis 1 cm represents 1,000 gausses, and on the 
A"-axis 1 cm indicates 20 oersteds. A planimeter reading of the area enclosed 
by the complete loop gives 11.6 cm 2 . P>om the foregoing data compute the 
energy loss in ergs per cubic centimeter j)er cycle. 
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128. Induced Electromotive Force. On Nov. 24, 1831, 11 yeans after 
Oersted’s basic discovery, Faraday read a paper befor e the Royal Society 
of London in which he made known his discovery that whenever- the 
magnetic flux in the region of any conductor is caused to vary in intensity 
that conductor becomes the seat of a temporary emf. If the conductor- 
in which the emf is developed forms a closed circuit, a current will result, 
and this current is referred to as an induced current. This discovery was 
of transcendent importance. It is doubtful whether any one event in all 
history has produced a greater effect on the material aspects of human 
society than has this observation by Faraday. Together with Oer-sted’s 
findings, Faraday’s disclosures form the basis of communication engineer- 
ing and all electrical power generation and distribution. 

Faraday, however, was not alone in the early work done in connection 
with what has come to be spoken of as electromagnetic induction. The 
American, Joseph Henry, also made valuable contributions to our 
knowledge of the fundamental facts in this field. Indeed, it is probable 
that the possibility of obtaining an electric current through the agency of 
a magnetic field was recognized independently by Henry at about the 
same time that Faraday was carrying on his induction experiments in 
England. The results of Henry’s researches, however, were not made 
known until after Faraday had disclosed the results of his investigations. 
Hence the honor of the discovery quite properly goes to Faraday. 

The facts discovered by Faraday and other early investigators, in 
connection with the production of an induced emf and the resulting 
currents, led to the formulation of laws that serve to relate the various 
observed phenomena. Emil Lenz presented a paper before the Academy 
of Sciences at St. Petersburg in 1833 in which he gave a simple law by 
means of which the direction of an induced emf may be predicted. This 
rule, known as Lenz’s law, is to the effect that the direction of an induced 
current is always such that by its electromagnetic action it tends to 
oppose the motion which gives rise to it. The law is of great importance 
in many of the applications of electromagnetic induction, as we shall see 
in later sections. 

In 1846, F. E. Neumann developed a quantitative expression embody- 
ing Faraday’s experimental findings. Expressed in terms of the calculus, 
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Neumann’s description of the relation existing between the cause and 
effect in electromagnetic induction takes the form 



where c represents the induced emf and d^/dt the time rate of change of 
magnetic flux. In other words, the magnitude of the induced emf 
depends upon the rate at which the magnetic flux changes in value in the 
legion of the conductor in which the induction is taking place. The 
negative sign indicates that the induction takes place in conformity with 
Lenz’s law. The magnitude of the induced emf is independent of the 
particular method by which the magnetic field is caused to vary in 
intensity. In dealing with electromagnetic induction it should also be 
emphasized that the emf is what is induced. If the circuit in which the 
induction takes place is not closed, no current will flow; but an induced 
emf may, however, exist. 

Equation (173) gives the instantaneous value of the induced emf. 
The average value is given by the ratio of the total flux change to the 
time involved in that change, or 

4 > 

E — -j emu (abvolts). (174) 


Thus if the average flux change is at the rate of one line of force per 
second, the average induced emf will be 1 emu. Obviously this is an 
extremely small emf. The International Electrical Congress, which met 
in Paris in 1881, decided to call the practical unit of potential difference 
and emf the volt and to fix its value at 10® emu (abvolts). This is a value 
of emf approximately equal to that developed by the Daniell cell, which, 
at that time, was considered to be a dependable standard of emf. On 
the basis of the above definition the emf in volts would be given by 


lOH 


(175) 


129. Emf Developed in a Linear Conductor Due to Its Movement in a 
Magnetic Field. Not only is it possible to develop an emf in a conductor 
by causing a magnetic field to vary in intensity in the neighborhood of the 
conductor, but an emf may also be established in a conductor by bringing 
about relative motion between the conductor and the field. The funda- 
mental relation embodied in Eq. (174) is applicable to this case also. We 
shall find it useful to have available an expression giving the value of the 
(‘inf induced in a linear conductor when being moved at constunr linear 
velocity through a magnetic field. 
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In Fig. 175, suppose that a straight eondiu^tor is moved pei-pendieu- 
larly to the direction of the flux in the time /, through a uniform field from 
the position ab to the position a!b'. Let, the length of the conductor be 

designated by /, and the linear disphice- 
ment by s. From Eq. (41) we have 

$ = AB, 



where is the total flux, A the area, and 
B the flux density. The aiea swept out 
by the movement of the conductor will l)e 
/.s. Hen(*e 

4> = IsB. 


Kio. 175. — Kmf dev'^('lop(Hl in 
a conductor duo to its niovcinent 
through a inaRnctic field. 


Dividing ])y / we get 
4 > _ 

Y “ 

But s/t = velocity = 
write 

E = IBv 


IB 


Hence we mav 


ab volts, (17()) 

where / is the acdive length of the con- 
ductor in centimeters, B the flux density 
of the inducing field, and v the velocity of displacement in centimeters pei- 
second. If E is to be expressed in volts the above relation becomes 


E = 


Bvl 

HF* 


(177) 


It should be noted that the same result would have been obtained had tlie 
conductor remained stationary and the magnet been moved. 

130, Emf Induced in a Rotating Coil. The results of the last section 
may be extended to cover the case of a conductor having the form of a 
rectangular loop, as shown in Fig. 17()a. Assume that the loop abed is 
rotated in a clockwise direction aboiit the axis XX'. It is evident that 
this case differs from the previous situation in two respects. First, we 
have two active conductors ab and cd connected in series; and secondly, 
both of these conductors, because of their angular displacement about 
the axis XX' ^ will flux at a changing rate. 

If we consider the side ab as it moves tlirough some given position, 
such as that shown in Fig. 17(>a, the emf developed in this part of the 
conductor will be in a direction away from the reader. At the same time 
the emf produced in the side dc will be directed from c toward d. The 
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two emf are, therefore, additive. Hence, by applying Eq. (177), we 
would have as the average emf 


p 2Bvl 


volts. 


(i) 


Since the end sections be and ad of the loop move in a direction parallel 
to the flux, no emf will be produced in these parts; and hence they will 
contribxite nothing to the emf generated by the loop as a w hole. 

While the linear velocity of the loop may be constant, its effective 
velocity is variable. Referring to Fig. 17()6, it will be seen that at any 
instant the actual velocity vector makes an angle 0 with the direction of 
the flux, and that the component of the velocity perpendicular to the 
direction of the fltix will be v sin 6. This component, v sin 0, is the effec- 
tive velocity of the conductors with respect to the flux. From the 
geometry of the case, 6 is also the angle between a \'ertical plane through 
the axis of rotation and the instantaneous position of the plains of the coil ; 
and it is this angle that is meant w^henever the angular displacement of the 
coil is referred to. Replacing v in (i) by its effective component v sin 6, 
we have 

2BIv sin ^ .... 

C = (ll) 

where e is the value of the emf at any instant. 

It will be more convenient to have the velocity of the conductors 
expressed in angular measure. To do this we make \ise of the relation 

V = wr, 

where w is the angular velocity and r the radius of the rotating coil. But 


wr = 27rJSr, 


where R is the number of revolutions of the coil per second, 
may write 


e 


AirBRrl 

"~W~ 


sin 6. 


lienc^e w e 

(iii) 


It is evident that 2rl = A, the area of the coil; and since 4> = BA, (iii) 
becomes 


€ 


2TrR^ 


sin B. 


If, as is commonly the case in practice, the coil consists of several 
turns connected in series, each loop will contribute its own emf, and hence 
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the total emf generated in the winding would be 


e 


2TrNm 

10 * 


sin 6^ 


(178) 


where N is the number of turns in the coil. 

From the last equation it may be seen that the maximum value of the 
emf will ol)tain when sin 0 = 1, which will be when 6 is 90°, i.e., when the 
plane of the coil is parallel to the dire(ition of the flux. In that position 
a given conductor will be moving at right angles to the flux; therefore 
will be a maximum. The minimum value of the emf will occur 
when ^ = 0, which occurs when the plane of the coil is normal to the flux. 
In this position the conductors will be moving parallel to the flux and 
hence d^ldt = 0. At intermediate positions the emf will have values 
between zero and the maximum corresponding to the various values of 
sin 6. Since 6 = it is seen that the emf developed in the loop is a 
periodic function of the time, i.c., an alternating emf will be produced 
in the winding. In passing it is to be noted that when the emf is a 
maximum, the direction of the magnetic field, the direction of the emf, 
and the direction of the motion are mutually perpendicular to one another. 

There is one other significant aspect of the case that should also be 
noted. Figure I7i\c is intended to represent a number of the positions 
that one of the conductors, say ab in Fig. 17Ga, will assume during one 
complete revolution of the coil. For convenience these positions are 
spaced 30° apart. When the conductor is in position 1, the emf will be 
zero, as noted above. As it moves through positions 2 and 3 to 4, the 
emf will increase in value and its direction will be toward tlie reader. As 
it passes on through 5 and 6 to 7, the emf will decrease, becoming zero 
again at 7. From position 7 to 10 the emf will again increase in value, 
but, since for this particular conductor the direction of the flux is in effect 
reversed, the emf will be reversed also and will accordingly be directed 
from a toward b. From 10 to 1 the emf will again decrease, becoming 
zero at 1. It will thus be seen that the emf is periodic, or alternating, in 
character. If these angular positions and the corresponding emf values 
are plotted, the result will be the graph shown in Fig. 17Gd. This curve 
Avill represent one complete cycle of operations. The time required for 
the completion of a cycle is known as the period. The frequency would 
be the number of cycles which occur per second. 

131. Foucault or Eddy Currents. Variations in magnetic flux give 
rise to induced emf and resulting currents not only in linear conductors, 
such as wires, but also in conductors having the form of plates or sheets. 
Before Faraday^s discovery of magnetic induction, Gambey, in 1824, 
noticed that the motion of a magnet suspended and set into oscillation 
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was rapidly dainpcnl when a plate of copper was held jnst beneath the 
magnet. At about the same time Arago observed that when a pivoted 
magnetic needle is supported directly over a rotating copper disk the 
magnet is claused to rotate with the disk. P'araday ex])lained these 
phenomena on the basis of electromagnetic induction. In th(' latter 
(‘,ase the relative motion of the disk in the field of the magnet gives rise to 
emf in the body of the metal disk, which, in turn, sets up currents that 
circulate in closed i)aths. The magnetic fields resulting from these 
induced currents are, by Lenz^s law, of such direction as to oppose the 
motion which gives rise to them; hence the mechanical effect upon the 
suspended magnet. The magnitude of the emf induced in the body 
of th(^ condu(d/mg material may be small, but, since the resistance of the 
(‘onductor may be, and often is, extremely low, large current values may 
obtain. As a result, these so-called eddy currents give rise to strong 
magnetic fi(‘lds. Thes(! magnetic fields, reacting with the field that gave 
rise to them, tend to produce marked mechanical effects. A number of 
important commercial applications of the magnetic drag’^ effect have 
been made. 

For instance, in one widely used type of automobile speedometer, an 
annular magnet is caused to rotate by means of a spiral driving shaft in 
juxtaposition to an aluminum disk, the motion of the latter being con- 
trolled by means of a spiral spring. As the magnet revolves, the eddy 
currents in the disk cause it to turn and thus indicate the speed. The 
calibration marks appear on the edge of the disk. 

Another application of this principle is found in the control mechanism 
which forms a part of watt-hour meters (Sec. 176). Certain tyj^es o^ 
these meters consist of a set of fixed coils and a rotating coil, the latter > 
acting, in effect, as the armature of a motor. To control the s; ^d of the 
rotating element in such meters a metallic disk is fastened to the shaft of 
the rotor. One or more permanent magnets are fastened with poles close 
to the surface of the disk. As the armature rotates the currents induced 
in the disk tend to oppose the motion of the rotor, thus acting as a 
stabilizing mechanical load. The speed of the rotor can be adjusted by 
altering the position of the magnets. This control disk is usually visible 
from the outside of such meters, and may be seen rotating whenever 
current is passing through the meter. 

Still another application of magnetic damping i^ to be found in the 
aluminum coil form that supports the windings of d-c ammeters and 
voltmeters. As the coil of the moving system rotates, in response to the 
electromechanical torque, eddy currents are set up in the metallic coil 
frame, and the resulting magnetic field tends to dampen the motion 
of the coil and thus make the instrument '‘dead beat.^^ 
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Perhaps the most important commercial application of eddy currents 
is to be found in the induction motor. By means of a certain arrange- 
ment of polyphase a-c circuits, to be studied later, it is possible to produce 
a rotating magnetic field. If a rotor consisting of short-circuited low- 
resistance conductors is pla(^ed within the region of such a rotating field 
large eddy currents Avill be developed, with the result that tlie conductors 
foi-ming the r(jtor will experience a torque tending to produce rotation, 
thus (*on verting electrical energy into mechanical energ\'. 

The foregoing are illustrations of some conditions under which eddy 
(‘Airrents serve a useful purpose. There are, however, circumstances 
under which such currents are very undesirable. It appears to have 
been first observed by Foucault that these eddy currents result in heat, 
and consequently give rise to a loss of energy. When a metal disk is 
rotated rapidly between the poles of a strong electromagnet, its tempera- 
ture is decidedly raised; the law operates as usual. 

If th(' armature cor(‘ of a dynamo was made of solid iron, as sketchc^d 
in Fig. 177a, and was rotating, emf would be induced in the surface 
layers of the iron, and the resulting eddy currents would heat the core. 



177. — ItediuAioii of eddy current.s in the armature core of a dynamo by the use 
of thin laminations. 


Siru^e, in tliis case, these currents would server no useful purpose, their 
existence means a wasteful dissipation of energy. If, however, the 
armature core were to be built up of thin insulated laminations, as shown 
in Fig. 1776, the resistance offered by the metal as a whole to these 
Foucault currents would be materially increased; indeed, the eddy currents 
may be almost completely suppressed by such a method of construction. 
The plane of the laminations must, of course, be at right angles to the 
direction of the Foucault currents. (Why?) The thinner the lamina- 
tions, and the better tliey are insulated from one another, the more 
effective are they in preventing these wasteful currents. 

In transformers (Sec. 146) the varying flux set up by the alternating 
current flowing in the windings tends to give rise to Foucault, currents 
in the core, thus d(‘veloping heat. By building up th(» con^ of thin 
insulated laminations placed as shown in the projection in Fig, 178, these 
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undesirable currents are largely prevented, and the so-called core losses’ 
materially reduced. The core laminations are usually insulated from one 
another by being varnished or enameled. 

It may be shown'^ that the energy dissipation due to eddy currents 
developed in thin sheets can be computed by the relation 


^6pl0’« ' 


(179) 


where t is the thickness of tht^ laminae in centimeters, / the frequency in 
cycles per second, ^,aax the maximum flux density in lines per square 
centimeter, and p the specific resistance of the material constituting the 
sheets. Pe will be the loss in watts per cubic centimeku’. 



Fig. 178. — Use of liiininatioiis in the core of a transformer for the purpose of reducing 

eddy-current loss. 

An examination of Eq. (179) discloses several important facts. In 
particular it is to be noted that the eddy-current loss varies inversely 
as the specific resistance of the material involved. In Sec. 124 it was 
pointed out that certain magnetic alloys have comparatively low hyster- 
esis co(?fficients. It is a fortunate circumstance that such alloys show 
relatively high specific resistance; in some cases eight times that of 
ordinary iron. Thus both the hysteresis and the eddy-current losses arc* 
reduced by the use of such alloys. 

Further, the equation tells us that the eddy loss varies directly as the 
square of the frequency of the magnetizing field. Hence the loss increases 
rapidly at the higher frequencies, especially those encountered in con- 

^ The core or ‘^iron loss” in electrical equipment involving varying magnetic fields 
tjonsists of two parts, viz., eddy-current losses and losses due to hysteresis. 

*See ‘‘Alternating Current Phenomena,” Chap. XLV, by Steinmetz, or “Alter- 
nating Currents,” by A. 10. Clayton, p. 127. 
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uection with the use of audio transformers. It is also to be observed that 
the loss varies directly as the square of the maximum flux density at 

which the core material is being worked. 

While the heating effect due to eddy currents may result in a wasteful 
dissipation of energy, such thermal effects may, under certain (*ircum- 
stances, be made to serve a useful purpose. 

In Sec. 85 reference was made to a so-called induction furna(;e. Fur- 
naces of that t.ype make use of the heating due to eddy currents. Th(‘ 
fact that t th(‘rmal effect varies as the square of the freqiK'iicy is uti- 
lized when it is desired to develop heat in this manner. The Northrup 
furnace is operated at a frequency of the order of 50 M cycles. Quite 
recently the heating of metals by eddy currents operating at frequencies 
in the region of 50 megacycles is coming into extensive industrial use. 
Such a method of developing thermal energy is referred to as high-fre- 
quency heating; when applicai to certain metallurgical pro(;esses, h-f heat- 
ing possesses a number of important advantages ov(ir some of the older 
procedures. High-fn^quem^y heating also finds use as a therapeutic 
agent. Thus we se(‘ that Foucault currents, while they may be unde- 
sirable und(‘r certain circumstances, under other conditions may serve 
highly important and useful purposes. The methods by which h-f 
alternating currents, of the order indicated above, may be g(uierated will 
be discussed in Chap. XXIX. 

132. Emf of Self-induction. It has already been shown (Sec. 128) 
that a changing magnetic flux value will give rise to an induced emf in 
a circuit located in that field. It is also true that if a conductor in the 
form of a coil is carrying a varying current, the resulting variations in 
the flux will induce an emf in the circuit itself. This holds even though 
the coil consists of only one turn. In conformity with Lenz’s law, if the 
current in the coil be increasing in value the self-induced emf will oppose 
the a))plied emf and hence retard the rise of the current in the circuit. 
Similarly, if the original current in the coil be decreasing, the self-induced 
('mf will be in the same direction as the applied emf, thus tending to 
maintain the (uirrent. The magnitude of the self-induced or counter emf 
depends upon the time rate of change of the magnetic flux due to the 
variation of the original current in the coil. 

This relation may be given mathematical form. From Eq. (143) it 
is seen that the magnetic field H is proportional to the current. It has 
also been showm [Eq. (38)] that the induction B is proportional to H, 
It therefore follows that the total magnetic flux ^ will be proportional 
to the current. Hence, if there is no iron in the circuit, we may write 

<!> = LI, (180) 
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where L is a eonstant, the magnituch^ of which will depi^nd upon Die 
geometrical form of the circuit and upon the number of turns in the coil. 

To derive an expression for the self-induced emf we may differentiate 
the terms given in Eq. (180) with respect to I niid get 

_ j dl 

d/‘ 

Siiice^ in general, 


it follows that 

E == -iJJ-, (181) 


where E is the self-induced emf. The negative sign indicates that the 
relation between emf and current change conforms to Lenz’s law. 

By rearranging the terms in Eq. (181) one may arrive at a definition 
of the proportionality constant, thus 


L 


E 

dl/dt 


(182) 


From this expression we see that the constant L, known as the coeffi- 
cient of self-induction, is the ratio of the self-induced emf to the time 
rate of change of current. 

A second definition of the coefficient of self-induction may be had 
from Eq. (180). This would take the form 

L = j, (183) 


which would warrant the statement that this coefficient is numerically 
equal to the total number of lines of magnetic flux included by the coil 
when unit current is flowing in the circuit. 

From Eq. (182) it follows that the coefficient of self-induction of a 
circuit has a value of one emu when an emf of one abvolt is developed 
when the current in the circuit is varying at the rate of one abampere 
per second. The engineering unit of self-induction is the henry, which 
is equal to 10^ emu (abhenrys), as defined above. In certain cases the 
henry proves to be an inconveniently large unit. In such cases the milli- 
henry (one-thousandth part of a henry) is used. The microhenry 
(millionth of a henry) is also sometimes employed. In view of these 
relations we may restate our definition of the unit of self-induction as 
follows: the self-induction of a circuit has a value of one henry, if the 
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counter emf developed is one volt, when the current is changing at the 
rate of one ampere per second. 

The term self -inductance, or simply inductance, is often used syn- 
onymously for the expression coefficient of self-induction. It is impor- 
tant to bear in mind that self-induction is a process by which an emf is 
developed, while the term coefficient of self-induction, or inductance, 
refers to the condition that determines the magnitude of the counter 
emf developed. Self-inductance refers to a certain property of the cir- 
cuit. A self-induced emf obtains only while the current is changing in 
value. A circuit may be inductive regardless of whether it is or is not 
carrying a current. Further, it should be noted that the relations that 
we have developed above are based on the assumption that the perme- 
ability of the region in which the flux exists is constant. If the winding 
incloses a magnetic, material such as iron, for example, whose jjl value is 
not constant, Eqs. (180) to (182), inclusive, do not apply except for very 
small changes in current. 

133. Inductive and Noninductive Circuits. Any circuit that forms a 
(iosed loop possesses ap])reciable inductance. If, however, a short con- 

(c) 

Fig. 179. — Induc^tive and noninductive windings: (a) inductive; (6) and (c) non- 

inductive. 

ductor doubles back on itself without forming a closed loop, it is prac- 
tically noninductive. Figure 179 illustrates this point. A winding 
having the form shown in (a) will be inductive. In the arrangements 
represented by (6) and (c) the magnetic flux due to the current in one 
wire will be neutralized by the flux due to the return circuit, and hence 
the circuit, as a Avhole, possesses practically no inductance. Standard 
resistance coils are wound in the manner shown in (c). If, however, a 
single straight Avirc is of considerable length and of large size, it may 
exhibit a certain amount of inductance. 

134. Calculation of Inductance. The calculation of the value of the 
coefficient of self-induction for any given circuit requires a knowledge of 
the magnetic flux distribution due to the current in the circuit. Kx(iept 
for a few cases, the analytical treatment is more or less involved and 
outside the scope of this text. We will, however, outline the tieatment 
for two cases frequently encountered in practice. 
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We have seen [Sec. 117, Eq. (149)] that the field strength within a 
long solenoid or helix is given by the expression 

H — 47r7i/, 

where n is the number of turns per centimeter of length of coil. This 
might be written 

„ ^ttNI 

H = —r’ 

where N is the total number of turns and I the length of the solenoid. 
Using the relations embodied in Eqs. (38) and (41), the total flux within 
the helix would then be given by 

^ AttNIA IX 

$ = — , 


where A is the area of the cross section. Each turn in the solenoid in(^los(‘s 
all of this flux; himce the effective flux or flux linkage that operates to 
produce self-induction effects will be given by 

4>eff = j 


By definition (Sec. 132) the coefficient of self-inductance is numeric^ally 
equal to the flux due to unit current. Therefore, making / unity, w(‘ 
have the inductance of a solenoid given by 


Ij — ^ 


(IH-l) 


In many practical cases the cross section of the core is circular; hence 


T = i y 


(185) 


where r (the radius) and I (the length) are in centimeters, and L in 
abhenrys. To express the inductance in henrys our relation becomes 




(186) 


In millihenrysi it would take the form 

WT' 


(187) 
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In microhenrys, the equation becomes 


(188) 


If the winding does not include magnetics material, m becomes unity and 
we have, for the c.asc^ of an air-core helix, 


47rVW^ 

Tot" 


(189) 


in millihenrys. 

It should be boriu^ in mind that th(* permeability pt is a function of 
the rnagiK'tizing field stnuigth, and h(uicc these (‘quations cannot be 
applied to circuits containing a magnetic substance unless the mean 
value of II is known or can be estimated. 

It is also to be noted that the foregoing relations were developed on 
the assumpt,ion that th(; magnetic, field within the solenoid is uniform; 
hence Ecis. (184) to (189), iiujlusive, hold strictly true only for toroidal 
windings (Fig. 150). They are, however, applicable to those cases where 
the length of the coil is great compared with its diameter, say, not less than 
10 to 1. Various correction factors have been worked out to take 
account of the end effects. Professor Nagaoka has developed a correc- 
tion formula based on the ratio of the radius of the coil to its length 
and has prepared an accompanying table of constants to assist in making 
rapid and accurate calculations of the coefficient of self-inductance in 
those cases frequently met with in practice. Professor Nagaoka^s table 
is to be found in a volume entitled ‘^Calculation of Alternating Current 
Problems,’^ by Dr. Louis Cohen. These and other correction data are 
to be found in the Bureau of Standards Circular 74, and also in any 
electrical engineering handbook. 


Problem. An air-core coil having 300 turns is 30 cm in length and 2.4 cm in 
diameter. What is the coefficient of self-induction in abhenrys and in 
millihenrys? 

SoltUion. Making use of the relation embodied in Eq. (189) we have 


L 


47r*^(l.2)^X 3002 
30 


170,600 abhenrys == 0.17 mh. 


In any given case the total magnetic flux at any point is the algebraic 
sum of the components due to the several contributing fields. In the 
case of two parallel wires (“lead” and “return”) the total or resultant 
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field will be the sum of the fields due to (‘Jioh wire. In Fig. 180, let 
MM' and SS' represent two long parallel wires, as for example, the two 
leads constituting a telegraph or telephone pair. Let r be the radii of 
the wires, and d their distance apart between centers. Consider a length 
/ of these wires, and the magnetic field between them. In that i)art of 


M 





T 

i 


A 
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Fig. J80. — Inductance due to two long parallel wires. 


the field indicated by the dotted area the total flux is equal to HI dx. 
The total field strength will be equal to [E)q. (141), Sec. 113] the sum 
of the fields due to each of the two current elements, or 


21 _ 2 / 
d -'x 


= H. 


Recalling our definition of inductan(‘.e (Sec. 132), we may make I unity, 
and thus the flux through the shaded area will be 

<t> = 2/ ( - + -j- ) dx. 

\x d — xf 

Considering the whole area between the wires 

= 4Z logr ^ ^ y 

r 

I and r being in centimeters. Changing to base 10, our equation becomes 

L = Ulogu)^ ^2.3026 abhenrys. (190) 

r 

In arriving at the above relation we have neglected the field in the wires 
themselves. If the wires are small compared with their distance apart 
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the error thus introduced is negligible; in most practical cases this con- 
dition obtains. 


l^rohlem. A two-wirc circuit is 300 ni in length, the wires being spaced 30 cm 
apart. If No. 12 B & S wire is used, what is the inductance of the line? 

Solution. Wire of size No. 12 B & S gauge is approximately 0.2 cm in diam- 
eter. Utilizing Eq. (190), we have 


29 9 

L = 4 X 30,000 login X 2.3026 
= 7 X 10*^ abhenrys, or 0.0007 henry. 

Formulas giving the coefficient of self-inductance have been worked 
out for a number of special cases, particularly in connection with h-f a-c 
circuits. For a discussion of siudi cases the student is referred to Cir- 


cular of the Bureau of Standards No. 74, revised edition, or to any stand- 
ard handbook on communication engineering. 

An examination of Eqs. (189) and (190) discloses the fact that the 
only unit entering into these relations is that of length. It follows, 
therefore, that the coefficient of self-inductance has the dimension of 
length, as was the case with capacitance. 

In dealing with any quantity such as self-inductance, it is always 
well to know tlie magnitude in the case of certain common circuits. 


Sucli a knowledge s(‘rves to assist one 
in forming a rough estimate of the 
values that may be encountered in 
practice. For instance, the induc- 
tance of an ordinary doorbell is some- 
thing like 0.012 henry; a common 
telephone receiver (diaphragm in 
place) varies from 0.075 to 0.1 henry; 
the secondary of a %-in. induction 
coil measures about 15 henrys; the 
coil of a sensitive galvanometer is 
from 1 to 2 henrys; the inductance 
units frequently encountered in radio 
communication are of the order of 0.2 
mh; the inductance of a mile of tele- 
phone line (two No. 10 wires spaced 
12 in. apart) is approximately 3.678 
mh. 



Fig. 181. — Circuit by means of 
which the effe(^t of inductance on the 
growth and decay of a (Uirr(‘nt may 
be studied. 


136. Growth of Current in an Inductive Circuit. Reference has 


already been made (Sec. 132) to the fact that the counter emf of self- 
induction acts to retard the rise of current in an inductive circuit. It 
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remains to derive an expression for the value of the current at any time t 
after an emf is applied to the circuit. In Fig. 181, let E be the impressed 
emf, R the total resistance and ? the value (instantaneous) of the current 
at any time t after closing the circuit. In order to establish a curi-ent in 
the circuit LR an emf must be applied which shall be equal to the iR 
drop plus the emf of self-induction. This may be expressed thus, 


E - iR + L 


di 

di 


A solution of this differential ecjuation will yield an (‘xpression giving th(‘ 
current magnitude as a function of time. 

To effect a solution of the above equation, we first s(‘parate the vari- 
ables and get 

di R 


(E/R) 


L 


dt. 


Integrating, we have 




(0 


(ii) 


where c is a constant of integration. Ecjuation (ii) may be writbui in 
the form 


// 

Ji f -|-c 

L — — — € ^ 

R 


(iii) 


At, the instant of closing tin? switch, t = 0 and i = 0. Hein^e, from (iii) 

, _ _E 
" R 


(iv) 


By combining (iii) and (iv) we get 


( 191 ) 


which indicates how the current increases in value with time. repre - 
sents the maximum value of the current. In the term e is the 

base (2.7183) of the Napierian system. It is thus evident that the rise 
of current in a circuit containing inductance and resistance is logarithmic, 
and will, therefore, require an infinite time to attain a fixed value. It 
will be seen that when L is small the current reaches a steady value in a 
very short interval of time. 

It has been pointed out (Sec. 134) that inductance has the dimen- 
sion of length, and it will be showm later that resistaru^e has the dimen- 
sions of velocity, viz., length and time. The reciprocal of the ratio R/L 
would, therefore, involve only the fundamental unit of time. Hence 



t)io ratio l/(/f//v) is spoken of as the time constant of a circuit and is 
commonly represented by the Greek letter r. Equation (191) may then 
take the form 

/ - U1 “ ^ (192) 

When i — r, this re(lu(*('s to 

' - - 2:7r82 - 

This means that the current reaches 0.t)82 of its Hnal value in an interval 
of time equal to the time constant r. This fa(‘tor r is a measure of th(j 
growth of the current under the conditions specified. It thus b(‘comes 
evident that the rate of increase of current depends not alone upon the 
inductance L, but upon L and R conjointly. 

136. Decay of Current in an Inductive Circuit. k'.mploying tlu^ same 
designations as in the* previous section, let us suj)pose that, aft(‘r the 
current has naiched its maximum or steady \ alu(% the s\\ it('h is short- 
cinaiited and the battcuy disconnected. What will b(‘ the law of tho 
decay of the curnuit in such a case? Again applying KirchhotTs law, 
we may represent the physical conditions by th(‘ (Hpiation 

/, * + m - 

The solution of this ditfen'iitial ecpiation hnids to the relation 

/ - (194) 

As in the jn‘(‘\ ions ca,s{^ \vv may write' r for t he time (*onstant term and get 

/ = ^ (195) 

It is therefore evident that the* decay of the current in an inductive 
circuit is also logarithmic; the gn'ater the value of r, the more slowly 
does the current diminish in value, kdgure 182 depicts the growth and 
decay of the current in a (dreuit containing inductance and resistance. 
It will be noted that, in the particular circuit represented, 0.05 st'c was 
required for the current to reach a steady state and that then^ was a 
corresponding lag in the decay of the current after the applied emf was 
disconnected. In this connection it is interesting to note that the growth 
and decay of the current are complementary. This is shown by the fact 
that the sum of /m[l — and is I my the maximum or steady 

state of the current. 

137. Mutual Inductance. T\vo or more circuits are frequently asso- 
ciated electrically in such a manner that the magnetic flux produced by 
one winding threads through the winding of one or more associated 
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circuits. There is, therefore, a mutual magnetic reaction giving rise to 
an induced emf in one of the coils whenever the current changes in 
value in the associated circuit. The winding into which energy is being 
fed is spoken of as the primary, jind tlu* assochiit'd coil, from which 



TIME IN SEC. 

Fig. 182 . — Growth and decay of current in an inductive circuit. 

energy is being absorbed by some form of ek‘ctrical load, is referred to 
as the secondary. Such an arrangement of associated circuits has what 
is called a coefficient of mutual inductance, or, more simply, mutual 
inductance. Mutual inductance may b(‘ thought of as a property of 
associated circuits by virtue of which any change in the magnitude of a 
current in one of the circuits gives rise to an induced emf in the other 
circuit. 

The flux in one of the coils, due to a current in the other, will be 
proportional to that current, or 

cc /. 

We may write ^ = M/, where M is a constant known as the coefficient 
of mutual induction. We know that 



Hence 

d(MI) 
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In words this means that the coefficient of mutual inductance of two 
circuits is numerically equal to the emf developed in one circuit when 
the current in the other circuit changes at unit rate. 

Because of the similarity of the factors involved in self-inductance 
and mutual inductance, the same unit is used for both quantities, viz., 
the henry. On this basis the mutual inductance of two magnetically 
associated circuits will be one henry if an induced emf of one volt is 
developed in one of the circuits when the current changes at the rate of 
one ampere per second in the other circuit. 

138. Coefficient of Coupling. In general, when two or more wind- 
ings are magnetically associated, all the flux produced by a current in 
one of the coils does not pass through the other windings; there is some 
flux “leakage.’’ This is true even when the coils are coaxial and wound 
on a closed iron (iore. If the flux linkage is high, the windings are said 
to be closely coupled; if the flux leakage is large, the coils are said to be 
loosely coupled. A so-called coefficient of coupling has been set up and 
is deflned by the following relation 




(197) 


where \/LiL 2 represents the geometrical mean of the coefficients of self- 
indiK^tance of the two windings involved. In the ideal case (zero 
leakage) 

M = Vl\U 

making the coefficient of coupling unity. However, such a condition is 
never realized in prac^tice. In the case of a transformer (Sec. 146), the 
coefficient of coupling is an index of the effectiveness of energy transfer 
from one winding to another. Later, when we come to deal with the 
air-core transformers used in h-f communication circuits, we shall find 
that this coefficient is an important factor in the behavior of associated 
circuits. 

139. Measurement of Self-inductance. Since inductance is an 
important electrical quantity, it becomes necessary to be able to deter- 
mine its value. There are several methods by which this may be accom- 
plished. The procedure to be followed will depend, somewhat, upon the 
magnitude of the self-inductance to be measured. If the inductance is 
of the order of several henrys, and is of such a character that the wind- 
ing will safely carry several amperes, a voltmeter method (Sec. 161) may 
be employed. If, however, the inductance is of the order of a fraction 
of a henry, and is designed to carry currents of low value, some form of 
bridge network is commonly used. The circuit involved is indicated in 
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Fig. 183. Such a plan necessitates the use of a standard inductance, a 
source of alternating current of constant frequency, and a means of 
detecting such a current. One commonly used form of standard induc- 
tance, known as the Brooks inductometer (Fig. 184), consists of two sets 



Fig. 183. — Bridge circuit used for measuring self-inductaii(“e. 

of flat coils, one of which may be moved in a fixed plane with respect to 
the other. 

The method of measurement to be described is based on the fact that, 
for alternating currents, the loss in potential due to the counter emf is 



Fig. 184. — Variable form of .standard inductance. (Leeds N art hr up Co.) 

proportional to the magnitude of the inductance over which the drop 
occurs. 

In Fig. 183 let /Ji, /is, /is, and R 4 be nonindiietive resistances; L\ a 
standard inductance, and Lz the unknown inductance; S a source of 
alternating potential difference, usually 1,000 cycles; G a direct current 
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galvanometer; T a pair of telephone receivers, or other form of a-c 
detector. The bridge is first balanced for direct current in the usual 
manner (Sec. 73) by adjusting Ri and /? 2 , utilizing the battery B and 
galvanometer (?. Switch K is then thrown to connect the a-c source, 
and K' closed to connect the a-c detector. If the standard inductance 
L\ be of the variable type, its value is adjusted until a balance (silence, 
or zero defiection) is secured. If the unknown inductance L 2 is of a 
value which falls within the limits of L], and R^ may be equal in 
value. If the unknown inductance is greater or less than the maximum 
or minimum values of the standard, R^ and R 4 are adjusted to secure a 
balance. For this reason the resistances R 3 and R 4 are frecjuently 
ref(^rr('d to as the ratio coils. When a final a-c balance obtains, the 
difference of potential between A and D will equal that between A and H ; 
likewise the drop over DF will equal that over HF. Hence we may write 

= RJ, + (i) 


I’he terms Li and represent tin; loss of potential due to the 

counter emf developed in the inductances. When a d-c balance obtains, 

RJi = lUL,. (ii) 


Differentiating, we get 


d/i „ dli 


liii) 


(4)mbining (i) and (iii) to eliminate I 2 and dLy/dt, there results 
774 / 72/1 + lUhi — = JhRdi + / 73 /> 2 ~/- 


(iv) 


Since the bridge 

was first balanced for direct current. 



il 

(V) 

hence 


1! 

(Vi) 

or 


Ly /7, 

/... Ra 

(198) 


Some form of tuning-fork generator is sometimes employed as the 
source of a-c potential. The output of a beat-frequency audio oscillator 
(Sec. 238) is, however, to be preferred. This type of source has the 
advantage that both the output a-c potential and the frequency of the 
generator can be readily varied. Under some circumstances it is also 
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advantageous to replace the headphones by an audio amplifier (Sec. 236)^ 
connected to the bridge circuit through a suitable coupling transformer. 
An additional advantage in using an amplifier, in connection with an 
inductance bridge, is to be found in the possibility of utilizing an out- 
put meter instead of a set of telephone receivers for detecting the bal- 
ance. The personal eejuation is thereby eliminated. Composite bridges 
are now commercially available which arc designed to measure not only 



Fig. 185. — Portable form of bridge used for measuring either inducdaiiec, eapaeitanee, 
or resistance. {General Radio Co.) 

inductance, but capacitance and resistance as well. Such an assembly 
is illustrated in Fig. 185. This particular unit will measure resistance 
from 1 microhm to 10,000 ohms; capacitance from 1 piMf to 100 /xf; and 
inductance from 1 mh to 100 henry. 

PROBLEMS 

1 . A coil consisting of 10 turns of wire incloses 10,000 lines of flux. If the 
flux changes from the maximum value to 2,000 maxwells in 0.1 sec, what average 
ernf will lje develo|>ed in the winding? 

2 . A conductor, whose length is 20 cm, moves at riglit angles to a magnetic 
field whose flux density is 5,000 lines fjer st|uare centimeter at a velocity of l.,()00 
cm/sec. What is the average emf induced in the conductor in emu and in volts? 

3 . A rectangular coil of wire consists of 10 turns, each of which measures 
20 X 10 cm. The coil revolves at IHOO rmp about an axis parallel to the long 
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sides, and in a magnetic field where the flux density is 8,000 gausses, ('onipute 
the emf for every 15° in one revolutign, and plot the values thus obtained against 
the angular position of the coil. 

4 . If the coil of Proh. 3 has a resistance of 0.2 ohm, what would he the current 
in the coil if it were short-cnrcuited when the emf is at a maximum? 

6. A certain air-core induc^tance consists of a closely wound single-layer 
helix 23 cm in length and 1.7 cm mean diameter. There are 10 turns \yev centi- 
meter. What is the inductance? 

6. A two-wire telephone line is 50 miles long; the wires are No. 10 B 8 and 
are spac^ed 1 ft apart. What is the inductance of the circmit in henrys? 

7 . Plot the growth and de(‘ay of the current in a circaiit having the following 
constants: Resistance = 0.5 ohm, inductam^e = 10 henrys, and applied emf 
= 100 volts. 

8 . In Prob. 7, what is the value of the current 0.02 sec after the source of 
j)otcntial is disconnected? What is the time constant of the circuit? 

9 . The core of a certain audio transformer has a volume of 128 cm’’, the 
thi(^kness of the laminations is 0.6 mm, and the sj)ecific resistance of the core 
material is 10 miciohm-cm. If the transformer ojK^rates at a frequency of 100 
cycles/sec and a flux density of 1,0(K) gausses, what will be the eddy-current loss? 
What will be the loss if the frecpicncy is raised to 5,000 cycles? 

10 . A varying current which changes from 10 amp to zero in I 240 sec flows 
thiough a circuit which has an inductance of 10 henrys. What will be the value 
of the self-induced emf? 

11 . Two windings having inductances of 5 and 10 henrys, respectively, are 
magnetically coupled. What must be the value of their mutual inductance in 
order that the coefticient of coupling shall be 0.8? 
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140. Alternating -current Generator. Probably 90 per cent of th(‘ 
electrical energy used is in the form of alternating current. Though tht^ 
a-c generator, or alternator, as it is commonly called, was not developed 
until after the d-c machine, it is the more simple unit, being a direct 
application of the principles outlined in Sec. 130. For these reasons the 
a-c machine will be considered first. 

It is to be kept in mind that a generator is a device for developing 
or generating^’ an emf. By causing a coil to rotate in a magnetic tic Id 
by mechanical means, an alternating emf is developed in the conductor 
constituting the winding, and this will, if the coil is suitably connected 
to an electrical load, cause electrons to move through the complete cir(*uil. 
Thus mechanical energy may be transformed into electrical energy. In 
other words, a so-called generator” is, in fact, a converter; it does not, 
however, produce electrons; instead it provides a means whereby they 
may be caused to move in definite directions through other conductors. 
When the rotating coil is not connected to an external load resistance, 
the potential difference at the terminals of the rotating conductor con- 
stitutes the emf of the generator. When the generator winding is con- 
nected to a load circuit, the potential difference at its terminals is referred 
to as the terminal potential difference or, more briefly, as the terminal 
voltage. In general the terminal voltage is less than the open circuit 
voltage (emf). 

In the practical machine, in order to secure maximum magnetic flux 
in the region of the conductors, the coil is wound on a laminated iron 
core. The pole pieces are made to conform to the shape of the rotating 
member, thus producing a field, in the air gap between the poles and 
the rotor, which is nearly radial and hence at right angles to the moving 
conductors. The rotating winding and the supporting core is known as 
the armature. In the rotating-armature type of alternator, the external 
or load circuit is connected to the rotating coil by means of brushes 
bearing on so-called slip rings in the manner shown diagrammatically in 
Fig. 186. These consist of two metallic rings mounted on, but insulated 
from, the shaft that carries the armature winding. One terminal of the 
armature is connected to each ring. A photograph of a small armature 
of this type is shown in Fig, 187. Such a generator would be called a 
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single-phase alternator. The term phase” here refers to a single coil, 
usually made up of a number of turns in series, connected to a single 
pair of slip rings as shown. 

In the case of small alternators th(‘ requisite magnetic field may be 
pi’ovided by means of permanent magnets having properly shaped soft- 
iron pole pieces. (The armature 
shown in the photograph was part of 
such an assembly.) However, in 
machines of any appreciable power 
rating, electromagnets are provided. 

This involves an external source of 
direct current, commonly supplied by 
a relatively small d-c generator (Sec. 

141). The d-c field current is so 
adjusted that the flux in the mag- 
netic circuit has a value such that 
the iron will be worked at a point on 
the B-H curve just below the knee. 

A rheostat is commonly connected 
in series with the field winding and the d-c source ; this is for the purpose 
of controlling the field current, and hence the generated emf, in con- 
formity with Eq. (173). The field assembly of a small generator is 
shown in Fig. 188a. In some generators two independent coils, each 
having their own pair of slip rings, are mounted on the same shaft, the 



Pi«. 187- -Small single-phase ariuature. 


planes of the two coils being placed at an angle of 90° to one another. 
Obviously, in such a case, the emf generated in one coil will be at a 
maximum when that induced in the other coil is zero. In other words 
the two emf will differ in phase by 90°. The phase relation of the emf 
generated in the two windings is indicated by the curves shown in Fig. 
189. 

In other alternators three independent coils are carried by the same 
rotor, the windings being positioned 120° with respect to each other. 



Fifj. !H(). -Ks«eiitial.s of an a-c genera- 
tor cornuHiteci to an electrical load. 
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(a) 



(b) 

Fig. 188. — Components of a small three-phase a-c generator, rotating armature type. 




Fig, 189. — Phase relations in the ease of a two-phase alternator. 
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An armaUire of this tyj)e is illustrated in Fig. 188/>. T\w pliaso rolaticnis 
that obtain in such a case are diagrammed in Fig. 190. As indicated 
above, a machine having one vending is designated as a single-phase 
unit; one with two coils, a two-phase gcenerator; and a three coil machine, 
a three-phase alternator. Ctenerators are made that will develop as 
many as six independent emf. Machines whi(‘h produce two or more 



Fig. 190. — Phase relations in the eas(‘ of a three-phase alternator. 


emf are called polyphase alternators. Practically all power generation 
and distribution involvt^s a three-phase, a-c system. The reason for this 
will be touched upon later. 

In generating and distributing thre?e-phase electrical power, it is not 
necessary to make us(‘ of three independent pairs of slip rings and six 



y- CONNECTION 


DELTA CONNECTION 


Fig. 191. — and A systems of a-c connections. 


separate line wires. Two plans by means of which the several armature 
windings and the line wires may be arranged to provide a three-wire 
system are indicated in the two diagrams appearing as Fig. 191. (These 
two systems of wiring are known as Y and A connections.) It is to be 
noted that in such a three-phase, three-wire system of connections, one 
wire serves as a return conductor for the other two, and that each wire, 
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in turn, functions as a return wire. If we consider instantaneous cur- 
rents, Kirchhoff^s first law holds. It is also to be observed that 

E\2 == E 2 S = E\s 

in both the Y and the A system. It may b(‘ shown that less copper is 
required to transmit a given amount of power by means ()f a three-wire 
system than when using a two-wire network. 



Fig. 192.— Diagraniatic sketch of four-pole, siiiKle-phas(‘ altcTnator* rotating-fiohi 

type. 

The generators thus far described an* of the rotating-armature type. 
Practically all large alternators, however, are so (constructed that the 
field rotates and the armature winding constitutes the stator. Figure 
192 is a diagrammatic sketch of a four-pole, single-phase alternator of 
the rotating-field type. In this type of unit the direct cun^nt is led in 
through slip rings. The outside ring represents the laminatt^d armature 
frame that, in the actual machine, (carries the four sets of armature coils 
in slots in its inner surface, as shown in Fig. 193. It is seen that the 
poles alternate and that adjacent armature coils are wound in the reverse 
direction. As a result, at any given instant, the induced emf in the 
several coils is additive. If, for instance, the field rotor is revolving 
clockwise, and has turned through an angle of 90 physical deg^rees, a pole 
of opposite sign will have replaced the one shown in the sketch. This 
means that the induced emf will be reversed in direction. When a rota- 
tion of 90® more has taken place, the situation as to polarity will be as 
originally diagrammed. In short, an electrical cycle has (:^ccurred; a 
change of 360 electrical degrees has taken place. It is thus evident that. 
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in the case cited (a four-pole machine), the emf will alternate four times 
for every complete physical revolution of the field assembly, i.e., two 
complete cycles will occur. In general, then, one may determine the 
frequency of stich an alternator (number of cycles per second) by multi- 
plying the nutnber of revolutions per second by the number of pairs of 



Fig. 193. — ArmatiiiH' (stator) of a polyphase alternator. estinghome Electric. 

Corp.) 

poles. Figure 194 shows a rotating-field assembly designed to operate 
with the stator shown in Fig. 193. Figure 195 is an illustration showing 
a complete rotating-field, three-phase alternator. The small d-c field 
generator i^ mounted on the same shaft as the field coils of the alternator. 
Figure 196 depicts the oscillographic record of the emf developed by one 
phase of a Certain commercial a-c generator. 

One advantage of the rotating-field type of generator is that, witli 
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the armature forming the stator element, it ivS not necessary to pass th(^ 
load current through moving contacts. Alternators are commonly 
designed to develop 2,300 volts, or more, in the armature winding. At 
such voltages moving contact connections are troublesome. The com- 
mutation of the low-voltage d-c exciting current presents no particular 
problem. 



Fig. 194 . — Field assembly (rotor) of a polyphase alternator. {Westinghouse Electric 

Corj},) 

141. Direct-current Generator. Though by far the greater part of 
the electrical energy utilized by private and commercial consumers is of 
the a-c form, there are several limited, but important, fields in which 
direct current is necessary. F or jnstance, direct current is essential in 
electroplating, in the electrolytic refining of metals, and in charging 
automobile storage batteries. Direct-current motors are also better- 
suited to certain types of service than are a-c motive units. Mention 
has already been made of the use of direct current in connection with 
the excitation of the field magnets of a-c generators. These and other 
uses make a generator of direct current necessary. 

Fundamentally, the d-c generator does not differ from the a-c unit 
already studied. In fact, it is essentially an alternator of the rotating- 
armature type. The emf is inducted in the rotating coil in exactly the 
same manner in both types of machines. .The difference appears in the 
means whereby contact is made with the .rotating circuit. Instead of 
being continuously in contact with the generator winding, as in the alter- 
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nator, contact is maintained for only a part of eaeh revolution. This is 
accomplished by mcians of a device known as a split ring, or commutator. 
This consists of two segments of a single ring, the segments being insu- 



Fio. 195. — Three-phas(‘ a-c pic'iiorator with diroct-camnected d*c generator fer supply- 
ing hold ourront. 

lated from one another and from the armature shaft. The two ends of 
the armature coil are connected to these segments as indiciated in the 
diagram of Fig. 197. As the coil rotates, its terminals can be made to 




Fia. 196. — Typical wave form of a polyphase alternator. 

make contact with a different brush at the instant in the cycle when the 
induced emf is zero, i.e.y as the emf is about to reverse its direction. It 
therefore follows that when the emf changes direction, the contact with 
the external circuit also is reversed, with the result that any given brush 
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is always either positive or negative* In short, rectification is accom- 
plished; the current will always flow in the same direction in the external 
circuit. 

With the single-coil arrangement just described, the emf delivered to 
the external, or load, circuit would be pulsating in character, as indicat(^d 

by the full line in Fig. 198. For 
many purposes a pulsating unidirec- 
tional current is not satisfactory. 
To improve this situation a second 
coil might be plac^ed on th(‘ armature 
at right angles to the first — as in a 
two-phase alternator. The terminals 
of this second coil could be connected 
to a second set of contact-making 
segments, as sketched in Fig. 199«. 
The resultant emf would be as shown 
in Fig. 1996. There would still be 
considerable ‘^commutator ripple,'^ 
but the emf would never become zero. 
By providing additional coils, and corresponding commutator bars, the 
ripple can be reduced still further. 

However, with the scheme of armature circuits above mentioned, 
only one of the coils is “working^’ at any given time; further, it is con- 
tributing to the total emf during only a fraction of the time when it is 


/ 



Fig. 197. — Essentials of a d-c gen- 
erator, connected to an electrical load. 



P'lG. 198. — Rilsating emf developed by a single-coil d-c generator. 

passing a given pole face, as indicated by the full line curves in Fig. 1996. 
It is possible to arrange an armature winding in such a manner that the 
above indicated limitations will not obtain. The theory of commutation 
is a more or less complex subject and beyond the scope of this text. 
The interested reader will find a full and clear discussion of the subject in 
‘‘Electrical Engineering” by Dawes, Vol. I, 3d ed., pp. 357 ff. Later we 
shall consider other means whereby alternating current may be rectified. 
Like the alternator, the field of the d-c machine requires direct cur- 


GENERATORS 


307 


rent for its excitation. This field current may be supplied from a storage 
battery or a smaller d-c generator, and this is sometimes done. In this 
event the generator would be spoken of as a separately excited machine. 
However, in most cases the exciting current is supplied by the machine 
itself. This may be accomplished in one of three ways as sketched in 
Fig. 200. In the circuit arrangement shown in Fig. 200a, the field wind- 
ing F, consisting of many turns, is connected in parallel, or shunt, across 
the brushes. Commonly, there is enough residual magnetism in the field 




Fig. 199 a and b. — d'wo-coii d-c gcn(*nitor and rcsidtinj? wave form. {After Dawes.) 


magnets to develop a small emf at the brushes when the machiiK' is first 
started. This emf will produce a corresponding current in the field 
winding which, in turn, will build up a greater flux in the pole pieces. 
Unless controlled, this building-up process will continue until the iron in 
the magnetic circuit is saturated. Usually a variable resistance R is 
inserted in series with the field winding in order to adjust the field cur- 
rent and thus control the terminal voltage of the dynamo. A generator 
of this type is known as a shunt machine. Its load or external charac- 
teristic is shown as curve A in Fig. 201. The electrical load on a gener- 
ator is increased by decreasing the load resistance. Since the external 
and field circuits are in parallel, the current through the field winding 


308 


ELECTRICITY AND MAGNETISM 


will decrease as the load increases, and hence the terminal voltage will 
fall with increasing load.^ 

A second circuit arrangement for exciting the field is indicated in 
Fig. 2006. In this case the field winding F' is in series with the load 



LOAD 





‘VyA^ 

LOAD 


F' 


F < 


LOAD 


(a) 


(b) 


(c) 


Fig. 200. — Methods of exciting a d-c generator: (a) shunt connected, (6) series, 

(c) compound. 


circuit and the armature winding. All current delivered to the load will, 
therefore, pass through the field coils. The result is that the field flux 
will increase in value as the current drawn from the machine increases. 
The terminal voltage will, accordingly, tend to rise with increasing load, 



Fig. 201. — Operating characteristics of the types of generators shown in Fig. 200. 

as shown in curve Bj Fig. 201. Such a generator is refeiied to as a series 
machine, and is said to have a rising characteristic. 

^ There are other factors that operate to cause a decreast? in terminal emf with 
increase in load. For a complete discussion of the performanctj of d-c gcmerators, the 
reader should consult any standard text on the elements of electrical engineering. 
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Til Hoiric classes of service it is (l(vsiral)le to have a generator whose 
terminal voltage does not change materially with load. By combining 
the characteristics of the two previously described machines in a single 
unit this end can be attained. The field circuits of such a dynamo are 
sketched in Fig. 200c. This type of machine is known as a compound- 
wound generator. The field winding, as the name implies, consists of 
two parts, one composed of many turns in shunt with the brushes, and 
a second of a few turns in series with the armature and load. The 
external characteristic is shown as curve C in Fig. 201, and it will be 
noted that terminal vtiltage does not fall apprcKriably unless the gener- 
ator is overloaded. The compound machine is the type of generator 
most commonly used. 

In operating any typ(^ of generator there is always a drop in potential 
due to the current in the armature, and the magnitude of this drop will 
be given by 7(/^« + Bb)^ where Ba is the resistance of the armature wind- 
ing (usually a fraction of an ohm), and Bb the resistance of the brushes. 
As the load current increases, the drop will increase correspondingly. 
Compensation may be effected by adjustment of the field rheostat R, 



CHAPTER XVIII 


MOTORS 


142, Principles of the Direct-current Motor. H a poioiitial difler- 
ence is applied to the terminals of a d-c j»;(Hi(H*at()r its aiTiiature will 
rotate; and thus electrical energy may be reconverted into mecdianical 
energy. In other words, it will act as a d-c motor, ddie fundamental 
electromagnetic relations involved in such a transformation have been 
considered in Sec. 118. In that discussion it was pointed out that a 
rectangular coil through which a current is flowing is aided upon by an 
electromechanical couple whose value is IHAN{q>oh d)/W [Eq. (158)], 
where I is the current (in amperes) through the coil, // the field intensity 
in the region of the conductors, A the average effective area of the indi- 
vidual turns, N the number of turns in the coil winding, and 6 the angle 
that the plane of the coil makes with the direction of the Held. If and 
when the pole faces conform to the shape of the armature, the magnetic 
flux is approximately radial, and the above expression for the torque^ 
becomes 

, IHAN 
10 ' 

which may be written 



where ^ is the total flux threading the coil, I the current in amperes, 
and L the torque in dyne-cm. The current passing through the armature- 
winding will produce a torque whose magnitude will be given by Eq. 
(199). By means of a suitable pulley, or clutch arrangement, this torque 
may be utilized to cause the rotation of a mechanically associated ^Toad.'’ 

The electromechanical reactions that take place in a d-c motor may 
be followed by reference to Fig. 202. Let us assume that a current is 
sent from an outside source through the armature winding as indicated 
in (a). In response to the torque developed [Eq. (199)], the coil will 
rotate in the direction indicated. When the coil reaches the position 
shown in (6), the torque will be practically zero. Due, however, to 
the rotational inertia of the armature it will, if not too heavily loaded 
mechanically, continue to turn past the vertical position. As it does so, 
the commutator bars shift to opposite brushes, thus reversing the cur- 
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rent through the armature winding. As a result, the torque tending to 
rotate the armature will still be clockwise, and a continuation of this 
process will, accordingly, cause the rotor to continue in motion. Thus we 
have a means whereby a direct current may be converted into mechani- 
cal energy, or Ihe converse of what takes place in the taise of the generator. 




il» 


Fig. 202. — Essentials of d-e motor. 


Several aspects of the process just outlined require consideration. 
As the motor armature coils rotate, they move through a magnetic field, 
and hence, as in the case of a dynamo, an emf will be developed in the 
windings of the rotor. By Lenz’s law the direction of this induced emf 
will be opposed to the applied emf. Before the armature begins to 
rotate, the counter emf is zero; hence the current taken by the armature 
will depend wholly on the magnitude of the applied emf and the value 
of the resistance of the armature winding. As this resistance is usually 
only a fraction of an ohm, excessive current would result when the emf 
is first applied. To avoid this, a ‘‘starting resistance is introduced 
into the armature circuit until the rotor has attained nearly full speed. 
As the angular speed increases the counter emf increases, in accordance 
with the fundamental laws of the generator. The counter emf, however, 
never equals the applied voltage. If the motor is loaded sufficiently to 
cause the speed to decrease, the counter emf will correspondingly decrease, 
with the result that there will be an increase in the armature current. 
It will thus be seen that a d-c motor is, within limits, self-regulating as 
to speed. The current taken by the motor will be given by the relation 



where E is the applied voltage, E' the counter emf, and R the combined 
armature and brush resistance. 





312 


ELKCTHICITY AND MAGNETISM 


In Sec. 141 reference was made to series, shunt, and compound- 
wound generators. The fields of constant-current motors are designed 
in a similar manner, and each type of motor has correspondingly distinct 
operating characteristics. Series motors develop a large starting torque 
and are, therefore, used in such service as the operation of electric rail- 
ways and cranes. Shunt motors operate at nearly constant speed at all 
normal loads and hence are useful in driving lathes, wood-working 
machinery, etc. A compound motor gives even more constant speed 
than the shunt motor. It is used in comparatively small units wher(^ 
constant speed is an important consideration. 

143. Revolving Magnetic Field. It will bo recalled from one’s study 
of the elements of simple harmonic motion that it is possible to produce 
circular motion by combining two simultaneous linear simple harmonic 
motions. The conditions which must be fulfilled in order to attain such 
an end are (1) that the two component harmonic*, motions shall be of 
equal amplitude; (2) that they shall be at right angles to one another; 
and (3) that they differ in phase by 90°. 

Y 



Fro. 203. — Production of a rotating magnetic field. 

Since alternating currents, and the resulting magnetic fields, obey the 
laws of simple harmonic motion, it is possible to produce a rotating mag- 
netic field by combining two alternating fields. 

Suppose two coils A and B, carrying alternating current of the same 
frequency and amplitude, are positioned at right angles to one another 
as shown in Fig. 203a. Assume that the current in coil B differs in phase 
by 90° from the current in coil A, The alternating current in A will 
give rise to a harmonic field Hi along XX' and the current in B will 
produce a corresponding sinusoidal field along FF'. Since the cur- 
rents differ in phase by 90°, these two fields will also be in quadrature. 
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The character and magnitude of the field that results from two such 
component fields may be determined by finding the resultant H accord- 
ing to the usual vector methods. Referring to Fig. 203/^ the instan- 
taneous value of the field H in the direction OX, due to the current in 
coil A , will be given by 

Hi = cos 6, 

where Hm is the maximum value of the field in that direction. The 
corresponding value of the Held H 2 along OY will be expressed by 

U 2 — Hm sin 6. 

The resultant field will then be 

II = 

By substitution we get 

7/ =■“ II m \/cos ^ 6 + sin''^ 6. 

Since, in general, cos^ 6 + sin^ 6 — 1, it follows that II = Ilm^ It is 
evident, therefore, that the resultant field is constant in magnitude. 
Further, the instantaneous position of the vector representing this result- 
ant field H mil be given by the relation 

, . H 2 //r« sin ^ / A 

tan 6 = Tr = = tan 6 ~ tan 

II I //,„ cos 6 

Accordingly it is evident that the resultant field H rotates with an angu- 
lar speed of co radians per second; and since co = 27r/, the resultant field 
will rotate a number of times per second corresponding to the frequency 
of the current in the coils A and B, In other words, the revolving field 
will rotate in synchronism with the alternator that is supplying the wind- 
ings A and B. Thus we see that a two-phase alternating current can 
be made to develop a revolving magnetic field. By an extension of the 
above reasoning, it may be shown that one may produce a rotating field 
by means of a three-phase current. 

144. The Induction Motor. In our discussion of eddy currents (Sec. 
131), it was pointed out that a conductor of considerable area, when in 
the presence of a moving magnetic field, will tend to undergo physical 
displacement due to the Foucault currents established in the body of the 
conductor. 

We have just seen that a rotating field of fixed magnitude and con- 
stant angular velocity may be established by combining the fields due 
to two or more alternating currents. Assume that a rotor made up of 
conductors of low resistance is mo\mted on a shaft in such a manner 
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that it will be free to rotate within the region of a rotating field pro- 
duced as outlined above (Fig. 203c). The field due to the eddy currents 
generated in the rotor by the rotating field will, in conformity with 
Lenz’s law, cause the rotor to revolve and thus develop motor action. 
This is the basis of the induction motor. Nikola Tesla was the first to 
apply these principles in the production of a practical motor of this type. 
In practice the rotor of the induction motor commonly consists of a series 
of heavy copper bars supported on the periphery of an iron framework 
and parallel to the axis of rotation. The conducting bars are short- 
circuited by being welded to a copper or brass ring at each end, thus 
forming what is frequently referred to as a ‘^s(iuirrel-cage ” rotor (Fig. 
204). The field coils an^ usually supplied with either two- or three- 
phase alternating current. Tn the three-phase units, three sets of held 



Fig. 204, — l^otor of an inchiction motor. (General Electric Co.) 


coils are so arranged on the stator that they produce three fields spaced 
120® apart, and also differing in phase by 120®. Such motors are 
extremely rugged in construction, and because of the absence of a com- 
mutator or a slip ring, require little operating attention. Two- and 
three-phase induction motors are widely used, especially the latter type, 
the units ranging in size from a fraction of 1 hp to 200 hp. 

If a polyphase induction motor is running at normal speed, it will 
continue to run and carry a mechanical load even though all but one 
of the phases are disconnected. Under such circumstances the unit is 
operating as a single -phase motor. Such a motor is, however, not 
inherently self-starting; the rotor must be brought up to near-synchro- 
nous speed before the motor will function. Any one of several means 
may be provided to give the rotor this initial angular velocity. One 
plan amounts to the splitting of a single-phase current into two compo- 
nents which differ in phase. This can be done, for instance, by pro- 
viding two windings on the stator, one of which is supplied with an 
inductance or capacitance in series with that particular phase winding. 



MOTOnS 


315 

The presence of the reactance (Sec. 162) will cause the current in that 
particular winding to lag, or lead, the current in the other winding, and 
thus to differ in phase, with the result that a rotating field is established. 
Figure 205 illustrates the fundamentals of this particular starting scheme. 
When the rotor attains operating speed, a centrifugal device opens the 
auxiliary or starting winding F\ 

It is evident that, if such a motor will run and carry a load once the 
rotor is brought up to speed, a revolving field must exist. Tt would take 



us too far afield to discniss the theory involved in this action, but the 
interested reader will find a detailed and clear treatment of this subject 
in a work entitled '^Klements of Ele(*trical Engineering^’ by A. L. Cook, 
3d ed.. Chap. XXXI W Other references that will be helpful are to be 
found in ‘^Electrical Engineering” by C. Ij. Dawes, Vol. II, Chap. X, and 
in “Electrical Engineering” by C. V. Christie, p. 482. 

Single-phase induction motors resemble the polyphase induction 
motor in their structural features. The single-phase type of unit is 
usually made in fractional horsepower sizes only. They are extensively 
used for domestic purposes, since they will operate on the usual single- 
phase lighting circuit. 

146. The S3mchronous Motor. If alternating current is supplied 
to the armature winding of a polyphase generator whose field is excited 
from a d-c source and whose rotor is brought up to speed, it will continue 
to run and will carry a mechanical load. In other words, such a machirn^ 
is a dynamo in the strict sense of the term; it will function either as a 
generator or as a motor. It will, however, only function as a motor when 
running at synchronous speed; hence the name. 

When a polyphase voltage is applied to the armature windings of a 
synchronous motor, a revolving magnetic field will be developed, as in the 
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case of the induction motor described in the preceding section. If, then, 
the rotor carrying the field magnets is brought up to synchronous speed 
and the field current applied, the rotor will lock into step with the 
revolving magnetic field developed by the armature binding. If ovei> 
loaded mechanically, it will fall out of synchronism and stall. Th(' 
synchronous motor is, therefore, a constant speed unit; hence it is not 
suited for use where the load is variable in magnitude. They are exten- 
sively used, however, particularly in large units. 
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146. Fundamental Theory of the Static Transformer. Perhaps the 
most widely used device in the field of applied electricity is the static 
transformer. The term ^‘static’' signifies that there are no moving 
parts, potential transformations being effected by changes in magnetic 
flux within fixed windings grouped about a common iron core. The 
possibility of the commercial distribution of eh^ctric power over extended 
areas is largely due to this agency. In communication engineering, 
particularly in telephone and radio practice, the transformer also finds 
wide application. 

In its simplest form a transformer consists of a closed magnetic core 
upon which are wound two coils (Fig. 2()()), one usually having a greater 



Fig. 206. — Static transformer. 


number of turns than the other. The winding to which energy is supplied 
is known as the primary and the coil from which energy is taken is known 
as the secondary. It is important that this distinction be kept clearly in 
mind, as the transformer may be utilized to increase (^'step up^^) or to 
decrease (“step down^’) the potential. It may be, and often is, used 
simply as a coupling agent between two parts of an electrical organization, 
in which case no voltage transformation occurs. 

We will first examine the relation which obtains between the potential 
differences at the terminals of the two windings. Let us assume that 
sufficient current is flowing in the primary, as the result of an applied 
alternating emf, completely to magnetize the iron core, and that the 
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secondary winding is open. As in dealing with a simple inductive 
circuit, the applied emf must equal the sum of the ohmic drop in the 
primary winding (in this case due to the magnetizing current) and the 
counter emf of self-induction. This may be expressed thus, 


Cl = Rii + L\ 


(i) 


where the subscripts indicate conditions in the primary winding. 

It has been previously shown (Sec. 132) that the emf of self-inductanc(^ 
is equal to the rate of change of the flux. Hence we may write 


. di\ _ 

~ dt' 


(ii) 


where = the total flux existing in the iron due to the current in the 
primary. We are interested in the relation between the number of turns 
and the existing flux. We have the relation 

^1 = Ni^y (hi) 


where ^ indicates the flux due to each turn and Ni the turns in the 
primary winding, the term Ni^ being what is called the “flux turns” of 
the primary. Differentiating (iii), we have 


d^i _ dH? 
It “ 


(iv) 


In view of the relations expressed by (ii) and (iv), we may put (^) in tlu^ 
form 


Cl — Hiii + N\ 


dt 


(v) 


Since in a transformer that part of the total applied emf which is 
required to supply the Ri drop is very small compared with that necessary 
to balance the reactance drop (Sec. IGl) (in practice about 1 per cent), we 
may neglect the Ri term, and, for our purposes, consider that 


In general, 


or 

hence 


Cl = Ai 


d^ 

dV 


Emf 



d^' = e' dt) 

= j e'df, 


(vi) 


(vii) 
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the priuios signifying values in general. 
From (iii) we have 


which j ives the flux linkage per turn. 
Comlhning (vii) and (viii), we have 


<!> „ 



. 1 dt. 


(viii) 


(» 


To evaluate the expression fci dl, we will assume that the applied (anf is a 
sine function, thus 

Cl = E\ sin cj/. 

Substituting this value for Ci in (ix). 


which yields 



sin ij^i dtf 


* 


— EJi 
N\o) 


cos cot. 


(x) 


We thus have an expression for the flux per turn in terms of the maximTim 
applied emf and the number of turns in the primary. 

Passing now to a consideration of what takers place in the secondary, 
it may be noted that the flux turns of the secondary may be written 


and hence 

Hut 


<^2 = A^ 24 >, 


d4>2 jyr d^ 

W - 


C2 


d4>2 
~dt ' 


(xi) 


which from (xi) becomes 

(xii) 

We may eliminate d^/dt by differentiating (x) and sul)st.ituting in (xii). 
This yields 

^2 = Tr" El Sin cot. 


(xiii) 
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hence fxiii) becomes 


El sin uit = ci; 


Yi 


- = ( 201 ) 
To Am 

It is thus evident tliat tlie ratio of the applied and developed potential 
differences is equal to the ratio between the turns in the primary and 
secondary. This, it should be iiotiHl, is on the assumption that all of the 
flux prodiK^ed by the current in the primary is linked with the secondary. 
In a well-designed transformer the flux leakage is very small; hence E(|. 
(201) serves as a useful working relation. 

Thus far we have not considered the effect of the current which may 
exist in the secondary if it is connected to a load impedance. When cur- 
rent flows in the s(K‘,ondary, the magnetic effect of this current, by Lenz’s 
law, Avill oppose the flux in the core due to tlu^ magnetizing current in 
the primary. This means that the counter emf due to the self-inductance 
of the primary is lessened, with the result that a grc^atcu* (uirrent Avill tend 
to flow in the primary winding. A transformer thus becomes largely 
self-regulating, the flux not decreasing more than 1 per cent Ixdvveen no 
load and full load. It will thus be evident that if the load impedance of 
the secondary is made zero (‘^short-circuited’^), not only will the 
secondary winding be destroyenl, but, due to excessive current in the 
primary ^^inding, it also may be damag(Hl. 

The magnitude of the potential difference developed at the terminals 
of the secondary of a transformer may be expressed in terms of the flux, 
the frecpiency, and the number of secondary turns. The harmonic flux 
in the core due to the magnetizing current in the primary threads through 
the se^condary winding and induces therein an emf whose value is given by 


Assuming that the flux is sinusoidal and has a maximum value we may 
write 

d 


= —o)N2^ cos cot; 


which may be written 


62 = %rfN2'^ sin {cot — 90 ). 
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Thus it is seen that the induced emf is also sinusoidal and lags the flux by 
90°. The maximum value will be 

En, = 2TrfN2^y 

and the effective value (Sec. 156) 


V2 

where E 2 is in abvolts. In engineering units 

E 2 - 4.44/iV24>10 volts, 


which reduces to 


E 2 = AAAfN^ABAQ-^ volts, 


where A is the cross-sectional area of the core and B tln^ flux density. It 
may be shown that 

El = AAAJNiABU)-^ volts. (204) 

Equations (203) and (204) are basic relations in transformer design. 

Modern power transformers have an efficiency of tlie ordei’ of 95 per 
cent, so that, approximately, 

1 \ - P 2 , 

and, except for small copper and iron losses, one might wiite 


The wide utility of the transformer in electrical power distribution rests 
upon the relations given as J^qs. (201) and (205). IClectrical energy may 
be transmitted at high potentials and low current values and stepped 
down^' for the consumer's use. In power work this procedure results in 
great savings in tlie cost of line conductors, though the cost of insulation is 
considerably increased. The net gain, however, is large. This economy 
results from the fact that thermal losses in the line vary as the square 
of the current. 

The phase relations in the transformer deserve consideration. These 
relations, for a loaded unit, are set forth in the simplified vector diagram 
appearing as Fig. 207. Ei represents the emf applied to the primary 
winding, 70 the magnetizing current in the primary (which lags the 
applied emf by nearly 90°), and 0 the magnetic flux threading both 
windings. 7 / is that component of the primary current which is required 
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to neutralize the demaji^netizing effect of the load current h in the 
secondary and I\ is the total primary current of the loaded transformer. 
It is to be noted that the (‘mf FJft developed in the secondary is opposite 



Fir*. 207. relations in a trans- 

former. 


in phase to the applied emf. It is 
important that this fact be kept in 
mind, particularly when dealing 
with communication circuits. The 
phase angle a 2 tt'hich the load cur- 
rent in the secondary mak(*s with 
the terminal potential differeiua^ of 
the setaindary will depend foi* its 
value on the constants of the load 
circuit; further, the phase angles ai 
and a 2 are, in general, not equal. 

147. Types of Transformers. 
Transformers are of three general 
designs (Fig. 208) which are com- 
monly designated as the core type, 
the shell type, and the open-core 
type. In the former (a) the core 
consists of a single continuous mag- 
netic path (r(H*tangular or circulaj- 
in cross section), the primary and 


secondary being disposed about different sections of the core. In cer- 


tain forms of this type both the primary and secondary are divided into 



(a) tb) (C) 


Fi<i, 208. trauisfoniierH: (a) core type, (6) shell typ<*, (<*) open-core type. 


two sections; a primary and a secondary component being placed on 
separat/o sides of a rectangular core. In other forms, both the primary 
and secondary are concentrically wound on the same ^'leg,^* or all the 
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primary may be about one part of the core and the entire secondary 
about another section of the iron. 

Transformers of the shell type (6) differ from the core type in that 
windings are disposed about a central section of the iron, and the magnetics 
circuit is completed through two or four paths. In some cases the 
primary and seicondary are concentric, while in others both the primary 
and secondary are arranged in alternate sections, or ‘^pied,” as it is some- 
times called. Power transformers are constructed in both the core and 
shell types. 

The open transformer (c) is the most simple of all the types, consisting 
of a straight core upon which the primary and secondary are concen- 
trically disposed. This type is usually made only in small sizes, and is 
used primarily for certain types of telephone equipment. 

There are various modifications of the abovo-mentioned forms. The 
particular type of transformer that is to be employed in a given case 
depends largely upon the special use to which it is to be put. 

148. The Autotransformer. A special type of transformer which has 
recently come into wide use consists of a single winding disposed about 
an op(m or a closed core. The prin- 
ciple involved in the operation of the 
autotransformer is shown diagram- 
matically in the sketch appearing as 
Fig. 209. As commonly designed 
and employed, the input connections 
are so arranged that all, or nearly 
all, of the winding is connected to the 
source. One output connection S\ is 
common with one of the input leads 
Pi. The second output connection 
S 2 is variable and is so arranged that 
any fraction of the total drop in 
potential over the entire winding 
may be included between >Si and 82 - 
The drop between S\ and St is due 
largely to the inductive reactance 
(Sec. 101) involved. These units are commonly employed as step- 
down transformers, but gain in voltage may be had by including more 
turns between the output taps than are included in the input connec- 
tions. Since the currents in the primary and secondary circuits are of 
opposite phase, that part of the winding that is common to both circuits 
carries a current whose value is the difference (vector sum) between 
primary and secondary currents. It is evident that, in this type 
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of transformer, the whole of the energy does not undergo trans- 
formation. For instance, in the case of a step-down unit of this type, the 
transformer serves to supply the required increase in current by sub- 
tracting from the applied emf. As a result of this relation, the auto- 
transformer is more efficient than a unit of the standard type, and the 
gain in efficiency becomes more evident as the ratio of transformation 
approaches unity. In this type of transformer 


E, N, 7r 


(206) 


In practice, the winding is usually toroidal in form. By means of a 
wiping contact, controlled by a (central shaft, contact may be made with 



Fig. 210. — Commercial form of 
autotransformer) without case. (Gen- 
eral Radio Co.) 


each turn of the winding. Thus 
extremely small changes in output 
voltage may be secured. A typical 
unit of this type is illustrated in Fig. 
21 0. Such transformers are employed 
in connection with rectif 3 dng outfits 
(Sec. 232), in balancing units in 
certain power-distributing systems, 
and for the control of theater lighting 
instead of cumbersome ancl trouble- 
some rheostats. Autotransformers 
find wide use in laboratory and 
research work, as well as in industrial 
processes. When using this type of 
voltage control, only a trifling amount 
of energy is lost in the form of heat, 
and the voltage can be adjusted 
in imperceptible steps. Autotrans- 
formers available for commercial use 
in various capacities ranging from a 


few watts to several kilowatts. 

149. Transformer Efficiency and Regulation. The efficiency of the 
ordinary power transformer is very high at normal load, varying from 
90 per cent in the smaller units to 98 per cent in the larger sizes. In 
general, the efficiency of a transformer, expressed in per cent, may be 
defined as 


Output 

Input 


X 100 


output 

output + losses 


X 100. 


In applying the above relation, it is necessary to specify whether instan- 
taneous or all-day efficiency is meant. By all-day efficiency of a trans- 
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former is meant the ratio of the total energy delivered by the transformer 
during a 24-hr period to the total energy delivered to the unit during the 
same period of time, usually expressed in per eent. The energy input and 
output would ordinarily be expressed in kilowatt-hours. The reason for 
differentiating between the efficiency at any moment and the all-day 
rating is that the primary of a power transformer in a distributing system 
is connected to the mains at all times, whether it is carrying a load or not ; 
hence the iron losses are continuous. 

In determining the efficiency of a transformer, it is common practice 
to determine the losses, rather than to measure the total output and 
input. This procedure is followed because one-half of 1 per cent error in 
a wattmeter reading would cause an error of several per cent in the 
results. This results from the fact that the efficiency, in most cases, is 
very high. 

By regulation of a transformer is meant the relation of the se(a)ndary 
voltage at full load to that at no load, when the input voltage is held 
constant. Expressed in terms of percentage, regulation may be defined 
as 

No-load voltage — Full-load voltage 
Full-load voltage 

In cases of small units the regulation is of the order of 2.5 per cent and 
for the larger sizes about 1 per cent. The regulation depends chiefly 
on the resistance drop. 

160. Constant- voltage Transformers. Another type of special trans- 
former has recently been introduced that is designed to deliver a constant- 




Fig. 211. — Circuits of constaiit-voltagc traiisforiner. 

voltage output even though the input voltage may vary between quite 
wide limits. This automatic regulation is brought about by means of a 
multiple winding in both the primary and secondary circuits. The 
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magnetic reactions are somewhat complicated and outside the scope of 
this volume. However, a general understanding of the principles 
involved in such a unit may be had by reference to Fig. 211. Such a 
stabilizing organization, in effect, consists of two transformers, the two 
primaries and the two secondaries being in series as shown. One of these 
transformers T 2 operates at high magnetic density. Its secondary is 
resonated (Sec. 164) by means of the condenser C. The secondary 
windings are opposed, one winding Si being considered as a compensating 
element to the other S 2 . The compensating secondary S\ has few turns 
compan?d with If the primary voltage increases, for instance, the 
output voltage in both secondary windings will increase, but since 
the voltage developed in these two windings differs in phase by 180®, the 
resultant voltage will tend to remain constant. Alone, this compensation 
would not result in a strictly constant output voltage. However, the 
combined effect of controlled flux density and resonance gives a vector 
sum which is very nearly constant. Commercial units have recently 
become available that will hold the output voltage within ± 4^ per cent 
when the applied emf varies from 95 to 130 volts; change in load values 
does not modify these limits. It is said that the automatic adjustment 
takes place within a fraction of a cycle. Because of the high flux density 
in the core, and because of the resonance effect, the output wave form is 
somewhat distorted. For certain uses this characteristic would con- 
stitute a serious limitation, but, for many purposes, a slight increase in 
harmonic content would be of no consequence. Constant- voltage 
transformers of this type are finding use as voltage-stabilizing devices. 
They are made in units ranging in size from a few watts to several 
kilowatts. 

161. Constant-current Transformer. Thus far in our discussion, we 
have dealt only with transformers designed to give a constant potential. 
There is, however, a class of service, particularly in illuminating engineer- 
ing practice, in which it is desirable to have available a transformer unit 
which will produce a constant current. Such a transformer is shown 
diagrammatically in Fig. 212. It will be noted from the drawing that the 
secondary is movable and so suspended that it is nearly balanced by a 
counterweight. When the transformer is in operation, the currents 
in the primary and secondary, at any given instant, are in opposite 
direction. Hence, the magnetic field will cause repulsion between the 
coils, and the secondary will be forced upward and away from the pri- 
mary. This gives rise to a greater magnetic leakage between the two 
coils with a resulting decrease in the voltage developed in the secondary. 
This tends to decrease the current in the secondary and the connected 
load circuit, thus lessening the magnetic repulsion. The falling of the 
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secondary will then immediately readjust the voltage conditions so that a 
constant current is automatically maintained. The constantr-current 
transformer is used in supplying energy to series street lamps. 



r 1 


Fig. 212. -l^ssentials of constant-current transformer. 

162. Instrument Transformers. When measuring potential differ- 
ences in connection Avith high-potential a-c circuits, it is the practice to 
connect the voltmeter to the line through a potential or instrument trans- 
former as shown in Fig. 213a. It is customary to step down the potential 
to 110 volts. The output of such a transformer is only sufficient to 
operate one or tA\ o voltmeters. 



Fig. 213.— Methods of comiecting instrument transformers. 

In measuring current in high-tension a-c circuits, it is impracticable 
to employ shunts; therefore recourse is had to what is known as a current 
(or series) transformer. The manner of connecting such a device is 
shown in Fig. 2136. In dealing with current values of the order of 1,000 
amp, the primary consists simply of the main conductor itself. The 
winding is so arranged that the secondary will deliver a few watts and is 
figured on the basis of 5 amp in the secondary. 

In the case of wattmeters and power-factor meters for use on high- 
voltage circuits, a combination of two such instrument transformers is 





328 


ELECTRICITY AND MAGNETISM 


employed. A sketch of the connections for a wattmeter layout is shown 
in Fig. 213c. The potential coil of the wattmeter is designated Li and 
the current winding as Li, 

163. Welding and Furnace Transformers. In the operation of elec- 
trie furnaces and in elec tric-wel ding processes, current values as high as 
25,000 amp may obtain. In order to secure currents of this magnitude, 
use is made of special step-down transformers having a few turns on th(^ 
primary side and a single heavy-copper conductor for the secondary oi* 
load circuit. 

164. Audio Transformers. Communication engineering covers a 
wide and rapidly expanding field. The varied aspects of telephone and 
telegraph transmission, of radiotelegraphy and radiotelephony, and of 
television involve vast numbers of relatively small transformers, most of 
which operate at audio frequencies. There are, literally, millions of such 
units in daily use. It is to be noted that the theoretical problems 
involved in the design of transformers used for communication purposes 
are far more complex than those encountered in power generation and 
distribution. The reason for this is that in power work a given trans- 
former is designed to operate at a definite and fixed frequency and wave 
form, while in the case of communication transformers the unit must 
function eflSiciently over a relatively wide range of fre(iuencies when 
supplied by a current having a complicated and varying form. Sin(‘e the 
fidelity of speech and musical reproduction depends upon the preservation 
of the current wave form, it is evident that the problems involved are of 
an entirely different order than those encount^ered in power practice. 
While it is outside the scope of this text to enter into a detailed discussion 
of the many special types of transformers employed in the communication 
field, mention may be made of two or three of the forms most commonly 
encountered in practice. 

The simple open-core transformer, used in many desk and wall tele- 
phone sets, has already been referred to. This unit serves to transform 
the variable direct current, produced by the action of the sound waves 
upon the microphone button, into an alternating current of higher volt- 
age, The device is commonly spoken of as an induction coil, rathei- 
than as a transformer, because the primary, as just noted, is supplied 
by a direct current (variable) rather than by an alternating current. 
Fundamentally, however, it is a transformer, and the principles of trans- 
former design are applicable. 

The toroidal type of transformer also finds extensive use in telephone 
practice. A diagrammatic sketch of a common form is shown in Fig. 214. 
In this unit the core is made either of soft-iron wire or of thin laminations 
and, as the name implies, the winding, consisting usually of four sections, 
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is toroidally arranged, thus giving high efficiency and cotnparati\ friMv 
dom from stray fields. All eight terminals are brought out’ to separate 
connections, thus making a flexible unit. This type of transformer is 
used in both talking and ringing circuits. Such transformers are frc- 
(juently spoken of as ^^repeating coils.^' 

As implied above, the transformers involved in the design of audio 
amplifiers, used in connection with radio receivers, public-address sys- 
tems, and phonographic reproduction, consti- 
tute a more or less special group. Such trans- 
formers must b(^ designed to have a uniform 
transformation ratio over a wide range of frt^- 
quencies. If musical sounds are involved, the 
frequency limits will lie between about 35 
and 12,000 cycles/sec. An examination of Eq. 

(203) shows that emf developed in the second- 
ary of a transformer depends upon the fre- 
(piency and, indirectly, upon the permeability 
which, in turn, is a function of the strength of 
the magnetizing field. Thus it is seen that the 
design of a multiphvfrequency transformer presents a unicpie proldem. 
This is further complicated by the fact that at the higher frequencies, the 
(^k>ctrostatic> capacitance that exists between the layers of the winding will 
by-pass an appreciable part of the current. This capacitance, together 
with t he inductance of the winding, forms a resonant circuit (Sec. 164) for a 
narrow band of frequencies, t hus giving nonuniform voltage transformation 
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Fig. 215 . -Respoiiso curve of a high-fidelity audio traiiHformer. 


The effect of either process is to give rise to distortion in the wave form. 
By arranging the windings in alternate sections, the capacitance effect 
may be minimized. Notwithstanding these several difficulties, design 
engineers have developed various audio transformers which show a 
response curve which is essentially flat over the usable audio range. 
Such a curve is reproduced in Fig. 215. These attainments have been 
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greatly facilitated by the availability of several of the new magnetic 
alloys, particularly those having a fairly constant permeability factor. 
Because of the properties of these special alloys, it is now possible to 
produce audio transformers of surprisingly small size and weight., and 
having a frequency response which does not vary more than ±2 db^ over 
a range from 30 to 20,000 cycles. In somewhat larger units the fidelity 
is ± 1 db; truly a remarkable engineering accomplishment. 

In speaking of transformers, it is pertinent to point out a funda- 
mental principle that finds application wherever transformers are uti- 
lized in communication circuits. 

It may be shown that, in order to secure maximum transfer of energy 
and to avoid distortion, the impedance of the primary of a transformei’ 
used in telephonic or radio circuits must be equal to (or match) the 
impedance (Sec. IGl) of the line or other device from which it receives 
energy. Further, the impedan(*e of the secondary should also match 
the impedance of the circuit to which it is to transfer energy. Assume^ 
for instance, that a transformer is needed for the purpose of coupling 
two circuits, one of which has an impedance of 500 ohms, to anotlu^r 
whose impedance is 2,000 ohms. A transformer should be employed 
whose windings have impedances of 500 and 2,000, respectively, the low- 
impedance side of the transformer being connected with the line of low 
impedance and the high-impedance side to the high-irnpedance (nremit. 

In radio-communication work, wide use is made of air-core trans- 
formers, particularly in connection with resonant circuits. These will be 
discussed in a later chapter. 


PROBLEMS 

1 . In the case of a 10-kw 60-cycle 2,300/1 1 5- volt transformer, what is the 
turn ratio? Neglecting the no-load current, what is the primary and the second- 
ary current? 

2 . A 10-kw 110/220-volt 60-cycle transformer has a combined iron and 
copper loss of 100 watts. What will be the primary (220-volt side) and secondary 
currents? What will be the primary current when the transformer is not con- 
nected to a load? 

3 . In the case of a certain transformer, it is found that the core loss is 100 watts 
and the full-load copper loss 150 watts. If the transformer is to deliver 5,000 
watts to the load circuit, what will be the input in watts? What will be the 
efficiency? 

4 . A 60-cycle transformer has 1,000 turns in its primary winding. If the 
unit is to be operated at flux density of 10,000 gausses when connected to 100-volt 

^ As used here, the decibel (abbreviated db) is a unit which expresses the ratio 
of input voltage to output voltage in the case of a transformer or audio amplifier 
(Sec. 237). 
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niaiiiws, what niufit be the croHS section of the primary in order to produce a 
secondary open-circuit voltage of 5,000 volts? 

6. If it is assumed that the regulation of the above transformer must not 
exceed 5 per cent, how many turns must the secondary winding contain? 

6 . A 60-cycle 2300/1 15- volt transformer has 1,200 turns in the primary 
winding. At what voltage should the unit be operated to produce the same flux 
density in the core when connected to a 25-cycle supply? 

7. A single- phase autotraiisformcr is used for the purpose of dropping the 
voltage from 115 to 75 volts. The load is 500 watts. Neglecting the losses, 
what will be the (nirrcnt in the two sections of the transformer winding? 

8 . A transformer is being designed to operate on a 60-cycle supply, and to 
develop 1,000 volts at the terminals of its secondary. The secondary winding is 
to have 2,000 turns; the iron is to be worked at a flux density of 5,000 gausses. 
What must be the cross section of the core? 
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ALTERNATING CURRENTS 


166. Introductory. It has already been pointed out that in so far as 
ek^ctrical power generation is con(‘.erned, by far the greater part of the 
energy involved is in the form of alternating current. The principal 
advantages of this form of current in power work may be summarized 
as follows: 

1. An a-c system is much more flexible than a d-c supply. A wide 
voltage range may be had by means of transformers. 

2. Line losses may be minimized by transmitting the energy at high 
potentials. 

3. Alternating-current motors are mechanically and electrically sim- 
ple and require a minimum of operating attention. 

4. Alternating current may be readily converted into direct current 
when that form of energy is needed. 

In referring to the use of alternating current, however, it should be 
kept in mind that in the field of communication alternating currents 
play a dominant role. The application of a-c theory to this field will, 
accordingly, also claim our attention. 

A graph representing the relation between emf (or current) and time 
gives what is referred to as the wave form. The brief treatment of the 
theory of alternating currents which follows is based upon the assump- 
tion that we are dealing with sinusoidal waves of current and potential. 
While the emf available from commercial power circuits may differ 
slightly from a pure sine wave, calculation based on the sine-wave 
assumption will closely approximate the actual conditions. If, and when, 
the wave form is not simple, as is usually the case in communi(;ation 
work, it is possible to resolve the wave into components that are sinus- 
oidal. This can be accomplished analytically by the aid of Fourier’s 
well-known theorem. It is also possible to determine the harmonic con- 
tent of a complex wave form experimentally. It therefore follows that 
any reasoning based on the sine-wave postulate may be extended to 
waves of any form, provided the components constitute an harmonic 
series. In any complex wave form the lowest frequency present is 
designated as the fundamental or first harmonic. If a component was 
present whose frequency was twice that of the fundamental, it would be 
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(Insignatod as the second harmonic; if three times, the third, etc. Jf 
upper harmonics (harmonics having airequency higher than the funda- 
mental) are present in the output of an alternator, they will be the odd- 
numbered ones, i.e., the 3d, 5th, etc. even-numbered harmonics are not 
present because of the manner in which the emf is generated. In h-f 
work one may, however, encounter both odd and even harmonics. In 
general, the harmonicas above the fundamental have a much smaller 
amplitude than that of the fundamental. It should be noted that, in 
those cases in which the wave form is symmetrical with respect to the 



Fig. 216. — Alternating-current (or 'Hif) wave fornivS. Upper record, symmetrical 
with respect to zero axis — only odd aarmonics present. Lower record, nonsym- 
metrical — both odd and even harmonis present. 


zero axis, only the odd harmonici are present. If the wave form shows 
nonsymmetrical positive and nej:a<tive loops, both types may be present. 
These two cases are illustrated inthe oscillograms reproduced as Fig. 216. 

In power engineering, the frcjnencies encountered in this country are 
60 and 25; abroad 50 and 25 Cf^cles are, or were, common. Owing to 
the flicker of incandescent lamp, the 25-cycle form of energy is not suit- 
able for illumination purposes. The use of 25 cycles, however, gives a 
lower line drop than does 60 cycles; and power equipment operates 
somewhat better at the lower fnquency. For these reasons, it has, until 
recent years, been the custom o use 26-cycle power for electric traction 
work on railroads and for certan other strictly power purposes. How- 
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ever, within the past few years certain railr()ads have changtHj to (>0 
cycles and it seems probable that cycles will, in time, become universal 
in this country. 

In communication work, frequencies range from a few cycles per 
second to many millions. At the higher frequencies, phenomena present 
themselves which are not commonly encountered at ordinary power fre- 
quencies. We shall have occasion to (‘.onsider c^ertain of these aspects in 
a later chapter. 

166, Effective Value of Alternating Current and Emf. In dealing 
with alternating currents, the (question at once presents itself as to what 
one means by the terms ampere and volt. In dealing with alternating 
potentials and currents, we have seen that both the potential and cur> 



Fi(i. 217. — Emf and <*urrnnt in phast*. 


rent vary harmonically betwecai zerc) and a certain maximum value. 
The relation between the instantaneoais and maximum values may be 
expressed thus, 

c = Em sin {cci)j (207) 

where e represents the instantaneous value of the emf, Em the maximum 
value, oj = 27r X frequency, and t the time. If such a sinusoidal emf is 
impressed on a circuit containing only iresistance, the instantaneous cur- 
rent will be given by the relation 1 

f = ^ sin {(at) = Mm sin (w/), (208) 

where i is the value of the current at aniy instant and Im is its maximum 
value. In such a case, the current maxi:mum will occur at the same time 
that the emf reaches its greatest value, as indicated in Fig. 217. In the 
diagrammatic representation as given ithe relative amplitudes of the 
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emf and current curves have no significance. Obviously, the maximum 
value of current and emf cannot serve as the basis of a definition for 
the ampere and the volt where alternating currents are concerned; and 
we shall find that the average value is also not a suitable norm. There 
is, however, a simple and logical basis on which to establish a working 
definition of an ampere and a volt as it applies to a~c values. Reference 
is made to the heating effect of the electric current. Since the heating 
effect of the (uirrent is independent of the direction in which the elec- 
trons are moving, we may take the thermal effect of the current as a 
basis for our definitions. With this in mind, it mav be said that the 



Fe;. 218. — Thermal effeet serves as basis of effective' values of current and emf. 

effective value of an alternating current is the value of the direct cur- 
rent that will develop the same thermal effect as the alternating current 
during one complete cycle of the latter. 

It has been shown [Sec. 83, Eq. (110)] that the heating effect of a 
current passing through a pure resistance varies as the square of the cur- 
rent. Therefore, a curve constructed by using the square of the instan- 
taneous current values as ordinates will represent the variations in the 
rate at whicdi heat is developed by an alternating current. The mean 
ordinate of this heat curve also represents the square of the direct cur- 
rent that would produce the same quantity of heat in the same period 
of time as would the original alternating current. This is graphically 
represented in Fig. 218. It follows, therefore, from our definition of 
effective value, that the mean ordinate of the curve representing is 
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equivalent to the square of the effective value of the alternating current. 
In other words, 

/eff^ = mean value of (i) 

where /eff is the effective value of the alternating current. Then 
/eff = Vmean value of i- 

= \/mean vahie of /„/sin- (cj/). (ii) 

It now remains to evaluate the expression under the radic^al 
sign. By the aid of a simple trigonometric transformation, we may 
write 

sin- (w/) = ^2 cos 2(^0. 

In general, if n is an integer, the mean value of (U)s na over a complete 
cycle is zero. Therefore, the above expression reduces to which, 

from (i), is the square of the effective value of the current. Hence the 
effective value of an alternating current is given by the expression 

Lit = -^- = 0.7077„,. (209) 

V2 

Since we have assumed that the current and the ernf are both sinusoidal, 
we may write a corresponding expression for the effective^ value of an 
alternating emf, thus, 

= 0.707 A’„,. (210) 

V 2 

From Eqs. (209) and (210) it is evident that 

/,» = /.ff \/2 = (211) 

and 

~ \/2 = 1.4lAeff. (212) 

Because of the method of determining the effective value of current and 
emf, the term square-root -of -mean-square, or, more simply, root -mean- 
square, is sometimes used to designate what we have called effective 
value. Some writers use the term virtual as the equivalent of effective. 
In engineering practice root-mean-square (abbreviatexi rms) is the term 
most commonly employed. The foregoing discussion leads to the state- 
ment that an alternating current that is designated as one ampere is 
equivalent to a direct current of one ampere, if and when it develops 
heat in a given resistance at the same rate as the direct current. Such 
a current value is the effective, or rms, value indicated above. 
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Correspondingly, an alternating voltage which will maintain one nns 
ampere in a noninductive resistance of one ohm is designated as an effec- 
tive (or rms) volt. The relative magnitudes of the maximum, effective, 
and average values of an alternating current are graphica.lly indicated in 
Fig. 219. 

All ordinary a-c instruments are calibrated t-o read in effeidive (rms) 
values. If an a-c voltmeter reads 100, the maximum potential difference 
under test would be K41 volts. 

In the event that tne emf or current curve is not sinusoidal, the meter 
i*eading will still give rms values. Under theses (‘ircumstances, tlu^ true 
maximum values would not be given by Eqs. (211) and (212). How- 
ever, those eejuations would give the maximum values of what is known 



Fig. 219, — Relation of inaxinnim, etTectiv(% and average valiaxs of current and einf. 

as the equivalent sine curve. For some purposes it is permissible to use 
such equivalent-sint^-(;urve values in computations. If more exact values 
are required, it becomes necessary to break down the complex wave into 
its components and to deal with each component separately, afterwards 
combining the several elemental results in order to arrive at the maxi- 
mum value for the original wave. 

From this point on in our discussions I and E without subscripts will 
always indicate rms values. 

167. Average Values and Form Factor. The average value of an 
alternating emf or current for any number of complete cycles is zero, 
because there are as many negative values as positive ones. The mean 
value for a half cycle, however, is a quantity that is not zero, and that is 
useful in certain a-c calculations. To express this in terms of the maxi- 
mum value of the current, we have but to find the area under the sine 
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curve and divide it by the length of the base line, expressed as an angle. 
In terms of the calculus, this would be 

sin o>td(c^1) = 0.636/ (213) 

TT Jo 

The ratio of the effective to average values is known as the form 
factor, because of the fact that it serves as an indication of the wav(^ 
form. This i“atio is 


0.707 

0.636 


1 . 11 . 


If the form factor is less than the value above given, the wave form will 
be flat-topped (Fig. 220a); if it is greater than l.U, the wave is peaked, 
as shown in Pig. 220//. In dealing with the core losses in transformers 


(a) (b) 

Fig. 220. — Significance of form factor. 

and in other a-c equipment, the form factor has a bearing on the magni- 
tude of such losses. If the form factor is high, the core loss will be low, 
and vice versa. The core loss in a transformer, for instance, when 
supplied with a current having a flat-topped wave, would show a mini- 
mum core loss, while the same unit, when actuated by a current having 
a form of the type shown in Fig. 2206, would have a high core loss. 
The form factor enters into the consideration of certain problems con- 
nected with communication engineering. 

168. Vector Representation of Alternating Electrical Quantities. We 
have seen that both alternating emf and current may be represented by 
mathematical equations. It has also been shown that these quantities 
may also be represented by curves plotted on rectangular coordinates. In 
many cases a third method of representation is found to be useful. Refer- 
ence is made to what is often called the rotating -vector method. Such a 
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vt^ctor is one that is constant in magnitude and rotates about one end 
at a constant angular velocity. In applying such a plan of representa- 
tion to alternating electrical quantities as, for example, an emf, the 
length of the line representing the vector is made to indicate the maxi- 
mum (or the rms) value of the quantity. The line is thought of as 
rotating at an angular velocity such that the number of revolutions per 
second corresponds to the freciuency of the emf or current. Reference 
to the diagram appearing as Fig. 221 will assist in arriving at an under- 
standing of this method of representation. 

In the diagram E represents E,n sin co/. Whatever the source of 
the emf may be, its magnitude is assumed to be zero when the vector 
representing it is in a horizontal position ami to l)e a maximum when 



Fig. 221. iiielhod of representing periodic electrical quantities. 


vertical. It is further assumed that the vector always rotates counter- 
clockwise. The angle is expressed in electrical angular measure, usually 
radians. The line representing the vector may be drawn to scale, or, 
as is more commonly the case, it may be given any convenient length; 
in which event phase, and not magnitude, is the significant aspect of the 
diagram. The repnisentation shown at the left of Fig. 221 is sometimes 
referred to as a clock diagram. 

169. Phase Relations. The space relation of one electrical vector to 
another is of great importance in a-c computations. As we shall see 
shortly, if ohmic I'esistance alone exists in a circuit to which an a-c emf 
is applied, the current and the emf will bo in phase, f.c., both of these 
quantities (vectors) pass through their maximum and minimum values 
simultaneously. The case is diagrammatically represented in Fig. 222. 

Circumstances may be such that the current may not reach its maxi- 
luurn value at the same time as does the emf. In other words, a phase 
difference may exist between these two vectors. The sketch shown as 
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Pig. 223 pictures such a situation. The emf would be given by thf? 
expression [Eq. (207)] 

e = Em sin 6, 

and the equation for the current would be 

i = Im sin {e ~ </)) (214) 

because t he current lags the emf by the angle 0. 

Under different cii:icumstaiices (Sec. 102) the curremt might I’each its 
maximum value ahead of the emf, strange as it may seem. This case is 
represented by the drawings appearing as Fig. 224. In this case the 
expression for the (current would be 

i = Im sin {e + (t>)y (215) 

the current leading the emf l)y the angle </>. It is to be noted that in all 
three of the cases cited, the angle used in the equation representing the 
curve is the angle measured from the zero position of the vector. The 
student should clearly understand this important relation. 

In practice the (mrves ar(‘ usually 
not drawn; the clock diagrams suffice 
to represent the phase relations 
involved. The angle representing the 
phase difference does not change in 
value so long as the electrical con- 
stants of the circuit remain fixed in 
value. It is, therefore, immaterial 
where we place our vectors in the 
clock diagram. 

160. Addition of Alternating Cur- 
rents and Emf. If and when two 
emf are simultaneously impressed on 
a given circuit, it does not follow that 
the resultant emf will be the arithmet- 
ical sum of the two individual emf 
values. Indeed, in some cases, the 
resultant emf may be less in magnitude than either of the applied emf. 
The process of vector addition affords a means whereby several emf or 
current magnitudes may be combined. This is illustrated by the vector 
diagram shown in Fig. 225. If we assiune that the two emf, Ei and E^, 
having the same frequencies, are simultaneously impressed on a given 
circuit, we may determine, by the usual methods of vector addition, 
that the vector E will give the magnitude and relative phase relations 



Fio. 225. — Addition of periodic 
electrical quantities by the vector 
method. 
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of the resultant. The same procedure will also apply when combiiiin^j; 
two or more current vectors. In any given case it would be necessary 
to know the phase angles of the components involved. For two vectors 
the cosine law may be employed in finding the magnitude and phas<‘ 
angle of the resultant; or one may resolve each vector into rectangular 
components and then combine in the usual manner. 

161. Relation between Current and Emf in an Inductive Circuit. 
next proceed to derive an expression for the relation between an applied 

sinusoidal emf and the resulting 
current in a circuit that contains 
inductance in addition to resist- 
ance, as indicated in Fig. 22(). 
This rei)resents what is known as 
a series circuit. Let the applied 
voltage be a sine function of the 
time as given by e — sin (co^, 
where 02 = 27r/, / being the 
frequency. In order to establish 
a current in such a circuit the 
applied emf must be eciual to the 
ohmic; drop Ri + the count er emf 
of self-inductance L{di/dt). This may be written in the form 

sin (co/) == Ui + L ~ y (2l6j 



ivAAAA/V 
^ ^ 


e-E sin (oii) 




Fig. 226. — A series circuit, containing 
inductance and resistance. 


This is a linear differential equation of the first order, and the protaHlure 
to be followed in arriving at a solution is outlined in any standard text on 
differential equations. The solution is 

i — — y===i:^===^ sin (ooi — 0 ) + .4 16 + • • • . 

VR^ + 


After a brief interval of time the exponential terms’ bec;ome negligible. 
The remaining part of the equation shows that the current is a periodic 
function of the time and that it lags the impressed emf by an angle <^>. 

The greatest value that sin {cot — <^) can have is unity; hence the 
maximum value of the current will be given by 


Im - 


Err. 




(217) 


^ Immediately after an alternating emf is applied to a circuit there are, in general, 
in addition to the principal current, one or more other currents of small magnitude 
that exist for a brief interval of time. These temporary currents are called 
‘‘tranmente.” 
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It has previously been shown that the virtual or rms values of both emf 
and current bear a definite ratio to the maximum values; therefore the 
above equation holds for virtual or rms values. 

The denominator of the right-hand member of Eq. (217) is known as 
the impedance of the circuit, the first term being ordinary resistance 
and the second the square of two factors, angular velocity and induct- 
ance. The term wL is known as inductive reactance. Reactance is 
commonly indicated by X, in this case 
To rewrite, we have 


1 


E __ 


(218) 


where rms values of current and emf are indicated. Roth reactance and 
impcKiance are expressed in ohms. It should also be noted that the 
reactaiK^e, and hence the impedance, is a function of the frequency. If 
the resistance is small compared with the reactance, as is frequently the 
case in practice, the above relation becomes 


E _ E ^ E 
Xl 2irfL 


(219) 


In Eqs. (217) and (218) the impedance is sometimes represented by Z, 
thus, 


z - + xTl 


( 220 ) 


The foregoing relations will be found to be useful tools. For instance, 
if one measures the drop over a given inductive winding for known cur- 
rent and frequency values, the magnitude of the inductance may be 
computed. Knowing the inductance, the current and the frequency, 
one may compute the “reactance drop,^^ or fall in potential, due to a 
given inductance. It will be evident that the magnitude of the current 
in an a-c circuit may, if desired, be controlled by means of a variable 
inductance rather than by a variable resistance, thus saving the energy 
that would ordinarily be dissipated as heat if the latter method were 
employed. An inductance which is utilized for current control in this 
manner is known as a choke coil. 


Problem. Suppose we have a circuit whose resistan(;e is 10 ohms and induct- 
ance 25 henrys. What will be the magnitude of the current if the -applied volt- 
age is 2,000 at 60 cycles? If the frequency was 1,000 cycles? 

Solution. 

Z = VlO* + 4V X 602 X 252 
= 9,425 ohms. 

2,000 
^ ^ 9,425 
= 0.212 amp. 

The student should solve the second part of the problem. 
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The vector diagram representing the case ab<^ve distmssed is given in 
Fig. 227. In conformity with Eq. (216), the applied emf OA is resolved 
into two components, one of which, OB, is to compensate for the ohmic 
drop R1 (which will bo in phase with the current), and a second, ()(\ 
which must equal the counter emf of self-induction OD. Eip (216) 
the magnitude of the latter component will be given by IojL. If one 
takes AB Sis the geometric^ equivalent of OC it will be seen that the sides 



Fio. 227. Voc^tor diagram for the case involving inductance and resistanct* in sc'ries. 

Note the phase relations. 


of the triangle GAB represent the several emf factors involved in the 
situation under discussion. This vector triangle is redrawn as Fig. 228. 
By geometry, 

m = 

Substituting, we have 

E = + 

or 

r _ E 

\/W~+ 

which is identical with Eq. (217). 

The phase difference between the applied emf and the resulting cur- 
rent may be expressed in terms of the circuit constants. From the fore- 
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vector relations it will be evident that the magnitude of this phjis(^ 
difference will be given by the relation 


(jiJLl oiJj 

tan <!> = 


2TrfL 

R 


(221) 


It. is to be noted that the angle of lag ^ varies directly as the self-induct- 
anc(^ of the circuit, and also directly as the fro(iuency. It should also 
be observed that the resistance of the circuit (‘iitcis as a factor in deter- 
mining the magnitude of the phase angl(\ l^hysically the phase dif- 
ference is an interval of time and not an anjde; the relaiion <A = o)t serves 


A 



to connect the time and the angle factors. A practical application of tln^ 
above phase relation ^viW illustrate its utility. 

Problem. Suppose we have a circuit in wliich there is an inductive winding 
whose inductaiK^e is 0.002 henry and whose resistance is 10 ohms. If the fre- 
quency of the current flowing in the circuit is 60 cycles, what will be the angle 
of lag? 

Solution. Making use of the relation embodied in Eq. (221) we have 

27r X 60 X .002 
tan <f) ~ 

= .0758 
- 4 ^ 20 '. 

To express this as a time intei val we have 

0 (in radians) 

0 ) 

_ .0756 

27r X 60 
= 0.0002 sec. 

Wliat would be the angular i)hase dififereuce if the inductance were doubled? Tf 
the frequency were 25? 
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162. Alternating Current in a Capacitive Circuit. In this case the 
applied harmonic emf must equal the ohmic drop plus the potential 
difference developed across the condenser as it acquires a charge. Refer- 
ring to Fig. 229, and follo^\^ng the same general plan of analytical 

approach as in the inductive case, 
we may write for this form of 
series circuit, 

K,n sin co/ = Hi + 

But for a charging condenser 

Q - J / dt‘ 

iienee we may write 



Fig. 229. — A s(‘rios circuit containing 
capacitance and resistance. 


sin (jit ~ Hi “j- 




This exiuation is also of the first order, and gives as a solution 




\/i?- + (i/w-C“) 


sin {(Jit + (f>) + 


(l/HC) 


+ 


As in the previous case, the exponential terms may be dropped, and an (‘ 
see that the current is again a periodic function of the time. Howevei*, 
it is not in phase with the applied emf, but leads [Eq. (215)] by the 
angle <i>. The maximum value will be given by 


Ir. = 




VW+ {i/oi^c^) 


( 222 ) 


As in the case of the inductive circuit, the denominator of the above 
relation is knovn as impedance and the term 1 /wC is designated as 
capacitive (or negative) reactance, being written as 


Xc; - 


(jiC 


1 

27rfC' 


(223) 


d'hus it is seen that the capacitive reactance varies inversely as the fre- 
(|uency and also inversely as the magnitude of the capacitance involved. 
Using rms values, Elq. (222) may be written 

E 




( 224 ) 
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If the resistance of the circuit is negligible wht^n compared with th(^ 
reactance, Eq. (224) reduces to 

7 = A = = 2wfEC, (225) 

X r 

from whicli may be d(M-iv(‘d 

Ec = (226) 

l^jciuation 22() is a very important, relation. 11 shows that the potential 
difference across the t(^rminals of a condenser carrying a givim alternating 
current varies inversely as the capacitance and inversely as the fre- 
quency. Both of these factors are })articiilarly significant in connection 
with the use of condensers opcMated at audio and radio frequencies. 



(a) (b) 

Fi(i. 230. — Vector (li;iji;rains lor the case involving capacitance and resistance in series. 


The vector diagrams corresponding to this case are to be seen in 
Fig. 230. They should be carefully studied. The phase angle between 
the applied harmonic emf and the resulting current may be deduced 
from the diagram shown as (/>). It will be given by 


tan 6 - 


l/i^C 

RI 


1 

wC7f 


(227) 


By way of illustration, consider the following practical instan(‘e. 

Problem, Suppose that we have a condenser of 0.01 ni capacitance. 
Assume E = 100 volts and / = 800 (mean voice frequency).* 

* The frequency of the alternating current generated by the voice in a telephone 
circuit has a mean value of about 800 cycles. 
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Solution, Neglecting the resistance, we have from Eq. (225) 

7 = EcoC - E2TcfC, 

Then 

/ = 100 X 27r X SOO X 10 
= 0.503 amp. 

If the frequency W'ere 10® (common in radio practice) our solution would beconu^ 

I = 100 X 27r X 10® X 10® 

= 628 amp. 

It is thus evident that a condenser whose capacitance is of th(^ order 
indicated above wx^uld pass only a small current at voice-current fre- 
quency but wx)uld readily admit currents of the frequency employed in 
h-f communication processes. 

In (charging a long transmission line the current may reach a high 
value, as shown by the following case. 

Problem. Assume a line having a capacitanc(‘ of 2 juf. which is opcirated at 
100,000 voltvS and 60 cycles. 

Solution. The charging current would he 

7 = 27r X 60 X 2 X 10“® X 10® 

— 75.7 amp. 

At the voltage mentioned this might, under certain conditions, represent a 
substantial amount of energy. 



Fig. 231. — A series circuit containing in- 
dm^tance, capacitance, and resistance. 


163. Current in a Circuit 
Having Resistance, Inductance, 
and Capacitance. A third type of 
circuit is shown in Fig. 231 . Plere 
we have resistance, inductance, 
and capacitance in series with a 
source of harmonic emf . 

In this case we may express the 
conditions which obtain by the 
relation 

E = Er -f- El "b Ec. 


This results in the equation 

Em sin o)t 






^ ^ 

It 


But since 
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inductive, while under other circumstances it may function as if it were 
capacitive. 

The vector diagrams corresponding to this case are shown in Fig. 232. 
As seen in {h) the inductive reactance exceeds the capacitive reactance 
by an amount indicated by AB, and hence the current is lagging the 
applied emf. If 

X,. - Xc 


the current would be in phase with the applied emf and, for a given emf, 
the magnitude of the resistance alone Avould determine the strength of the 
current. In the event tluit the capacitive reactance were to excused the 
inductive reactance OA would fall below OB, thus indicating that the ciir- 
I’ent was leading the applied emf. 

Problem. Find the current in a circuit having the following constants: 
/? = 10 ohms, (7 = 4 /if, L = 5 henrys, K = 100 volts, / - 60 cycles. 

Solviion. Substitution in Eq. (228) gives 




yjw + ^2^60 X 5 - 2,^0 X 4' 

100 

~ VlOO + (1885 - 648)^ 

= 0.08 amp. 


If the condenser in this ease were shorted and a constant emf applied to the 
circuit the current would be 10 amj^ires. 


164. Resonance in a Series Circuit. Referring again to the react- 
ance term [coL — (1/coC)] of Eq. (228), it is to be noted that low fre- 
quencies make the first term small compared with the second, while a 
high frequency causes the first term to be very large compared with the 
last. There is, then, an intermediate and definite value of frequency at 
which the two terms will be ecpial and this is quite regardless of the par- 
ticular values of L and C. The particular frequency at which coL equals 
l/coC may be determined by solving this equality for/ thus. 


%rfL = 

P = 
/ = 


1 

%efC 

1 

1 

2iry/LC' 


(230) 


When the frequency, then, has the value given by this equation, tab will 
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p(iual l/wf’ and wo have what is known as a state or eondition of elec- 
trical resonance. In the above equation L is in henrys, C in farads, and 
/ in cycles per secamd. In practice it is more common to express C in 
microfarads, and hence our relation becomes 


booo 


(231) 


In certain h-f measurements it is (‘onvenieni to (\\press L in millihenrys. 
The equation then bt^'ornes 


“ \/J^C 


(232; 


C ])eing in microfarads and L in millihenrys. 



Fig. 233. — Oraph sliowiiig; relation betw(?en current and frequency in the (;ase of a 
series circuit when resonance obtains, f is the resonant fre(j[uency, and 1' the cor- 
responding current. 

As previously indicated, if a periodic emf having the frequency given 
in Eq. (230) is applied to a series circuit the magnitude of the current 
will be determined by R alone. In such a case, if we plot current against 
frequency there results a graph similar to that shown in Fig. 233, where 
/' is the resonant frequency and /' the current at resonance. In securing 
the data for the above curve the capacitance and inductance were held 
constant, only the frequency of the applied emf being varied. The effect 
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of resistaiic.e is to reduce the value of the current at resonance and also 
to make the resonance curve less peaked. This is graphically shown by 
the curves in Fig. 234. At frequencies below resonance the circuit reacts 
capacitively and the current leads; at frequencies above resonance the 
circuit behaves inductively and the current lags. 

In the study and application of alternating currents of high frequency 
the sharpness of the peak of the resonance (‘urve for a given circuit is an 
important factor. This leads to the use of an expression known as 
sharpness of resonance. It may be shown that sharpness of resonance 
is given by the ratio coL/ff. It is thus evident that not only the resist - 



FREQUENCr 

Fig. 234. — Illustratinjr tlio effect of reaistiince on the sharpness of rcisonance and on 

inaximuin curnnit. 

ance but also the ratio of the inductivAreactance to the resistance are a 
factor in determining the slope of the resonance curve. Thus, in a circuit 
containing capacitance, inductance, ani resistance, the resonance curve 
will be comparatively ^'flat^^ if the induictance is relatively small and the 
capacitance high. This is apparent from the curves set forth in Fig. 235. 
In setting up the two curves shown in the figure the resistance of the 
circuit was held constant, the frequency alone being varied. The ratio 
o)L/R is commonly represented by the symbol Q and is referred to as 
the circuit Q. A circuit having a high Q value will be highly selective. 

In dealing with the question of resonance it is important to note that 
the potential difference developed across the condenser is equal to that 
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which appears across the inductance coil and also that the magnitude of 
the potential difference may be several times the value of the impressed 
emf. This may be well illustrated by a practical case. 



35 40 45 50 55 60 65 

CONDENSER READING- DEGREES 

Fic. 235. — of inductance on sharpness of resonance. 

Problem. In a certain circuit operated at a frequency of 890,000 cycles, the 
resistance is 3 ohms, the capacitance 0.0003 ixiy and the inductance 0.17 mh. 
The current at resonance is 6 amp. What is the potential difference across the 
inductance? 

Solution. The value of the impressed emf may be found from the relation 
Ea — Rlr, where Jr is the current when resonance obtains. Substituting known 
values we have 

= 3 X 6 = 18 volts. 

The potential difference across the inductance is given by coL/r, or 

El = 2t X 890,000 X 0.00017 X 6 = 5,701.4 volts. 

Since, at resonance, the potential drop across the condenser is e(jual to that 
across the inductance, it is evident that both of these units must be insulated 
to withstand a voltage whose magnitude is more than three hundred times that 
of the potential impressed on the circuit. Obviously, the condenser, if operated 
at the frequency indicated, must be constructed so as to withstand this voltag(^ 
without breakdown. * 

166. Reactance Curves. In the practical application of the principle 
of resonance in series circuits various problems arise, in the solution"*0f 
which certain grapli^ known as reactance curves are found to be useful. 
It has already been pointed out that, in the case of a circuit such as 
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that shown in Fig. 231, the inductive reactance predominates at high 
frequencies, while at comparatively low frequencies the capacitive react- 
ance is the major factor. In Fig. 236 these two parts of the total react- 
ance are plotted against frequency in terms of w, the inductive reactance 
being positive and the capacitive negative. The algebraic sum of these 
two factors is indicated by the lino marked total reacrtance. An exami- 
nation of the (airve shows that at the frequency co' the inductive reactance 
e(|uals the capacative reactaiKio with the result that the total reactance is 



zero. In other words, a (condition of resonance obtains and the current 
in the circuit will be a maximum. 

While the total re^actance is zero at the resonant frequency, the 
impedance is not zero; therefore the value of the current will l)e deter- 
mined by the remaining part of Z, which is R. The values for the 
impedance Z are shown by the dotted curve. 

166. Parallel Alternating-current Circuits. In the a-c (drcuits thus 
far studied the source of harmonic emf has been in sc^ries with the other 
circuit elements. We come now to the consideration of a type of circuit; 
in which the applied alternating emf is in parallel with the several circuiit 
components. A simple form of such a network is shown in Fig. 237. 
In the field of applied electricity one encounters parallel circuits more 
frequently than those of the series type. This is due, in part, to the 
fact that in the distribution of electrical power a parallel or multiple 
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(‘irc.uit system is in wide use. Another reason for the extensive use of 
this form of cireuit is to be found in its frequent incorporation in the 
filter networks so often utilized in communication engineering. 

In the. series arrangement the current is the same at all points in the 
rireiiif . In the parallel circuit the current through each branch is det,(M- 
miiKMl by tlu^ j-(^acta,nce of that particular branch; and the t.otal current 
supplied by tlie sourca^ of ernf will be the vector sum of the currents 
in th(‘ sev(‘ral branches. Mathematically, the abov(^ statement may b(^ 



10 <i. 237 . — Circuit in wliicli the resistiincc, inductance, and capacitaina* an* iu pa.ralh*! 
with the source of alternating potc'utial. 

(‘\pr(\ss(Ml thus, 

/ — Ir + /l + /r, (233) 

wIku-c the bars indicate vetdor (juantities. If we assume that the resist- 
ance in the inductive and the (*apacitive branches is negligible, we may 
write expressions for the (uirrent in the three brainrhes as follows: 


Ir 


E 

R 


J L 


A 

coL 


Ic - uyCE. 


The vector diagram representing tiie conditions that, obtain in a parallel 
circuit would be tis indicated in Fig. 238. In dealing with the series 
circuit we used the current vector as a basis for our diagrammatic repre- 
sentation because it had the same value in all parts of the circuit. For 
the parallel circuit we can use the applied emf as a basis because, in this 
case, it is the factor that is the same for all cii-cuit elements. If we 
assume the resistance of both the inductive and the capacitive branches 
to be negligible, the current through the inductance will lag the applied 
voltage by 90®, and the current through the capacitance will lead the emf 
by a like amount, as indicated in the vector diagram. Hence the cur- 
rent through the inductance will be oppositely directed to that through 
the capacitance. The current through the resistance will, of course, be 
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in phase with the applied voltage. If we add Ic and h vectorially w e 
get OA'. Combining this vectorially wdth OD (representing Ir) w^e have 
0(7, wdiich wdll then represent the resultant current I supplied by the 
source of emf. From the geometry of the case, remembering that ycc- 
torially Ic is negative with rc^spect to //,, we may write 

/ = VlR^ +Tfr: - Ic)\ 

Jiy substitution we have 

It has been showm that the impedance of a circuit is given by the ratio 


r 

I 



Fig. 238. — Vector diagram representing voltage and current relations in a parallel 

circuit. 

of the impressed emf to the current. Therefore, from Etp (234), 

Z = - 7 = ^.— • (235) 

V(i/m + m/^L) - coC]^ 

In the last equation, the quantity under the radical is known as admit- 
tance and is designated by the letter Y. It is thus seem that admittance 
is the reciprocal of impedance, i.e.y 

F = (236) 

and is therefore the quantity by which the impressed emf must be multi- 
plied to give the magnitude of the resultant current. Admittance l/Z 
in a-c w^ork corresponds to conductance 1/K in d-c practice. 
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The reactive part of the admittance [(l/wL) — wC] is called suscept- 
ance. The first term 1 /coL is commonly designated as inductive sus- 
ceptance, and the last term is known as capacitive susceptance. It is 
to be noted that each of the susceptances is the reciprocal of the corre- 
sponding reactance. For an inductive branch the susceptance is con- 
sidered to be negative and for a capacitive branch positive. The unit 
in which conductance, admittance, and susceptance are expressed is 
termed the mho, which is the word ‘^)hm’' spelled backwards. 



I 

O 

z 

u 

u 


LlI 

QC 


If we keep in mind that / l decreases with increase in frequency and 
Ic increases with increase in frequency, it will be evident that at some 
particular frequency the current in the inductive branch of a parallel 
circuit will equal the current in the capacitive branch, f.e., Il = Ic. 
Under those circumstances, the current from the source of emf would 
be a minimum and equal to 1; it would also be in phase with the 
applied voltage. When such a condition obtains a parallel circuit is 
said to be in resonance.^ 

In a series circuit, at resonance, the inductive and the capacitive 
voltages are equal and opposite, while in the case of a parallel circuit 
the inductive and capacitive currents are equal and opposite. This dif- 

^ This condition is sometimes referred to as antiresonance to distinguish it from 
the (corresponding condition in line series circuit when the ctirrcmt is at a maximum. 
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ference should be carefully noted. At the resonant frequency, if no 
resistance were present the line current would be zero. However, this 
does not mean that no current is flowing in the inductance and the con- 
denser. Indeed the current in these two branches may be very large- 
the energy merely passes from the inductance to the capacitance and 
back again. In short, an oscillating current is set up between these two 
circuit elements, the applied emf merely supplying the energy to compen- 
sate for any circuit losses. 

If we plot both the inductive and capaedtive susceptance for the 
parallel circuit being studied we have the curves shown in Fig. 239. 


Ic 

E 

iT 

II 


(a) 

Fio. 240. — IMiase relations in the ease of a parallel circuit. 

By combining the ordinate values for l/wL and o)C we may set up a 
curve that will represent the total susceptance, and it is this quantity 
that is significant in our present consideration. Bearing in mind the 
physical significance of susceptance, it is seen that the curve represent- 
ing total susceptance passes through zero at a frequency w' which is the 
resonance frequency for the cinniit being studied. This means that the 
current will be at a minimum when resonance obtains and would be zero 
if the circuit had zero resistance, thus confirming our previous stattmient 
in this respect. 

Further, if we set uj3 a reactance curve by taking reciprocals of 
values on the curve of total susceptance, we find that the curve will 
have two branches as shown, each of which goes to infinity. It is thus 
evident that the reactance at i*esonance frequency is infinite, and that 
the impedance would also be infinite if the resistance in both branches 
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of the circuit were zero. Thus we arrive at the same conclusions as pre- 
viously deduced. 

The phase relations of the several currents and the applied emf in the 
case of a parallel circuit in a condition of resonance are shown graphically 
in Fig. 240. 


Probletn. A coil of negligible resistance, whose inductance is 2 inh, is con- 
nected in parallel witli a (condenser across a source of alternating potential whose 
magnitude is 10 volts at cycles. What must he the value of the capacitance 
in order that a condition of antiresonance may exist? 

Solution. Under the condition stated 


Ic - II 

100 

2Tr\0^ X 0.002 
Ic - U) X 27rl0« X 
0.008 

^ “ 10 X 27rl0'6 ” 


= 0.008 amp. 

C — O.OOS amp. 
] .27 fJLfxi, 


In many cases each V)ranch of a parallel circuit may involve resist- 
ance and some branches may contain resistance, inductance, and capaci- 
tance in series. The determination of the (uirrent magnitudes, the 
potential drops, and the phase relations in such cases becomes a more or 
less complicated problem, and beyond the scope of this text. The inter- 
ested student will find such cases treated in standard works on electrical 
and communication engineering. 

167. Filters. As indicated in the last section, networks consisting of 
capacitances and inductances arranged in series and parallel combina- 
tions are extensively used in the field of communication engineering. In 
the transmission of speech and music, telegraphic signals, and pictures 
it becomes necessary to be able to suppress certain frequencies which 
may be present as components in the original complex electrical wave 
form. In other cases it is frequently found desirable to eliminate the 
effects of extraneous electric disturbances. Such results may usually be 
accomplished by means of some form of electric filter. 

Electrical wave filters are four-terminal networks that fall into four 
general classes as follows 


1. Low -pass filters, which suppress all frequencies above a definite 
predetermined value, known as the cutoff frequency, and transmit 
the remaining low frequencies. 

2. High-pass filters, which transmit all frequencies above the pre- 
determined cutoff frequency and suppress all frequencies below 
that value. 
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3. Band-pass filters, which are designed to transmit a limited band 
of frequencies and suppress all frec^uencies that lie outside of that 
band. 

4. Band -elimination filters, which suppress all frequencies within a 
limited band and transmit the frequencies that lie outside of that 
band. 


The networks that are utilized for the purpose of accomplishing the 
above-indicated ends (‘ommoiily assunu^ one of three foi’ins, as indicated 



L - SECTION T - SECTION 

LOW-PASS, SINGLE -SECTION FILTERS 


Tf- SECTION 


Fuu 241. 


in the diagrams appearing in Fig. 241, all of whi(4i happen to l)e of the 
low-pass type. The names applied to the types of sections are used 
because of their resemblance to the (corresponding hdters. 

Referring to the simple L type of low-pass filter, it is to be noted 
that the reactance of the inductance L will be low for low freciuencies 
and high for the higher frequencies. Accordingly, the lower frecjiiencie^s 
will suffer little attenuation while the higher frequencies will be greatly 


C 

1/ , 

2C 

Jf 

2C 

r H 


c 

If , . 

11 I 

11 

f 11 
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L • SECTION 

T- 

• SECTION 

TT- 

SECTION 


HIGH-PASS, SINGLE - SECTION FILTERS 
Fkl 242. 

attenuated. This process is aided by the presence of the shunt capacitor. 
If this capacitance is of low value its reactance will be high at the lower- 
frequencies and low at the higher frequencnes; thus the higher frequencies 
will be by-passed and will not reach the output side of the filter. The 
components entering into the construction of the other type of low-pass 
sections function in much the same way as the case just examined. 

The high-pass L section (Fig. 242) functions in a manner which is the 
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reverse of the low-pass (lase. Here the series low-valued capacitance will 
offer a low reactance to the currents of high frequency, but will show a 
high reactance at the lower frequencies. The inductance L will readily 
pass the low frequencies but will oppose the passage of the higher fre- 
(piencies, with the net result that the h-f components will pass on to th(‘ 
output side and the 1-f currents will be by-passed. The several compo- 



L - SECTION T “ SECTION TT - SECTION 

BAND-PASS, SINGLE-SECTION FILTERS 
Fkj. 243. 


nents of the T and tt sections of the high-pass units will function in much 
the same manmu*. 

In Fig. 243 the band-pass arrangement of these simple sections is 
indicated, and Fig. 244 shows the corresponding band-elimination units. 

In designing and using filters, particularly for use at audio frecpiencies, 
it becomes necessary to have some method of describing their electrical 
characteristics. There are several ways of doing this, but the method 





L -SECTION T - SECTION TT - SECTION 

BAND-ELIMINATION, SINGLE-SECTION FILTER 
Fkj. 244, 


most commonly used is to express the electrical effects of the filter in 
terms of attenuation. Attenuation refers to the losses w^hich take place 
in the filter at the various frequencies. The unit of attenuation is the 
decibel, which is indicated by the abbreviation db. The decibel is a unit 
which is expressed in terms of the logarithm of the ratio of the output 
to the input, both of which may be expressed in voltage, current, or 
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power. (This unit will be dealt with later, in connection with our study 
of amplification.) 

The attenuation diagram for the simple low-pass, Z/-type filter would 
appear something like (a) in Fig. 245. In (a) and (b) fc represents the 

I I I I BAND- 


U>W-PASS HIGH-RASS BANO-RASS ELIMINATION 



FREQUENCY FREQUENCY 


(a) (b) 

Fig. 247. — Cutoff curves for the two-section filters shown in Fig. 246. 

cutoff frequency and in (c) and (d) fi and stand for the frequency 
limits on either side of the band. 

In many cases it is necessary to secure a sharper frequency cutoff 
than is given by a filter consisting of one section only. Such an end 
may be attained by assembling a network consisting of several recurrent 
sections connected in series. For example, a low-pass assembly consist- 
ing of two T sections would take the form shown as (a) in Fig. 24(). A 
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high-pass, tAvo-section unit is indicated in (b). The corresponding cutoff 
curves may be seen in ¥\g. 247. An improvement over the single- 
section i*esults is t-o be noted. More than two sections may be used; 
and, in general, the greater the number of sections the sharper will be 
the cutoff. 

In using a filter one thinks of the input side as (‘onnected to a source 
of harmonic emf, as indic^ated in Fig. 248. This source ,(a generator of 
some type) has a certain impedance. 

To simplify the case, these imped- 
ances have been shown as pure 
resistances. The output side is con- 
nected to a load impedance as shown. 

Maximum transfer of energy at the 
desired frequency or frequencies will 
take place when the impedance of 
the input side of the filter equals the 
impedance of the generator and the 
output impedance of the filter ecpials 
the impedance of the load. Know- 
ing the cutoff frequenc^y and the impedance in any given case, one 
may compute the value of the inductance and the capacitance required. 
For an L-type, low-pass section the two following relations would yield 
the desired results : 



Fkj. 248. — Equivak^nt eircuit of a 
filter when connected between a gener- 
ator and a load. 
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A 

Trfc 


c = 


1 

t/cR 


henrys 

- 

farads. 


(237) 


For an L-type, high-pass section 

L = 


C 


R 

4x/c 

_ 1 

4trfM , 


For a 7 -type, low-pass s(Mdion 


/ = A 

rfe 


C = 


For a T-type, high-pass section 

L 

C 


_1 

rfcR 


R 

4teS<s 

1 

4x/./? } 


(238) 


(239) 


(240) 
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The foregoing relations will serve to indicate the manmn* in which 
one may proceed to compute the constants for a given filter unit.. Tlu' 
numerics invoh^od may be illustrated by the solution of a specific example. 


J^roblev). Suppose it is desired to assemble a single-section, 7^-tyjxi filter 
that will substantially attenuate all currents having frequencies below 200 cycles. 
T^t it also be assumed that the filter is to receive energy from a circuit whos(^ 
im]je(huic(' is 50(T ohms, and that the unit is to transfer the eneigy wliich it ]msses 
to a haul circuit whose impedan(*e is also 500 ohms. What must be the value of 
the capacitance and the inductance? 

Solution. A high-pass filter will be required. By E(p (240) 


( 


\ 

4x200 X 500 


™ 1.26 X 10“'' farads 


= 1.26 /if 


Filters sometimes assume complicated forms. In dealing with filter cal- 
culations, reactance diagrams similar to those shown in Figs. 236 and 239 
are found useful. For a detailed treatment of filter theory the reader 
should consult ‘^Transmission Networks and Wave Filters by T. E. 
Shea, or Chap. YI in “Communication Engineering’’ by W. L. Everitt. 

168. Power and the Power Factor. In the case of constant current 
circuits the value of the power (time-rate of energy dissipation) is given 
by the product of the current and the emf. In the case of alternating 
currents, however, that simple relation does not account for all of the 
factors involved in the situation. In the latter case both the emf and 
the current vary harmonically, and they may also differ in phase. Thus, 
if the emf is represented by 

e = Em sin (ojI), 

the current would, in general, be given by 

i = Im sin {<j)i — </>), 

(t> being the phase difference between the emf and the current. The 
instantaneous rate of doing work will be given by 

2^ = ei — Em sin (a?/) X Im sin (w/- — </>), 

w hich reduces to 


P = jiEmlm [cos <l> — cos {2oit — 0)]. 

During a complete cycle (;os {2o}t — 0) will have all valiums betw^een + 1 
and —1, and hence its mean value w'ill be zero. The above relation wdll 
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accordingly reduce to 
Numerically, however, 


But w(‘ have s(‘(‘ii [Eqs. (209) and (210)] that \/2 and E^,t/\/2 repre- 
sent effective or rms values of current and emf, respectively; hence we 
have 

P = EIcoH<t> (24 Ij 


P = yzEmlm COS <t>- 


F T F 

w ^ J m 

2 y/i 


as an expression giving the power P, or time rate of energy dissipation, 
in terms of the rms values of the alternating voltage, current, and the 
angle of phase diiference. The term cos <\> is known as the power factor. 
If it were found, for instances, that the current in a given circuit lagged 
(or led) the emf by an angle of 37°, the power factor would be approxi- 
mately 0.8, the cosine of 37° being 0.799. In passing it may be said that 
the angle of lag or lead, and hence the power factor, is largely governed, 
in any given case, by the nature of the ele(drical equipment which serves 
to convert the electrical energy into mechanical energy, z.c., by the char- 
acter of the electrical load. The value of the power given by Eq. (241) 
is referred to as the actual or true power, in contradistinction to the 
apparent power, which is given by the simple product of the voltage and 
current. The apparent power may be definc^d as the rate of doing work 
when the power factor is unity or, in other words, when the current and 
emf are in phase. The power factor is sometimes defined as the ratio 
of the actual or true power to the apparent powc^r, thus, 


Power factor — 


true power 
apparent power 


True power is expressed in watts or kilowatts, while apparent power is 
expressed in terms of the units which go to make up the quantity, viz., 
^Wolt-amperes^^ or, more commonly, '^kilovolt-amperes.^^ In practice 
this is frequently abbreviated kv-a. 

The significance of the power factor can be well illustrated by a con- 
sideration of the following typical case. Suppose we have a load requiring 
10 hp supplied from electrical mains at 220 volts and that conditions are 
such that the power factor is 0.9. Under these circumstances the cur- 
rent supplied by the service mains would be given by 


7,460 
2^ X 0.9 


= 37 amp. 
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Suppose that operating conditions so changed that the power factor 
dropped to 0.6. Computation will show that the current would then be 
56.5 amp. It is thus evident that the service mains, and other associated 
circuits, would carry a much larger current for the same power transfer 
when the power factor is low. Since the energy lost in the wiring diu^ 
to heating varies as the square of the current it will be apparent that the 
losses will be decidedly greater at the lower power factor. To ])revent 
this, and also to obviate other undesirable effects due to a low' power 
factor, public-utility companies take steps to keep the power factor of 
their service as lu^ar unity as possible. 



The important relations discussed above may be given useful graphic 
form. In the event that the voltage and the current are in phase (zero 
power factor) Eq. (241) becomes P = Ely and we have the situation 
pictured in Fig. 249. Any given ordinate on the power curve is the 
product of the corresponding / and E ordinates. It is to be noted that 
the power varies harmonically and at a frequency twice that of the volt- 
age and current. An alternator w^hose powder factor is zero, operating 
into a resistive load, would conform to the situation illustrated. 

If, however, the electrical load were partly resistive and partly induc- 
tive, the current would lag the voltage and the situation could be repre- 
sented as in Fig. 250. The tw^o shaded areas inclosed oy the power curve 
and the axis represent the energy delivered to, and received from, the 
load circuit during a complete cycle. The areas marked positive repre- 
sent the energy delivered to the load circuit and those marked negatives 
the energy returned by the load to the generator. The net energy 
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expended during a cycle is e(|ual to the algebraic sum of the positive 
and negative areas. 

Theoretically, it is possible to have a condition under which the phase' 
angle would be 90°, as for instance in the case of a circuit containing 
inductance but no resistance. In such a case the power factor would 



Fig. 250. — Power in an inductive a-c circuit. 



Fig. 251, — Power in an inductive a-c circuit when the current and the emf are in 

quadrature. 
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be zero, and the cnirrent would be in quadrature with the voltage as 
shown in Fig. 251. 

The diagram shows that the net power is zero, since the sum of the 
positive areas, for any whole number of cycles, will equal the negative 
areas. There is current flowing in the circuit under such a condition, 
but this current does not accomplish any work. Tt is therefore known 
as the wattless current. During one-half a cycle the wattless (or quadra- 
ture) current builds up a magnetic field about the inductive winding and 
during the succeeding half-cycle this magnetic field collapses and the 



Fig. 252. — Vector diagram (M)iTespoiidiug to the case where the current lags the emf. 


energy represented by the magnetic field is retuiiied to the original 
source of emf. 

Owing to the fact that all circuits have some resistance, the extreme 
condition referred to above is never met with in practice. However, 
there is a wattless component in all cases where the phase angle is not 
zero. 

If one considers the case of a circuit in which a lagging current obtains, 
as indicated in Fig. 252, the current I may be resolve^d into two com- 
ponents, one of which, /i, will be in phase with the applied emf, and a 
second, 1%^ will be in quadrature with Ji and the applied emf. Now 
Ii — I cos <l> and ^ I sin <^. The component / cos <#> is the useful or 
energy component, while the component I sin <f> is the so-called wattless 
or idle component, sometimes referred to as the reactive component. 
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ThivS latter component represents that part of the current which, in an 
inductive circuit, gives rise to the magnetic field. 

It should not be inferred that two distinct currents exist in the circuit. 
There is, of course, only one a(‘tual current in the line, but the two com^ 
ponents of this current give rise to different effects in the circuit. Indeed, 
the reactive component of the line current produces a loss in the line but 
does not (Contribute to the useful work done by the current as a whole. 

PROBLEMS 

1 . The effective value of the difference in potential between two parts of an 
a-c circuit, as shown by a voltmeter, is 220 volts. What is the maximum or 
"‘l^eak” voltage to which the insulation will l)e subjected? 

2. The ammeter in an a-c circuit reads 10 amp. In any given cycle what are 
the maximum and minimum values? 

3 . The self-inductance of a choke coil is 30 henrys. What is its reac^tance at 
(iO cy(;les? At 1,000 cycles? 

4 . The resistance of a cei tain series (urcuit is 12 ohms and the self-inductance 
is 2 henrys. If a OO-cycle alternating emf of 120 volts is applied to the circuit, 
what will be the value of the current? 

6. What will be the angle of current lag in the case cited in Prob. 4? What 
will be the power factor? 

6. The (‘apacitance of a condenser is 2 gf. What is its reactance at 60 
cycles? At 1,000 cycles? 

7 . The resistance of a series circuit is 5 ohms; its capacitance is 4 gf. If a 
25-cycle alternating emf of 1 10 volts is applied in series, what will be the value of 
the current? 

8. In the case cited in Prob. 7, will the current lead or lag the voltage? 
What will be the value of the phase angle? 

9 . An inductance has a value of 20 henrys and carries a current of 0.5 amp. 
What will be the potential difference develoi^ed between its terminals if the 
frequency of the current is 60 (cycles? 1,000 (\ycles? 

10 . A circuit that includes a series condenser carries a current of 10 amp at a 
frequency of S50 kilocycles. The value of the capacitance if 0.01 gf. What 
potential difference is developed between the terminals of the condenser? 
What would the potential difference be if the frequency were 500 kilocycles? 
What would the potential difference be at the two frequencies mentioned if the 
capatjitance was 0.001 gf? 

11 . In a series circuit the resistance is 5 ohms, the coefficient of self-inductance 
2 henrys, and the capacitance 6 /xf. What emf, at 60 cycles, must be applied to 
the circuit in order to maintain an rms current of 10 amp? 

12. In Prob. 11, what will be the potential difference at the terminals of the 
resistance; of the inductance; of the capacitance? 

13 . What value of capacitance must be connected in series with an inductance 
of 60 microhenrys in order that the circuit may be resonant at a frequency of 
1,250 kilocycles? 
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14 . When a 60-cycle current of 0.1 amp is flowing through a certain induct- 
ance, the potential difference at its terminals is found to be 72 volts. If the 
resistance of the winding is 10 ohms, what is the inductance of the coil? 

16 . Wh&t would be the inductive susceptance of the inductance indicated in 
Prob. 14? 

16 . What is the capacitive susceptance at 60 cycles of a (umdenser having a 
capacitance of 2 /xf? 

17 . A circuit consists of a resistance of 10 ohms, an inductance of 2 henrys, 
and a capacitance of 4 /xf, in parallel. What is the impedance of the combina- 
tion at 60 cycles? 

18 . What is the admittance of the circuit specified in Prob. 17? 

19 . What will be the magnitude of the total current flowing in the connecting 
wires when a 60-cycle emf of 100 volts is applied to the network indicated in 
Prob. 17? 

20 . It is desired to determine the power factor in an inductive circuit. A 
wattmeter connected in the circuit reads 500 watts. An ammeter in the circuit 
shows a reading of 6 amp, and the applied voltage is 115. (^ompute the power 
factor. 

21 . It is desired to suppress all current components having fiequencies abov(^ 
3,500 cycles in a complex wave form by the use of a T-tyi^e filter. If the filter is 
to operate between a 500-ohm source and a 500-ohm load, what must be the values 
of the inductance and capacitance? 



CHAPTER XXI 


THE SYMBOLIC METHOD AND ITS APPLICATION TO 
ALTERNATING-CURRENT PROBLEMS 


169. Algebraic Method of Representing Vectors. In tlie course? of 
our survey of the elements of a-(? theory it was pointenl out that Ohm’s 
law and Kirchhoff’s law, in their original forms, were not applicable to 
a-c networks. The solution of proldems in connection with the compli- 
cated networks encountered in power distribution and communication 
work would be greatly simplified if those laws could be utilized in such 
cases. Fortunately it is possible to express a-c (|uantities in such a 
mathe?matical form that both Ohm’s 
and KirchhofT’s laws may be made 
to serve as analytical tools in this 
fie?ld . 

Thus far in our discussion of a-c 
problems we have made use of the 
vector diagram method . I s it possible 
to express vector quantities in such a 
way that one might deal with these? 
quantities as if they were simple 
algebraic relations? In 1797, Caspar 
Wessel suggested a mathematical plan 
by means of which one may deal with 
both magnitude and direction in 
algebraic terms. In 1897, the late Dr. 

Steinmetz applied Wessel’s method in 
the treatment of a-c problems. In what does this method consist? 

Going back to our vector, or clock, diagram, suppose we have any 
vector quantity, say voltage, as sketched in Fig. 253. This may, of 
course, be resolved into two components, siudi as Vx and Vy \ and such a 
vector relation could be written 

F = F. + F„ U) 

where F represents the vector being considered. The right-hand side of 
the above expression represents a geometrical relation, not an algebraic? 
addition. Another way of writing such a relation would be thus, 

f = F, + jV^, (ii) 

371 
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where V\ represents the component along the axis of reference and 
jX^ the vertical component. If such a procedure were followed the factor 
j would serve to indicate direction^ — a direction at 90°, or in quadrature, 
to A". If it chanced, for instance, that our vector lay in the fourth 
quadrant (Fig. 253) the corresponding expression would be 

F' = Fi — jF2, (hi) 

the factor —j indicating the }>erpen(licular conii)on(Mit in a negative 
direction. 



I'lG. 254.^ — 8ignificanr(‘ of operator j. 


Is it possible to give this direction factor j a numerical signiticance? 
Referring to Fig. 254, let OA , OBy OC, and OD be vectors of equal magni- 
tude but differing in direction as shown. It will be seen that OC differs 
from OK only in sense. In other words OA = —0^, f.e., if OA is multi- 
plied by — 1 it is rotated through 180°. The factor — I may therefore 
be called an operator which serves to rotate the original vector through 
180°. We have already seen that the factor j represents a rotation 
through 90°. It therefore follows that {j){j) or would represent the 
180-degree change in position. But it has just been noteil that — 1 
represents an equal rotation. This leads to the observation that must 
be equivalent to —1 in its effect on the change of vector position. If, 
then, 1, j = \/ — 1; and this is the value assigned to j by Wessel. 

Since it is not possible to determine the square root of — 1 the term jV in 
(ii) and (iii) is spoken of as an imaginary quantity; F is referred to as a 
real quantity. In dealing with vector quantities the term jV does have a 
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physical significance; it is in no sense imaginary. The expressions indi- 
cated in (ii) and (iii) are known as complex numbers. That part of any 
complex number which does not involve j lies in the direction of the X-axis 
and is called the reference or in-phase component; that part of the expres- 
sion which does contain the factor j is referred to as the quadrature 
component.^ The magnitude (absolute value) of a complex number is 
given by the square root of the sum of the squares of the* referenc^e com- 
ponent and the (quadrature compcuKUit. In the case of (ii), 

in = vv^+v^, 

where [ V] stands for the numerical magnitude of the vector whose (!om- 
poiKUits are W and 

It will be useful to keep in mind the mathematical fact that any 
(quantity may be writt(m in the form a + jb, where a is a real quantity 
and jb an imaginary quantity. It is also a fact that if any equation 
involves both real and imaginary (quantities the sum of the real quanti- 
ties ecquals zero and the sum of the imaginary terms also ecquals zero. 

From the foregoing discussion it is evident that the quantities encoun- 
tered in a-c computations may be expressed as complex quantities and 
their interrelations dealt with by what may be designated as the S5rmbolic 
method. On this basis we may deal with a-c quantities by algebraic 
processes; and thus all the common laws of d-c circuits may be applied 
to a-c networks. 

170. Some Alternating-current Quantities in Terms of the Symbolic 
Notation. The following list of symb()li(; e(quival(mts will be found useful 
in connection with the solution of a-c problems: 


Inductive reactance: +jXL — 

+j<joL vector ohms 

(i) 

Capacitive reactance: —jXc = 

“i ~ln V(‘ctor ohms 

ojC 

(ii) 

Impedance: 

and 

2 = R+ jX,. 

or R — jXc vector ohms 

(iii) 


E == iH+ jX)I 

vector volts 

(iv) 

Admittance : 

Y = -^ = r^—r vector mhos 

Z R + 3^ 

(v) 

and 

1 = ^ 

(R ± jX) 

vector amperes 

(vi) 

Conductance: 

R 

^ R^ + X‘^ 


(vii) 

Susceptance : 

} ^ 

+ X* 


(viii) 


1 The X-axis is sometimes referred to as the ‘‘axis of reals” and the F-axis as the 
“axis of imaginaries.” 
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From (iii) and (iv) above it follows that 

Y — g — jb vector mhos, 

and 

I {g ~ jh)E vector amperes 
for the inductive case. 

Likewise 

} == .^ + jb vector mhos, 

and 

7 = (.^ + jb)E vector amperes 
for the capacitive case. 

From the above notations it may be shown that 


H == 


g 


and 




+ b‘^ 
h 


ohms, 


(72 + 52 

Impedances in parallel = ^ + + “ + 

Z Zi Z2 z^ 


ohms. 


(ix) 

(x) 

(xi) 

(xii) 

(xiii) 

(xiv) 

(xv) 


wherein each impedance is expresstKi in the symbolic (complex) form. 
Total admittance, when the impedances ar(' in parallel : 

f = f 1 + }% + f 3 + . . . . (xvi) 


171, Ohm’s and Kirchhoff’s Laws in Symbolic Notation. In the com- 
plex form Ohm^s law may be stated thus, 



In similar form Kirchhoff^s laws as applied to a-c circuits may be 
stated as follows 


1 . When expressed in symbolic notation, the sum of the currents at 
any given point in a circuit is equal to zero. 

2, When expressed in symbolic notation, the sum of the potential 
drops in any closed circuit is equal to zero. 

172. Application of Symbolic Method to a Typical Alternating-cur- 
rent Problem. Suppose that we have a network as shown in Fig. 255. 
The magnitudes of the quantities involved are as shown in the diagram. 
If we assume an applied voltage of 100, what will be the current in each 
branch and the drop across each branch? 

It will be convenient to make the applied voltage the reference vector- 
On that basis 


JS = 100 + j X 0 
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1 1 will be necessary to find the combined impedance of branches A and b. 
This will be 

y _ _ (5 - j2)(10 +i5) 

+ Zb (5 - j2) + (10 + .75) 

_ 60 + j5 
15 + i3‘ 


III order to simplify the above expression we may rationalize the denomi- 
nator by multiplying both nuinenitor and <ienominafor by unity, /.r., 
by (15 - i3)/(15 ~ ;/3), 



Fkj. 255, — ('ircuit to be dealt with on Uie basis of the symbolic method. 


This gives 


Z Ab 


(60 d-i5)(15 -jS) 
52 - 32 


61 — jT05 

2l6 


0.28 - ;/0.49. 


The total impedance of the circuit will be 

Zt = Zah -]r Zh — (0.28 — jO.49) + (3 + j7) 
- 3.28 + i6.51. 

P\)r simplicity we shall write this as 

Zi = 3.3 + j6.5 vector ohms. 


The total current would be 

7, = = 100 + i X 0 ^ 100(3.3 ~ j6.5) 

Z 3.3 + 76.5 ~ 3.32 + 6.52 


= 22 — 437 vector amperes. 
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The actual value of the (airrent would 1)(‘ 

|//;| ^ \/22“ + 43* — 48.4 amperes. 

The voltage drop across branch D is 

Ei> = I hZ I) — (22 — 43j)(3 + jl) = 3()7 + 25j vector volts. 

The absolute value of the drop over branch 1) would be 

\Ed\ — \/367- — 25“ — 371 volts. 

The drop over ))ran(!hes A and B is given by 

Eab — (100 + i X 0) — (3()7 + 25 j) = ( — 267 — 25 j) vector volts, 
and 

\Eab\ = \/-’~267^'“25' = 273 volts. 

Why can the drop across both D and AB be greater than the applied 
voltage? 

It is left for the student to determine the actual values of I a and Ib 
and to draw a vector diagram showing the relative position of the several 
factors involved in the problem. 

For a more extended discussion of the complex numbers, as applied 
to a-c problems, the reader may consult ‘^Electrical Engineering^’ by 
C. L. Dawes, Chap. Ill, Vol. II; or “Alternating (‘urrent Circuits” 
by M. P. Winebach, pp. 53ff, 


PROBLEMS 

Ail problems in the following list are to be solved by the use of complex 
quantities. 

1 . A series circuit consists of a resistance (10 ohms) and an inductance (10 
henrys). Determine the impedance, the admittan(;e, and the susceptance of the 
circuit. The frequency may be taken as 60 cycles. 

2. In Prob. 1 above, what would be the magnitude of the current if an emf of 
100 volts was applied? 

3 . A series circuit consists of a resistance (10 ohms) and a (capacitance (5 /if). 
If the operating frequency is assumed to be 60 cycles, what will be the value of 
the impedance, the admittance, and the susceptance? 

4 . In the case of Prob. 3 above, what would be the value of the current if an 
emf of 120 volts were applied? 

5 . In a circuit such as that shown in the accompanying sketch, what will be 
the total current and the current in each branch, assuming the frequency to be 
60 cycles? 
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6. As we sliall see latei-, a frequently used tyjK' of filter takes the form showui 
in the accompanying diagram. The inductan(H\s are choke coils, and the capaci- 
tances are electrolytic condensers. The values given are representative. and 
Ri represent the “leakage resistance'’ of the condensers. Assuming a frecjuency 



of 120 (the ripple frequem^y from a rectifier), find the total im|)edance of the 
network. 

7 . Assuming that a voltage of 300 is applied at the input end, in the above 
case, what will be the drop across the load resistance of 5,000 ohms? 



CHAPTER XXll 

ALTERNATING-CURREINT INSTRUMENTS 


173. Electrodynamometer T3rpe of Instrument. In discussing the 
Arson val type of instrument (Sec. 119), it Avas pointed out that such 
an electromagnetic system would not function as the basis of an a-c 
meter because with each reversal of the current tlie torque acting on the 
moving system would also be reversed, with the result that a vibrating 
motion would be imparted to the moving coil. Since alternating cur- 
rents constitute so large a part of the electrical energy utilized, it becomes 
necessary to arrange for the measurement of alternating current, poten- 
tial, and power. (Ine widely used type of a-c instrument makes use of 

the uniform magnetic field set up by 
what amounts to a pair of Helmholtz 
coils in place of the field due to a 
X)ermanent magnet. No magnetic 
material is thus involved. The 
magnetic reactions between a pivoted, 
movable coil and the above-mentioned 
held coils develops a torque that 
(pauses a rotation of the former. Any 
rotation caused by this torque is 
limited by coiled springs, as in the 
D^Arsonval instrument. The mag- 
netic relations are indicated by the 
sketch shown as Fig. 256. In the 
diagram S and S' are two stationary 
coils connected in series. When 
carrying a current these coils will set up a held whose direction will be as 
indicated by NS. If current hows through the movable coil M, when in 
the position shown, the resulting held will have the direction indicated by 
N'S'. Elementary considerations will indicate that the coil M will tend 
to rotate clockwise and that it will continue to do so until the counter- 
mechanical torque due to the control springs equals the magnetic torque 
due to the reaction between the hxed and movable coils. If the two held 
coils and the movable coil are connected in series, the same current will 
traverse both sets of windings. Therefore, if the current changes direc- 
tion in the coils S and S' it will also simultaneously change direct' on in 
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Fig. 256. — lOsseiitials of the electro- 
dynauiometer type of instrument. 
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;V/. The direction of the magnetic torque will therefore remain fixed. 
[Actually the raagne^tic torque is pulsating (120 per second), but due to 
the damping a definite deflection will occur.] Thus we have available 
nn electromagnetic system the rotation of whi(‘h is independent of the 
direction of the current and (!an therefore be utilized as the l)asis of an 
a-c indicating instrument. Since the same current flows through both 
the fixed coils and the moving coil, and since the magnetic field in both 
(^ases is pi ()}K)rtional to the current, the turning moment will be propor- 
tional to the current squared. This means that the lower readings on 
such an instrument, when used as an ammeter or voltmetei*, will be 
crowded. This is a disadvantage and means that, in practice, a given 



Fig. 257. — Cutaway view showing the several components of an electrodynamom- 
eter type* of indicating instrunu'nt. {Courieay of Weston Elertrical InMrinnenl Corp.) 

instrument can be used for a limited range only. Since the moving coil 
operates in a relatively weak field this type of instrument is subject to the 
effect of stray magnetic fields, unless special magnetic shielding is pro- 
vided. However, the absence of any permanent magnet makes possible 
a calibration that is practically permanent. Electrod 3 mamometer 
instruments are free from frequency and wave-form errors. Since the 
deflection is proportional to the square of the current, it can be calibrated 
to read in rms values on alternating current (Sec. 150) and will also give 
true d-c values. Such an instrument is equally accurate on alternating 
and direct current. 

One form of this type of instrument is made “dead beat’’ by means of 
an aluminum damping vane attached to the moving system and moving 
in a nearly airtight enclosure. One manufacturer uses a horizontal 
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damping vane which moves over the poles of a permanent magnet, thus 
effecting magnetic damping. Current is led into and out of the moving 
coil through two spiral springs, which also function as control elements. 
The illustration ap})ea,ring as Fig. 257 shows the essential components of 
an instrument of the eUnd-rodynamometer type. 

When the electrodynamometer type of instrument is used as a volt- 
meter, both the field coils and the moving coil are wound with fim^ wire 
and are connected in series with a high noninductive resistance. Undei- 
these circumstances, when connected across the (urcuit to be me^asured, 
the current in the coils will be proportional to the applied potential dif- 
ference and hence the scale can be calibrated to indicate either rms or 
d-c values. 



Fig. 258. — Esseiitijils of tlie oloctrodyiuinionieUir type of wattmeter. 

When designed to function as an ammeter, an instrument operating 
on the electrodynamometer principle has its field coils wound with wire 
of a size to permit passage of the desired current without undue heating. 
The current that passes through the field coils also passes through a suit- 
able shunt whose electrical characteristics are similar to those of the 
moving coil. The winding constituting the moving coil is connected in 
parallel with this shunt. Under these circumstances the current in the 
moving coil is proportional to the main current; hence the torque is pro- 
portional to the square of the current and the instrument can accordingly 
be calibrated to read direct or rms values. 

It is, perhaps, in a wattmeter assembly that the electrodynamometer 
principle finds its widest application. Figure 258 is a schematic diagram 
of a wattmeter circuit. It is to be noted that the field coils S and S' are 
connected in series with the load while the moving coil M is connected 
across the line, through a high, noninductive resistance R. Under these 
conditions the current through M will be proportional to the applied 
potential difference. Since the magnetic field due to the current in the 
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fixed coils will be proportional to the instantaneous current in the line, 
the resultant torque will be proportional to the product of the current and 
the voltage, and hence to the actual power; and this regardless of the 
frequency, wave form, or power factor. Wattmeters are calibrated iii 
watts or kilowatts, and read with equal accuracy on either alternating oi 
direct current, if the assembly is properly shielded. A dynamometer 
type of wattmeter is commonl}’^ calibrated on dire(‘t currcait by means of 
a potentiomciter assembly. 

174. Iron-vane Instruments. A type of a-c> instrument whi(!li is 
widt^ly used in both portable and switchboard models mak(‘s use of an 


p 


Fkj. 259. — Moving system of iron-vano typo of instrumont. Note t he damping vane. 

{Courtesy of ]W’Sfo7i Electrical I nstnioient Carp.) 

iron vane as the movable clement. A curved rectangular soft-iron vane is 
attached to a light pivoted shaft, as shown in Fig. 259. A second curved 
soft-iron member, more or less Avedge-shaped in outline, is rigidly sup- 
ported in the position indicated in Fig. 2()0a. l^oth the movable and the 
fixed vanes are positioned within a fixed field coil, as shown. As current 
flows through the field coils, the upper edges of both the fixed and the 
movable vanes will acquire the same magnetic polarity. The same will 
be true of the lower edges. The resulting magnetic repulsion gives rise 
to a torque that rotates the moving system against the spiral control 
spring seen at the top in Fig. 259. The value of the magnetic torque, 
and the resulting rotation, is a function of the magnitude of the current 
in the field coil, the shape and relative position of the vanes, and the 
magnetic (diaracteristics of the material (constituting th(c vanes. Due to 
the fact that the magnetic fields of both vanes anc pi*oportional to the 
current, the deflection of the moving system follows a sciuare law; 
hence the scale is not uniform, being crowded at its lower end. 
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When designed for use as an ammeter, the field coil of this type of 
instrument is wound with heavy wire. When constructed to function as 
a voltmeter, the coil is wound with many turns of fine wire connect^ed in 
series with a high resistance, as indicated in Fig, 2606. Air damping is 
provided in both the ammeter and voltmeter units. The instruments are 
calibrated in rms values, the calibration, however, cannot be carried out 
with direct current. On alternating currents the iron-vane type of 
instrument will give an accuracy of at least 0.5 per cent, and can be 
used on direct currents with a precision of from 1 to 2 per cent. This 




Fig. 260. — Relation of the components in an iron-vane type of meter. {Courtesy of 
Weston Electrical Instrument Corp.) 

type of instrument is relatively simple in construction, robust, and com- 
paratively inexpensive to produce. 

176. Rectifier Type Meters. Owing to the relatively large amount of 
power consumed, and the consequent lack of sensitiveness, both the 
electrodynamometer and iron-vane type of meter are not adapted to the 
measurement of alternating currents of a few’ milliamperes, or a-c poten- 
tial differences of a few volts. 

In recent years a type of a-c meter has come into extensive use which 
utilizes a rectifying unit in association with a D’Arsonval type of indi- 
cating instrument, and which does not have the limitations above indi- 
cated. The relations of the electrical components are set forth in Fig. 
261tt. Four copper oxide sections are arranged in a bridge circuit, thus 
providing for full-wave rectification. When the terminal a is negative, 
the electronic current flows through the network by the path cd)dc; when 
the point c is negative the current travels along the path chda; thus the 
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current through the meter is unidirectional. The detteiition of the indi- 
cating instrument will be proportional to the average value of the alter- 
nating current. The instrument, however, is calibrated to read in rms 
values, and while not strictly linear, the scale is only slightly compressed 
at the lower end. The rectifier unit is shown, about full scale, in (6). 
The D’Arsonval indicating meter commonly utilized has a full-scale d-c 
reading of the order of 1 ma. Occasionally the indicating instrument 
may even be a mic.roammeter. When used as a voltmeter a seiies resistor 
is incorporated in the assembly, as shown in (h). When the instrument 



Fig, 261. — Essc^ntials of the rectifier type of meter. 


is to function as a milliammeter, a shunt is arranged in the usual manner. 
When properly calibrated, and not seriously overloaded, this type of 
instrument has an accuracy of about 1 per cent. The accuracy, however, 
is effected by temperature and, to some extent, by wave form. Recti- 
fier voltmeters are sometimes calibrated as volume-level indicators, or 
decibel meters, for use in connection with audio amplifiers. For a com- 
prehensive discussion of this type of meter the reader may consult an 
original paper by J. Sahagen in Proceedings IRE, February, 1931. 

176. Watt-hour Meter. A watt-hour meter is an integrating watt- 
meter; it measures electrical energy, and its readings serve as the basis of 
electrical merchandizing. There are two general forms of such instru- 
ments — the electrodynamometer type and the induction type. By 
changing slightly the construction of the electrodynamometer form of 
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indicating wattmeter this typo of instrument can be made to function as 
an energy meter. The modifications involve the repla(;ement of the 
spiral springs by a pair of contacting brushes by which the current is fed 
to what, in this case, becomes essentially the rotor of a d-c motor. A 
stabilizing mechanical load for the rotor is provided by means of an 
aluminum or copper disk carried by the shaft and rotating between the 
poles of one or more permanent magnets. A diagrammatic sket(;h of 
such an eknitrical layout is to be seen in Fig. 2()2. The rotor is mechan- 
ically articulated with, and drives, a 
system of g(^ars which move pointers 
over scales whose total reading gives 
the number of watt-hours of elec- 
trical energy that have passed 
through the meter while in opera- 
tion. Such an instrument will, of 
course, function only on direct cur- 
rent. And since direct current con- 
stitutes a small percentage of the 
total energy utilizeHl the electrody- 
namometer type of instrument finds 
only limited application. 

The induction type of watt -hour 
meter is, essentially, a single-phase 
induction motor. It is provided with a magnetic load, as in the type 
just described. The electrical essentials of this type of unit are sketched 
in Fig. 2()3a. The potential coil is shown as P and the current coils as S 
and S' , W is a compensating winding. The rotor consists of an alumi- 
num or copper disk D in the region of which a rotating magnetic field is 
set up by the quadrature currents in the potential and field windings, 
the former winding being highly inductive. The compensating winding 
W is essentially a secondary transformer winding about the core which 
carries the potential winding. This winding is shorted through a definite 
load resistance. The current induced in this circuit sets up a magnetic; 
field, which compensates for the fact that the fields due to the potential 
and current coils are not strictly in quadrature, particularly if the power 
factor is not close to unity. The metallic disk rotates between the poles 
of one or more permanent magnets, thus providing a mechanical load for 
the motor action of the rotor. As in the electrodymamometer type, the 
rotor shaft causes the rotation of a series of geared indicators. An illus- 
tration of an instrument of this type appears as Fig. 2636. A detailed 
description of the induction watt-hour meter may be found in the Stand- 
ard Handbook for Electrical Engineers,’’ 4th ed., Sec. 3 — 202. 
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Fig. 263. — Induction typc^ of watt-hour meter, (a) Relation of the several essen- 
tial components; {b) Commercial model of induction type watt-hour meter. {Cour- 
tesy of Westinghouse Electric Corp.) 

177. Frequency Indicator. The simplest and most widely used type 
of frequeney indicator is based on the principle of mechanical resonance; 
it is known as the vibrating-rced instrument, though it is sometimes 
referred to as the Frahm frequency meter. 

This unit (consists of a series of tuned steel strips rigidly fastened at one 
end and free to vibrate at tlie other. These I'eods are positioned in front 
of an el(*(*tromagnet. whi(di is connecttHl to the a-(5 electrical supply whose 
frequency it is desirinl to determine (Fig. 264a). The reed whose natural 
iiUMdianical friHiuency is that of the harmonic magnetic field will be set 
into marked vibration. The free end of each reed is bent and painted 
white; and above each indicator thus formed is a number indicating the 
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frequency of that particnilar reed. When the meter is in operation, that 
reed whose mechanical frequency is nearest to the frequency of the a-c 
supply will show the greatest amplitiuh^ of vibration. Except, for one or 
two adjacent reeds th(^ remainder of the vibrators will shoA\' no mo\ emont. 


1 




( 6 ) 

Fr(J. 204. — \’ihnitiriK-re(Hi type of frequeiiey meter, (a) Kssential coiuponents; 
{b) commercial inod(‘l of this tvpe of instrument. {Courtesy of James G. Biddle 
To.) 

In the actual instrument a small electromagnet drives a single \ ibratile 
member (the ''armature^'), which in turn is mechanically coupled to thc^ 
reed assembly. By this means a given reed is thrown into vibrntion as a 
result of mechanical resonance. This type of meter is mechanically and 
(dectrically robust and can be read from a consideralde distance 
(Fig. 2Mh). 
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178. Duddell Oscillograph. There are two types of oscillographs 
now in common use: (1) the cathode-ray assembly (Sec. 198), and (2) the 
moving-coil unit originally developed by Duddell. By means of an 
oscillograph one is able to observe visually, or photographically record, 
(‘iirrent and potential wave forms, as well as 
the phase relations between these factors. 

The Duddell instrument is, essentially, a 
special form of D^Arsonval galvanometer, 
dlie moving element consists of a single loop 
of phosphorbronze or silver ribbon to which is 
attached a tiny mirror. This single-turn coil 
is stretched over grooves in small blocks of 
insulating material, and held taut by means of 
a small pulle}^ attached to a spring, as shown in 
¥\g. 2()5. The pole pieces of a strong per- 
manent magnet produce a field at right angles 
to the direction of the delicate conductors. If 
and when current flows through the ribbon 
each side of the loop will be slightly deflected 
in a direction opposite to that of the other and 
at right angles to the direction of the magnetic 

flux. Thus the tiny mirror will be slightly Buddell type of oscillograph, 
rotate^d and a beam of light incident on the mirror will be deflected 
through an angle twice as great. A parallel beam of light from a straight- 
filament incandescent lamp is caused to fall on the movable mirror. The 
reflected beam is projected on to a rotating mirror systtim, after which, 
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Fig. 266 . — Record made by means of a Duddell oscillograph. 





by means of a suitable optical system, it is brought to a focus on a ground- 
glass observing screen or on a photographic film. By arranging the axis 
of the rotating mirror at right angles to the direction of motion of the 
mirror, an amplitude and a time axis are provided. The reproduction of 
a photographic recording of a complex wave form made by an instrument 
of this type is reproduced as Fig. 266. The tension of the moving system 
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is so Jidj listed tliat its natural period is well above the freipiency of the 
current or voltage being studienl, and may be as high as 10,000 eyc]es/se(\ 
Damping is effected by immersing the moving system in a light trans- 
parent oil. 

In elei^trieal engineering work it is often necessary to make rec.ords of 
both current and voltage simultaneously, together with time markings. 
In such a case a multiple-element oscillograph is employed. Such an 
assembly consists of several single-loop galvanometers, of the type abov(‘ 
described, with the optical system so arranged that the wave forms appear 



Fig. 267. — Oscillographic record of an electrical transient. 


on the viewing screen simultaneously. Six or more galvanometers are 
sometimes employed. Since the delicate conductor constituting the 
single-turn loop has a very low resistance, it is necessary to limit the cur- 
rent that passes through the moving system to something of the order of 
one-tenth of an ampere. For the observation of currents this is accom- 
plished by means of shunts and, in the case of voltage studies, by series 
resistors. The multiple-element Duddell instrument is particularly 
useful in the study of the electrical transients that occur in transmission 
lines when switching takes place, and also in connection with the investi- 
gation of phenomena caused by lightning and other extraneous disturb- 
ances. It is also employed in connection with geophysical prospecting. 
Figure 267 shows the record of a transient phenomenon. 


CHAPTER XXIII 
ELECTRICAL UNITS 


179. Fundamental and Derived Units. Having considered the con- 
cepts and laws relating to electrostatics, magnetostatics, and electro- 
dynamics we are now in a position to review the subject of electrical units 
in its broader aspects. In order to arrive at a comprehensive under- 
standing of the interrelations which exist in any system of units it is 
important to note that in making a statement concerning the magnitude 
of any physical quantity two factors are involved, one of which is a mere 
number and the other the unit in which the quantity is expressed. It is 
this second factor which we now proceed to examine. 

Obviously there are many types of quantities and hence many possi- 
ble forms of units. F or instance, there are mechanical, thermal, electrical, 
and other types of (quantities. It is con(;eivable that we might have 
entirely independent systems of units in which to express the various 
quantities occurring in these several fields. But since experience shows 
that these various fields are intimately related, and in fact interdependent, 
it is obviously desirable to adopt some basic system of units to which all 
special units may be referred. Experience has also shown that all quan- 
tities with which science is now familiar can be expressed ultimately in 
terms of three fundamental units, viz., length, mass, and time; length 
being expressed in centimeters, mass in grams, and time in seconds, thus 
giving us what is known as the cgs system. In recent years there has 
been some discussion concerning the desirability of using the meter and 
the kilogram in place of the centimeter and the gram as basic units of 
length and mass. This so-called mks system is touched upon in the 
closing paragraph of this chapter. 

In the electrical field there are two other physical concepts that are 
sometimes involved in the expression of quantities, viz., the dielectrics 
constant K and magnetic permeability /x- However, these two latter 
concepts are not commonly referred to as fundamental units. Indeed 
some writers prefer to omit them from a discaission such as this. For 
reasons which will appear as we proceed, it is the author’s fec^ling that 
both K and m should enter into our discussion. 

Units which are derived from the fundamental units just mentioned 
are referred to as absolute, or cgs, units. For instance, liiuMir velocity 
is a ratio of linear displacement to time, or v = d/L Since linear dis- 
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placement is naturally expressed in terms of length, velocity is expressed 
in terms of length and time. Therefore the absolute unit of velocity is 
the centimeter per second. 

Again, it has been shown (Sec. 57) that capacitance is expressed in 
terms of a unit of length; hence the absolute, or cgs, unit of (*apa(;itance 
is in reality the centimeter, which has been named th(^ abfarad. Other 
examples might be cited, but the foregoing will suffice to illustrate what 
is meant by absolute, or cgs units. 

180. Systems of Electrical Units. At various points in the preceding- 
chapters we have referred to three kinds of electrical units, the electro- 
static, the electromagnetic, and the so-(^alled practical or engineering 
units. In all electrical measurements the magnitudes with v hich we deal 
can only be determined by means of accurate ol)servations of mechanical 
effects. As pointed out in our discussions, it has been found convenient 
to adopt the mechanical effects due to unit charge or to unit pole as a 
basis for electrical calculations. The magnitudes of these effects can be, 
and are, expressed in absolute units; and all of the basic equations which 
we have developed have involved only fundamental units, oi units 
derived directly from such units. It thei*efor(‘ follows that both the elec- 
trostatic and electromagnetic quantities resulting from the application of 
any of our basic equations are expressed in absolute or cgs units. 

It will be evident that the establishment of a common absolute system 
of units in the fields of mechanics, electricity, and magnetism tends to 
simplify and unify both the theoretical and practical aspects of these inti- 
mately related sciences. The fact that we have two systems of absolute 
units in electrical and magnetic computations does not present a serious 
difficulty, for the reason that the units in one system may be converted 
readily into those of the other, or into the practical units. From the 
foregoing statements it will be obvious why the cgs units have come to 
bear such names as abcoulombs, ab volts, abamperes, etc. 

While the development of a system of units resulting from theoretical 
analysis based on the three fundamental units has done much to further- 
the progress of electrical science, these cgs units are in some instances 
inconveniently large and, in other cases, too small to be applicable in 
practice. For instance, the absolute unit of resistance in the cm system 
is equal to the resistance of a piece of copper wire one millimeter in diam- 
eter and about one twenty-thousandth of a millimeter in length. By 
international agreement (1908), as already mentioned, units of a more 
convenient size have been adopted for use in the electrical industry, these 
practical units being defined in terms of cgs electromagnetic units. Thest^ 
subsidiary units are derived from the absolute units by multiplying or 
dividing by powers of 10. 
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181. Comparison of Practical and Cgs Units. In the preceding chap- 
ters we have indicated the accepted definitions of the several practical 
or engineering electrical units; the cgs equivalents have also been given. 
For purposes of review, and for convenient reference, there follows a 
fairly complete table of these units and their conversion ratios. 


Kqiii valent in crs units 


(Quantity 


'Practical unit 

I 


Electrostatic 


Electromagnetic 


Tteaistance 


Emf and p.d 
(Current . 

(Quantity . . 
C^apacitance 


Inductance 


Ohm 

Megohm 


I 


1 

9 X 10» 
1 


statohm 

statohms 


Volt 


1 

300 


statvolt 


An»per(‘ 
Milliampere 
(Coulomb 
Farad 
Microfarad 
i TT 

I Henry 
i Millili.-iiry 


3X10^ statampercf! 
3X10® statcoulornl 
9 X 10‘^ statfarads 
9 X lO'^ statfarads 

«tutlu-nry 


10® abohms 
10'^ abohms 

10* ab volts 

10“^ abampere 
10“^ abampere 
10“* abcoulomb 
10~® abfarad 
10“’** abfarad 

10® abhenrys 
10^ abhenrys 


Eiu^rgy 


Power 


Jouh? — 10^ ergs 

Watt-hour = 3,600 anip-s(‘c 

Kwhr — 3.6 X 10® amp-s(*c = 3.6 X 10® joules 

Watt = 10^ ergs /sec 

Kilowatt — 1,000 watts = 10^® ergs /sec = 1.341 hp 


182. Dimensions of Electrical Units. In dealing with physical 
quantities, particularly in the electrical field, it is useful to know to what 
extent the fundamental units of length, mass, and time enter into the 
unit in which a given quantity is expressed. 

We know that linear velocity is the ratio of linear displacement to 
time; in other words, length enters once into a computation of velocity 
and time also enters once, but inversely. These facts may be expressed 
by what is known as a dimensional equation, thus, 
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which is to be read, ^‘the dimensions of the unit of velocity are the 

term dimension meaning the extent to which the fundamental units are 
involved in the quantity being examined. The exponents of the symbols 
for the fundamental units indicate the dimensions of derived units in 
terms of the fundamental units. The brackets indicate that the enclosed 
letters refer to the kind of unit and not to its magnitude. 

To extend our example somewhat, we might find the dimensions of 
acceleration, the defining equation of which is 


/ 

Since we already know the dimensions of velocity we may at once write 

la] == lLT-% 

Again, force is defined thus, 

F = ma; 

hence the dimensional ecjuation for force becomes 

[F] = 

It is thus seen that the fundamental unit of mass enters once in the unit 
of force, the unit of length also once, and the unit of time inversely twice. 

The dimensions of the electrical units are built up in a similar manner. 
Beginning with the mechanical force action between charges, the dimen- 
sions of the absolute (cgs) electrostatic units are readily determined. The 
force between two charges is given by Eq. (2) in the form 


F = 




Making q ~ q' we have 


F 




or 


r/ = d VFX = dFy^Ky^ 

The dimensional equation for electrical quantity then becomes 

[q\ - [L{MLT~‘^)y^Ky^ - [MyLY^T-^Ky^]. 

By continuing this process the dimensions of all (jf the (‘lectroslatic unils 
may be indiciated. 

The dimensions of the cgs electromagnetic units can be set up in a 
similar manner. Starting with the force between two magnetic poles as 
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^ivcrn hy JO(j. (lO) we have 


mm' 


whore /x is th(‘ lujigiu^tic permeability. If we make the two polos of equal 
value the above ecpiation becomes 


F = 




Solving for m, as we did in the corresponding electrostatic equation, we 
g(^t 

m = (i \/ m ^ = 

from whi(?h the dimensional equation for the unit of pole strength may be 
written tlius, 

[m] = 


This lim‘ of leasoning may be extended to other (juantities in the 
lomagiu'tic systcun. Take, for instance, the case involving magmdic*, 
held intensity as expressed in Eq. (18), wliich is 


F = mIL 


or 



On the basis of this defining equation the dimensional equation would be 

[//] = 

Thus we have a statement of the extent to which the fundamental units of 
length, mass, and time enter into the cgs unit of magnetic field intensity, 
which is the oersted. 

One further example of the method by which the dimensions of elec- 
trical units are arrived at will suffice. The relation between the field 
strength due to the current in a long straight conductor and the magni- 
tude of that current is given by Eq. (141) as 


^ 2 ’ 

The factor 2 may be neglected in setting up the dimensional equation, 
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thus giving the dimensions of the absolute emu of cunent. By a con- 
tinuation of this general process the dimensions of the remaining emu 
may be deduced. Following is a tabular list of the dimensions of a num- 
ber of units in both the electrostatic and elect romagnetic systems. 



Dimensions in 

Ratio of 

Unit of 



- ” - 

el<‘etro- 

static to 

Electrostal ic sys- 

El(‘etromagn(^ti(r 

(’lectio- 


tern in terms of 

system in t(‘rms of 

magnetic 


iv, M, T, K 

L, M, T, M 

units 

Quantity 



V 

Fvlectrostatic field intensity 



V 

I^otential 

Li2^/Li7'-iA'-h 


! V ' 

(Japacitanee 

LK 

L-'T^tr' 

v'^ 

Resistance 

L-'TK~' 

LT-'u. 

V 2 

Current 



V 

Inductance 


Lfi 


Pole strength 

Ly^My-K'-- 


ir 1 

Magnetic field inten.sity 


L-y^MV-T- 

V 

Magnetic flux 


UiiMy-T-'n'-i 



* Dimensional equations serve a number of useful purposes. One 
important utility is that they may be made to serve as a check on the 
logic by which any given working equation has been derived, and thus 
upon its correctness. In any equation all of the terms must have the 
same dimensions. As an example, suppose one were to consider the 
equation representing Ohm\s law / = E/R, The dimensional equation, 
using em units, would be 

LJ fx 

thus showing that the equation is correctly stated. If the two sides of 
the dimensional equation had turned out to be unlike, it would have indi- 
cated that there was something incorrect in the basic relation. 

In addition to the utility of dimensional formulas in checking the 
correctness of equations by which calculations are to be made, a knowl- 
edge of the dimensions of the units entering into a given relation will 
often assist one in arriving at a conclusion as to the nature of the units in 
which the resulting quantity must be expressed. This knowledge will 
also serve to show how the fundamental units enter into the final result. 
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A case in point is that of inductance. The dimension of inductance in 
emu is length to the first power. The cgs unit is therefore the centimeter. 

Furthermore, dimensional formulas sometimes serve to reveal intimate 
relations between magnitudes which might, by simple inspection, appear 
to be quite independent. This utility of dimensional formulas is strik- 
ingly shown by an examination of the ratio of the dimensions of the 
various electrical units as given in the two systems of cgs units. Take, 
for instance, the case of the unit of current. Assume the conductor to 
be in free space, thus making both K and /x unity. The ratio of the ele(‘- 
trostatic to the electromagnetic dimensions is 




lLT~-^\ ^ [r]. 


It is thus evident that the ratio of the cgs electrostatic and electromagneti(* 
\inits of current is of the nature of velocity. 

Again, if we examine the ratio of the dimensions in the case of tlu^ 
units of potential we find that 

IL^MyT-^] ^ 1 ^ [ 2 ' . 

and for capacitance the ratio is 

j = [L^T--] [{LT-r-] = [v^. 

If we were to continue this process for the remaining units we should 
have the ratio values shown in the last column of the table on page 394. 
An examination of the ratios there listed discloses a most remarkable 
fact; namely, that in all cases the ratio is some power of a velocity or a 
reciprocal of a power of a velocity. The question then, naturally, presents 
itself as to the numerical value of the velocity term. Fortunately it is 
not difficult to make at least an approximate determination of this factor. 
It is possible to construct accurately a condenser and to compute its 
capacitance from its geometrical dimensions. The result will be in cgs 
electrostatic units. By charging the same condenser to a known poten- 
tial and discharging it through a ballistic galvanometer we may measure 
its capacitance in cgs electromagnetic units. If, then, we take the ratio 
of the two capacitance values thus obtained, we find it to be approxi- 
mately (3 X We are thus confronted with the astonishing fact 

that the ratio of the two absolute systems of electrical units involves a 
velocity, and that this velocity, as closely as can be determined experi- 
mentally, is the same as the velocity of light in free space. This signifi- 
cant relation was one of the factors that led Maxwell to advance the 
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theory that light is essentially an electromagnetic phenomenon (See. 
242)/ 

In passing, one other aspect of the interpretation of dimensional 
formulas should be noted. Many of the dimensions appear as fractions. 
It is difficult to attach any meaning to such an expression as or 71/ ' ' 
in and by themselves. Permeability /i and the dielectric constant K 
are factors which serve to specify, in certain limited respects, the proper- 
ties of the medium. We do not know the absolute dimensions of K and 
/i. If we had this information, and it was incorporated in our dimensional 
equations, it is possible that those terms Avliich now appear with fractional 
exponents would be rationalized, and it might be that the dimensions of 
the units in the two systems would prove to be the same. In other words, 
we do not at present know what the mechanism is by which one charges 
attracts another or by which one pole exerts a force upon another. It 
may, however, prove to be significant in this connection that the product 
of K and g may be expressed in terms of velocity. This relation between 
K, fjL^ and v may be dcxhiced readily by ecjuating the es and em dimensional 
expressions for any one of the units, say capacitanc^e. The writing of such 
an equality is justified because of the fact that it is unreasonable to assume 
that any given quantity can have essentially two diiferent sets of dimen- 
sions of the fundamental units. Proceeding on this basis wc have 

[LK] = 

which yields 

[t’] ' [^] = 

or 



This relation indicates that Ij-y/Kfi has the dimension of a velocity. 
When we have more complete information concerning the properties of 
free space it is possible that we may be able to assign definite dimensions 
to the dielectric constant and to permeability. 

In any event the fact that has the dimension of a velocity, 

together with the fact previously mentioned, served as a basis for Max- 
welks theory of electromagnetic radiation— a theory which has been 
strikingly confirmed since Maxweirs time, and which will be considered 
in the final chapter of this book. 

183. Definition of Electrical Units Adopted by the AI££. Die 

so-called international system of electrical units, originally adt)pted in 
1893 and modified in 1908, was founded on the four fundamental quanti- 
ties of resistance! current, length, and time. In connection with the 
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discussion of rosisiaiico (Sc'c. 70) and current (Sec. G7) tlie basis of the 
international definitions of th(» units of resistance and current was indi- 
cated. Progress in the refinement of electrical measurements showed 
that slight numerical discrepancies existc^d between these international 
units and the units as defined by the fundamental equations (absolute 
units). In 1935 the International Commission of Weights and Measures 
decidcnl to discontinue the use of the international units. In the future 
the absolute units are to be the cgs electromagnetic units, and the prac- 
tical units are to be certain multiples or fractions of the absolute units. 
On Aug. 12, 19-11, under the sponsorship of the American Institute of 
Elecdric-al Engineers, the American Standards Association approved a 
set of definitions of (electrical terms. These definitions were approved 
by the Canadian Engine^eaing Standards Association on Mar. 2, 1942. 
As world conditicjns again IxH'ome settled, other leading (countries will 
probably subscribe to the definitions thus established. Below we give 
excerpts from the abovc^-memtioned statements regarding several of the 
more common units. 


The cgs electromagnetic unit of current, or abampere, is (lefin(?d by means of 
the law (‘Oiiiiecting tlu^ (*urrent in an electric circuit with the magnetic intensity 
at any point in its magnetic field. 

The law is given by the ecpiation 


In the above equation 


// = kl 


[r X dsl 


H is the magnetic intensity in oersteds at any point P in the magnetic field of 
a circuit carrying a (*urrent I ] kisii proportionality factor which is given the value 
of unity to establish the cgs unit of current; r is the magnitude of the vector r, 
representing the distance in centimeters from the })oint P to an element ds of the 
electric circuit; and the line integral of the vector product of f and ds is taken 
completely around the electric circuit. 

The ampej e is one-tenth of the abampere. 

The cgs electromagnetic unit of emf is the emf in a circuit when, with one 
abampere of current flowing, energy is converted into other kinds of energy at the 
rate of one erg per second. 

The volt is equal to abvolts. 

The cgs unit of resistancie is the resistanc.e of a (Conductor when, with an 
unvarying current of one abampei’e flowing through it, the potential difference 
between the ends of the conductor is one abvolt. 

An ohm is equal to 10^ abohms. 

The practical units defined above are referred to as the absolute practical 
or engineering units. 
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184. Determination of the Absolute Values of the Ohm and the 
Ampere. From the definitions just given, and from others that might be 
listed, it is evident that it becomes necessary to determine, by experi- 
mental means, the numerical values of but two quantities, viz., the ohm 
and the ampere. Various procedures are followed for carrying out these 
determinations. 

In determining the absolute value of the ohm a method suggested by 
Lorenz is often followed, and may be taken as representative. Tlu^ 
Lorenz method consists in balancing the drop acioss the resistan(*(‘ lieing 
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Fig. 268. — Deterniiiiation of the absolute value of the ohm. 


studied against the emf generated in a coil being rotated in the magnetic 
field developed by a pair of Helmholtz coils. The circuit setup is 
sketched in Fig. 268. IF and IF' are the Helmholtz coils, C the rotating 
coil, K, the resistance, and G a galvanometer. By Eq. (145) the field at 
the center of the coils will be 


II 




where B is the constant of the coils. From Eq. (178) it will be seen that 
the peak value of the emf developed in the rotating coil C will be given 
by the expression 

= 2ir(RPS)NAH, 

where A is the area of the coil and N the number of turns in the rotor 
winding. Therefore, = 2w(RPS)NABL When the angular speed 
of the rotor is so adjusted that the peak emf developed therein equals the 
d-c drop over the resistor R the galvanometer will show zero deflection. 
When this condition obtains 


2ir{RPS)NABI = RJ, 
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which leads to 

R = 2t{RPS)NAB, (242) 

Thus we see that, aside from the numerical constants of the equation, the 
only factors involved are length and time. The absolute value of the 
unit of resistance may therefore be expressed in these two fundamental 
units. The ac(!uracy with which such a determination (*.an be carried out 
will depend upon how accurately one is able to measure the dimensions 
of the several coils and the speed of revolution. Modern stroboscopic 
methods make possible a high degree of accuracy in the determination of 
angular speed. 

In the determination of the absolute value of the ampere mechanical 
force serves as the basis of the measurement. Referring to the table on 



page 394 it will be seen that the dimensions of current in the em system 
are or \/TiM/Tn. It will be remembered that the expres- 

sion MLjT’^ gives the dimensions of force. If, then, we omit, for the 
moment, any consideration of the permeability factor, we see that the 
remaining dimensions of current are those of the square root of force. 
Hence it should be possible to determine the magnitude of a current in 
terms of force. Since it is not feasible to make such a determination in 
vacuo it will be necessary to correct the experimental value found by 
dividing by the square root of y. for air. Obviously this correction is very 
small and, for any but the most refined measurements, may be neglected. 

Lord Kelvin developed a current balance by means of which it is 
possible to carry out experimentally the determination indicated by the 
foregoing analytical discussion. A rough diagrammatic sketch of the 
Kelvin balance is to be seen in Fig. 269. Omitting electrical and mechan- 
ical details, it may be said that the assembly consists essentially of six 
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similar coils connected in series. Four of these coils (1, 2, 3, and 4) are 
fixed in position while the remaining two (5 and 6) are supported by a 
mechanical member that is pivoted at its center. By suitable means, 
current is led into and out of the movable coils without mechanically 
disturbing the system. Coils 5 and 6 are in the fields produced by the coil 
pairs 1-2 and 3-4. The fields due to the current in 5 and 6 react with the 
fields in the region of the fixed pairs in such a manner that oppositely 
directed forces are established, as indicated by the arrows. Thus the 
beam and its attached coils will rotate about the central axis. Provision 
is made for restoring the balance by means of a weight which may b(^ slid 
along a scale (in length units) attached to the beam. It may be shown 
that the current through the coils will be given by the relation 

I — a \/rmj, (2-13) 

where the effective force mg is determined by the position of the weight 
on the beam when equilibrium is restored, muc^h as in the use of a rider 
whem weighing with a chemical balance, a is a (constant depending for 
its numerical value on the dimensions of the coils, their relative positions, 
and the number of turns in each. Thus it is possible to determine the 
magnitude of a current in terms of a force; and a current-indicating instru- 
ment (A in the sketch) can thereby be calibrated. If desired, the drop 
over a standard resistance R can be balanced against the omf of a stand- 
ard cell by means of a potentiometer; and thus the standard cell can be 
calibrated. In either event, the magnitude of the current is determined 
in terms of force units. 

In their most refined form both the Lorenz assembly and the Kelvin 
balance are complicated and delicate organizations. They are therefore^ 
to be found only in well-equipped standardizing laboratories. Most 
educational and commercial laboratories rely upon well-calibrated resist- 
ances and standard cells as a basis for routine measurements. In this 
country the Bureau of Standards and, in England, the National Physical 
Laboratory, serve as the ultimate check on the calibration of all electrical- 
measuring instruments and devices. 

In concluding our discussion of units reference should, perhaps, be 
made to a general system of units originally suggested in 1901 by the 
Italian physicist, Giorgi. The Giorgi plan involves an absolute system 
of units which is based on the meter, kilogram, and second, instc^ad of the 
centimeter, gram, and se(^ond; it is accordingly referred to as thi) mks 
system. In certain respects such a system has several advantages, bu(. 
when extended to cover electrical units serious disadvantages appear. 
Neither time nor space permit a review of the arguments for and against 
such a system. It must suffice to point out that a new unit of force (the 
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newton) is involviMl. The familiar second law of motion becomes 

F (newtons) m (kilograms) a (meter/sec^). 

Carrif^l over into the (‘l(M*tricai held we find that the permeability of a. 
vacuum turns out. to have a numeri(*.al value of and the dielectric 

constant has a value of 39 X 10‘^ Furthermore, in the inks system, both 
ju and K have dimensions. The International Electrochemical Commis- 
sion in 1935 approved the mks system and set Jan. 1, 1940 as the date 
when the system should go into universal us(i. Quite aside from the 
effe(d. of the war on such a matter, there is as yet no agreement among 
electri(ial engineers as to how the proposed system is to be applied to 
magnetic and electrostatic units. We shall, accordingly, follow the more 
familiar system of electrical units. 



CHAPTER XXTV 

ELECTRONIC EMISSION 


186. Types of Eznission. In our discussion thus far we have been 
dealing with electrons which were intimately associated with solids or 
liquids. In the case of solids we have thought of the orderly migration 
of so-called free electrons under the influence of electric or magnetic 
forces; and it was agreed that this directed electronic movement con- 
stitutes what we know as the electric current. We are now to consider 
an important group of phenomena that involves the motion of elei^trons 
which have been temporarily, but completely, detached from the atomic 
structures of any solid, liquid, or gas. In other words, we are to deal 
with electrons in free space. In any such discussion the question which 
naturally first presents itself is: How is a supply of free electrons to be 
made available? 

There are four principal means whereby electrons may be completely 
detached from the atoms constituting a solid, and two of these same 
methods may also be utilized to liberate electrons from the atoms of a gas. 
These methods are 

1. The application of radiant energy, giving rise to photoelectric 
emission. 

2. The application of heat, giving rise to thermionic emission. 

3. The application of an intense electrostatic field in the region of a 
solid, thus giving rise to field emission. 

4. Bombardment of a surface by electric charges moving at high 
velocities, thus giving rise to what is called secondary emission. 
As we shall see, the first and last methods may be applied in the 
case of gases. 

The liberation of an electron from an atomic structure involves 
the transfer of energy to the electron from an outside source. W ork must 
be done in overcoming the surface constraint due to the attraction of a 
nucleus. The amount of energy involved in such a process of liberation 
will depend upon the nature of the atom from which the electron is being 
separated. The energy which must be transferred to an electron to cause 
it to cross the bounding surface of a metal is known as the work function 
of that particular substance. The work function of many materials has 
been determined experimentally and found to be of the order of 10~^^ to 
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ergs per electron — a small but very definite amount of energy. The 
symbol <^o is commonly employed to designate the work function. 

In the study of electronics it has been found convenient to express 
the work function in terms of the potential difference through which an 
electron must be taken in order to give it the energy equivalent of the 
work function. By letting V represent F 2 — Fi in Eq. (53), putting e 
(the electronic charge) for r/, and transposing we have 


V 




where W is the energy required to move an electron through a potential 
difference of V. Substituting in this equation the highest value for the 
work function, as given above, we get 


10 - 

h8 X 10’'’ 


1 

48 


statvolt 


_ 3 0 0 /^^^ 6.25 volts. 


It is therefore evident that, under the conditions cited, an electron must 
move through a potential difference of 6.25 volts in order to acquire 
I()-ii of energy. Energy and potential difference thus being so 
intimately related (IV = cF), it is convenient to speak of the energy 
imparted to an electron in terms of the potential difference involved. 
Accordingly, the electron-volt may be defined as the change in energy 
experienced by an electron when it is taken through a potential difference 
of one volt. Its numerical value is approximately 1.691 X 10“’^ erg. 
Below is a list of the work-function values of a number of substances 
which are frequently used as a source of electrons. 

Work function 0o, 


Substance in electron-volts 

Platinum (Pt) 6.26 

Tungsten (W) 4.52 

Thoriated tungsten (W -f Th) 2.63 

Hariuin-strontiuni oxide.s (HaO -}- SrO) 1.04 

Magnesium ( Mg ) 2.42 

Potassium (K) 2.24 

Sodium (Na) 2.46 

("aesium fCs) (thin 61m on silver) 1.81 


186. Photoelectric Emission. Electrons may be set free from theii* 
parent atomic structures by means of radiant energy. This phenomenon 
was first observed in 1887 by Hertz, of whom we shall hear later. He 
noted that the electrical discharge between two terminals was facilitated 
when the negative electrode was illuminated and that the effect was most 
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pronounced when the illumination consisted of wave lengths in the ultra- 
violet region. Following up the original observations by Hertz, Hall- 
wachs, using a clean zinc surface, carried out a series of fundamental 
experiments which led to the conclusion that negative electricity may 
be liberated from a metallic surface through the agency of short-wave 
radiant energy. 

Beginning in 1889, Elster and Geitel began an extended series of 
investigations involving this phenomenon. They found that certain 
elements, particularly the alkali metals such as sodium and potassium, 
yielded a more copious supply of electrons than did most other substances. 
These investigators discovered that the photoelectric effect could be 
enhanced by inclosing the emitting surface in a vacuum. They also 
made the fundamental observation that the photoelectric emission was 
directly proportional to the light intensity. In 1899, lieriard and J. J. 
Thomson showed that the electrical entities released by light ar(' what 
we now know as electrons. Lenard found that the kinetic energy of the 
liberated electrons is independent of the intensity of the incident radiant 
energy, but that the number of charges emitted is proportional to it. 

It is difficult to explain these observed facts on the basis of the wave? 
theory of light. Einstein was, accordingly, led to suggest-, in 1905, that 
we might apply Planck’s quantum theory to the phenomenon of photo- 
electric emission. According to this point of view the light quanta 
(photons) disappear as such, their energy content being absorbed by the 
electrons within the metal which, in turn, escape as photoelecti*ons. The 
kinetic energy of an escaping electron should, on this basis, be equal to th(^ 
energy of a quantum minus the energy required to free the electron from 
the emitting surface. In mathematical form this statement would be 

hv — w = jimv-, (244) 

where h is Planck’s constant, v the fre(iuency of the incident radiation, w 
the energy required to overcome the surface restraint, and v the maximum 
velocity. The factor w is the photoelectric work function, and corre- 
sponds to the term which we have previously designated by (t>o. It will 
thus be seen that the energy of an escaping electron is necessarily less 
than the energy of the photon from which it acquired its increment of 
energy. Electrons that are liberated from atoms below the surface layer 
will have less kiru4,i(^ (»nergy than those that- escai)e from the surface 
atoms. Conse(iuently the vekxaty of the (‘Scaping electrons will not be 
the same for all, tlie range being from a maximum to zero. Bearing in 
mind that the energy magnitude of a photon depends upon the frequency 
p involved, it will be evident that there is a minimum frequency for which 
the photon will contain just enough energy to cause a surface electron to 
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<‘S(%ape wit.h zero vc^locity. 4'his freciueiicy is referred to fis the threshold 
frequency. F(^r each material there is a delinite threshold frequency, 
or wave length, the value of which will depend upon the photoelectric 
work function of the substance involved. 

The relation between the photoelectric work function and threshold 
frequency is easily determined. For the threshold frequency the kinetic 
(energy term of Ecp (244) becomes zero; heiK^i Aro = IF, where ro is the 
threshold freciuency. We have seen that energy can be expressed in 
terms of potential; therefore we may write 


or 


hvo — Ve — <i>i)e 



(245) 


If, then, we know the work function of a given material, we can readily 
compute the value of the lowest frequency to which that (unitting surface 
will respond. 



Fig. 270. — Photoelectric emission. 


It is possible to determine the velocity of the fastest liberated elec- 
trons. The experimental setup to carry out such a determination is 
shown in Fig. 270. For a given emitting surface and a given wave length 
of incident radiant energy it will be found that there is a definite negative 
potential which, when applied to the electrode G, will prevent any electrons 
from leaving the surface. This is called the stopping potential. When 
this condition obtains it follows that 

= Fc, (246) 

where V is the stopping potential and e the electronic charge. This 
follows from the facts cited above. Since the value of all the terms 
in the above relation are known except it is therefore possible to com- 
pute the magnitude of the maximum velocity. If the exciting wave 
length is changed, the value of the stopping potential will be changed 
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accordingly. A graph showing the relation between stopping potential 
and frequency is to be seen in Fig. 271. The relation is seen to be linear, 
the value being the threshold frequency for a given surface. 

In view of what has been said above it will be seen that we might (‘om- 
bine Eqs. (244) and (246) to get 

Ve = hv — w 
or 



Equation (247) applies to the graph shown in Fig. 271; the slope of the 
line will be given by h/e. Since we know the value of e, and since 
h/e = tan 6, we may readily determine the value of Planck’s constant /?. 



Fig. 271. — Relation between the frequency of the incident radiation and the stoppiiij^ 

potential. 

By such a procedure Millikan determined very accurately the value of 
Planck’s constant. He found h to have a value of 6.56 X erg-sec, 
which was very close to the value originally given by Planck as a result 
of his study of black-body radiation. It would thus appear that h is a 
constant of nature. 

We have dwelt at some length upon the theory of photoemission 
because it is such a fundamental process and because the relation between 
quantity of radiant flux and the number of electrons liberated from a 
given surface is one of the most dependable laws of physics. The truth 
embodied in Eq. (244) (Einstein’s equation) is one of the cornerstones 
upon which the structure of modern physics is built and was largely 
responsible for the awarding of the Nobel prize to its author. The 
determination of Planck’s constant by the photoelectric method, together 
with his determination of the magnitude of the electronic charge, served 
to bring the Nobel prize award to Millikan. These two awards indicate 
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the theoretical significance attached to photoelectric phenomena. 
In the following section we shall consider the practical results of these 
discoveries. 

187. The Photoelectric Cell. This device, as 
(commonly made, consists of an evacuated glass 
enclosure in which are sealed two electrodes. 

The cathode usually consists of a semicylindrical 
piece of metal upon the concave surface of whicdi 
is deposited the emitting material. A single wire 
or loop serves as the anode. A photograph of a 
typical cell is reproduced in Fig. 272. The basic 
circuit in which the cell ordinarily functions is 
shown in V\g. 273. As radiant energy falls upon 
the emitting surface the liberated electrons are 
attracted to the anode (positive terminal) and 
those lost by the cathode (negative terminal) are 
replaced by those supplied by the source of poten- 
tial B. Thus an electronic current is established 
in the external circuit which includes the load 
impedance R. 

The photosensitive surface which is now most commonly used consists 
of a silver plate, the surface of which has been carefully oxidized. Upon 
this silver oxide surface is deposited a layer of caesium of monatomic 
thickness. The thickness of the caesium layer has a bearing on the 
response at the shorter wave lengths, and also on the maximum response. 

The photosensitive layer above 
described is often referred to as a 
caesium-oxygen-silver surface. 

There are two characteristics 
of a photoelectric cell which are 
particularly important in connec- 
tion with their use in certain 
practical applications. These are 
the luminous sensitivity and the 
spectral response. The term 
luminous sensitivity refers to the 
magnitude of the electronic cur- 
rent available for a given amount 
of incident luminous flux. The 
values range from a fraction of a microampere to something of 
the order of 150 microamperes/lumen, depending on the character of the 
emitting surface and other structural details. Graph I of Fig. 274 shows 



Fig, 273. — Basic photoelectric tube circuit. 



P'lG. 272. — Typical 
photoelectric cell. 
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the ro8p<msc of a representative vacnium-tyix^ (unninercaal tul)e. It will 
be observed that the response is linear. If the lif^ht flux is \'ariable in 
quantity, the resulting electronic current shows practically no lag. In 
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ILLUMINATION- FOOT CANDLES 

Fig, 274. — Hesponso curves for photoelectric <^ells. 1, viicuuiu tyfx;; 1 1, tube contain- 
ing a trace of gas. 



LIGHT FLUX-LUMENS 


Fig. 275. — Relation between incident light flux and cell response at dilferent anode 
potentials. Dotted graph is for a vacuum-type cell; others for gas- filled cells, 

other words, such cells show a nearly uniform frequency response between, 
say, 20 and 10,000 cycles. 

The magnitude of the photoelectric current is a function not only 
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of the light intensity, but also of the potential difference which is applied 
between the anode and the cathode. For the vacuum-type cell this rela- 
tion is linear, as indicated by the dotted line in Fig. 275. P]ighty to 
ninety volts is the potential difference commonly employed with this 
type of unit. 

The spectral response of a photoelectric cell indicates the relation 
between the electronic emission and the wave length (or frequency) of the 
incident illumination. This reflation is not linear, as is to be seen from an 
examination of the wave length vs, response curve (Fig. 27()) for a caesium- 
oxide-silver emitting surface. It is to be not(ul that such a cell responds 



strongly to wave lengtlis in the region of 3,500A (blue) and also in the 
region of 7,500A (deep reKl). The spectral response (uirve depends upon 
the nature of the mat.erial used as an emitting surface and also upon the 
manner in which a given surface is prepared. It is therefore possible to 
produce cells having special response curves. 

Reference has Ixxiii made above to the vacuum-type photoelectric 
cell. In that type of unit the current is wholly electronic. There is a 
type of cell into which a small amount of inert gas is admitted before it is 
sealed off; such a unit is called a gas-filled cell. The presence of an inert 
gas serves to augment the current obtained from the tube. The process 
by which this increase in current is brought about involves two other 
methods of liberating electrons processes which will be discui4sed later 
and will be only briefly referied t.o here. 

When a suitable potential difference is established between the 
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cathode and anode, the energy of the photoemitted electrons may 
become great enough to detach some electrons from the gas atoms which 
are present at the time. In other words, the gas becomes ionized. 
These additional electrons serv^e to augment the number originally 
liberated from the cathode and thus the magnitude of the electronic 
current is increased. But this is not all of the story. The remaining 
part of each atom that has lost an electron, as a result of electronic 
bombardment, now constitutes a positive ion. These positive ions will 
be attracted toward the cathode (negative electrode), and dur-ing their 



Fig. 277. — Relation between cell sensitivity and applied potential, ('urve A is for 
a cell containing gas; curve AV for one of the vacuum type. 

journey they may acquire sufficient kinetic energy to detach additional 
electrons from the emitting surface because of their impact on the cathode. 
Due to this secondary emission, as it is called, the supply of electrons is 
further augmented. Many modern photoelectric tubes are of the gas- 
filled type. The relation between light flux and response is not quite so 
linear as in the case of the vacuum-type cell, but the current output is 
considerably greater. The full-line curves in Fig. 275 indicate the flux- 
response relation in the case of typical gas-filled cells; the broken line 
represents the situation in the case of a vacuum-type cell. 

In using gas-filled cells care must be taken not to have the cathode- 
anode voltage too high, or else the ionization process will become self- 
sustaining and the cathode surface will te damaged due to excessive ionic 
bombardment. The manufacturer of each gas-filled tube always states 
the safe potential difference that may be used in order to avoid excessive 
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ioiiization. Figure 277 gives a comparison of the effect of the magnitude 
of the voltage which is applied to both types of cells. These graphs 
should be carefully studied. (Why is the graph for the type AV cell flat 
beyond about 30 volts?) 

The research and commercial uses to which photoelectric cells are pul. 
are varied and widespread. Photometry, talking motion pictures, 
telephotography, television, spectrophotometry, and light control are 
but a few of the important processes in which this versatile device finds 
essential application. 

For an extended and authoritative treat- 
ment of the theoretical and experimental 
aspects of photoelectric phenomena the reader 
should consult a volume entitled ^^Photoelec- 
tric Phenomena” by Hughes and DuBridge. 

188. Thermionic Emission. Historically, 
the liberation of electrons by thermal means 
dates back to an observation made by Thomas 
Edison in 1883. During his work on the 
development of the incandescent lamp, Edison 
on one occasion introduccid an extra electrode 
into one of his lamps, as shown diagrammati- 
cally in Fig. 278, and connected this terminal 
through a galvanometer to the positive terminal 
of the battery which supplied electrical energy 
to the lamp filament. When the filament 
was lighted, he observed that a current existed in this auxiliary circuit. 
However, when this special electrode was connected to the negative side of 
the battery, no current appeared. At that time we knew nothing about 
electrons, but what Edison had observed was an electronic current flowing 
from the heated filament to his special electrode and thence back to the 
battery. Because it was connected to the positive side of the battery, the 
third electrode was functioning as an anode with respect to the filament. 
Though J^ldison took out a patent covering this phenomenon, he appar 
ently never followed up his original investigation. The phenomenon, 
however, bears his name and is known as the Edison effect. Later this 
effect was studied by a number of other investigators, and more par- 
ticularly by Professor Fleming in England, to whose work we shall have 
occasion to refer later. In due time Thomson showed that the electrical 
entities emitted by hot bodies are what we now know as electrons. How 
may we account for the liberation of electrons by thermal means? 

From time to time reference has been made to the fact that in a metal 
there are large numbers of electrons which are in constant random 
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motion, but that these free electrons are held within the body of t he solid 
by means of nuclear forces. In discussing the subject of photoelectric 
emission it was pointed out that, if and when additional energy were 
imparted to these wandering electrons, somt^ of the ele(^tj (>ns might over- 
come the existing surface restraint and thereby escape into free spac.e. 
The Edison effect is to be explained on the basis that the thermal energy 
due to the passage of the filament current serves to increase the kinetic 
energy of the free electrons. In those cases where the augmented 
electronic kinetic energy is equal to or exceeds the work necessary to 
overcome the surface restraint electronic emission will occur, i.e., when 
? <^>o vve have what we speak of as thermionic emission. </)o is the 
thermionic work function and its numerical value, in the case of a given 
metal, is the same as that of the photoelectric work function. 

In 1901, Richardson began an analytical investigation of the phenom- 
enon of thermionic emission. Many of Professor Richardson’s obser- 
vations are embodied in his book entitled ^^The Emission of Electricity 
from Hot Bodies.” Later Hushman and others also attacked the prob- 
lem analytically, with the result that we have available an eciuatiun 
that gives the emission current per unit area of a heated filament in 
terms of the absolute temperature and certain constants. This relation, 
known as the Richardson-Dushman equation, has the following form:^ 

(248) 

where L is the maximum emission current in amperes per square centi- 
meter, T the absolute (Kelvin) temperature, A a constant, which for 
pure metals has a value of 60.2, and k Boltzmann’s constant 

(8.63 X 10“^ electron-volts/deg). 

It should be said that in the case of impure metals A may have a value 
differing greatly from that given above. The exponential term of Eq. 
(248) is sometimes written in the form where ho, = (t>o/k. It 

is to be noted that Richardson’s eijuation holds only when the anode 
potential is sufficiently high to attract all free electrons to the anode. 
An examination of the Richardson-Dushman equation discloses the fact 
that the exponential term has the most significance, so far as the relation 
between h and T is concerned. The currently accepted values for 
A and feo, in the case of several cathode materials, are listed on page 413. 

^ For a discussion of the derivation of this equation see a paper by Saul Dushman, 
entitled '^Electron Emission," Elec. Engineer., July, 1934. 
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Substance A 6o ~ </>o/A: 

Tungsten (W) 60 52,400 

Thoriated tungsten (W + Th) 3 30,500 

Bariuni-strontiiini oxides (BaO -f SrO) 10 12,000 


To illustrate the effect of temperature on the emission let us compute 
the results in the case of tungsten when operated at, say, ISOO^iC and 
at 3000° A". Substituting in Eq. (248) we have, at 1500° A 


At 3000°A 


L = 00.2 X (1500)^ X 2.718 X 
= 0.79 X 10 ^ amp/cm^. 


-52,4(X) 

1500 


A = 00.2 X (3000)2 X 2.718 = 
= 13.0 amp/cm2. 


~ 52 ,^ 

3000 


Thus we see that by doubling the temperature the emission is increased 
enormously. 

An illustration of the effect of the work function on the emission 
may be had computing the emission from a thoriated-tungsten cathode 
at, say, 1200°K. Again utilizing the Richardson-Dushman relation we 
have 

= 3(12(K))2 X 2.718 X 
— 4.02 X 10”^ amp/cm2. 


It will thus be seen that at a lower temperature than the lesser value 
for pure tungsten in the previous illustration we get a higher output. 
By the use of such composite emitting surfaces it is, therefore, possible 
to secure high emission at comparatively low filament temperatures. 

It is not our purpose to discuss in detail the character of the various 
cathodes in current use; it will suffice to add that pure tungsten is used 
for the filaments of liigh-power thermionic tubes, while cathodes of the 
barium-strontium oxide type are extensively ust^d in the small tubes 
commonly found in i-adio receivers. Thoriated tungsten is fiequently 
used as a cathode material in medium- and low-powered transmitting 
tubes. Detailed descriptions of cathode mateiials and construction will 
be found in any standard work on electronics or radio communication. 
An extended discussion of the subject of thermionic emission appeared in 
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a paper under that title in the October, 1930, issue of Review of Modern 
Physics by S. Dushman. 

189. The Effect of the Anode. Later we shall take up in detail the 
methods by which liberated (free) electrons may be controlled, but at 
this point it may be well to consider briefly the effect which a second 
electrode may have on the number of electrons which permanently leave 
the surface from which they arc liberated by thermal means. 

In an evacuated space (Fig. 279) the electrons liberated from the 
cathode C by heat will remain near that electrode unless they are acted 
upon by an electrostatic or a magnetic field. A cloud of electrons or, 

as it is called, a space charge comes into 
being. The presence of this body of 
electrons tends, because of electrostatic 
action, to inhibit the escape of additional 
charges. In fact, if the heating con- 
tinues, a condition will come to obtain 
where as many electrons will return to 
the cathode, per unit of time, as escape. 
Such a situation is analogous to that 
which exists near the surface of a licjuid 
when a condition of saturation exists. 

If, however, the second electrode P is 
made positive with respect to C, as 
shown, the negative entities constituting 
the electron cloud will be attracted to this positive member (anode) and 
thus a space current will be established; and this electronic current will 
continue around the external circuit as indicated. (The conventional 
current is said to move in the opposite direction.) The question now 
presents itself as to what effect the potential of the plate (anode) and the 
distance between the cathode and the anode have on the magnitude of 
the space current. 

In 1911 Child attacked the problem analytically and derived an 
expression giving the magnitude of the space current in terms of the anode 
potential and the separation of the two surfaces. His equation/ 



Fig, 279. — Effect of the anode on 
thermionic emission. 


rV2 je 


(249) 


is based on the assumption of two infinite planes; all electric quan- 
tities are in esu. If changed to practical units, the above equation 

1 Child, Phys. Rev,, 82 , 498 (1911), The development of this equation is also to he 
found in Professor Chaff oe^s book **The Theory of Thermionic Vacmim Tubes,” p. 68. 
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l)e(H:»mes 

V'ih 

I - 2.336 X 10-« ^ amp/cm2. (250) 

The most significant factor in this relation is the anode (plate) potential 
term. It is to be noted tliat, for a given cathode temperature, the space 
current varies as the :^2 power of the potential difference between the 
(cathode and the anode. For this reason the law is often referred to as 

the %-power law. 

This same law was later arrived at independently by J.angmuir, who 
extended the relation to include prad.ical geometrical forms. Langmuir 



Fig. 280. — PJffoc.t of (^aihocio toiaperature on ihorinionic emission. 


has shown that in the case of two concentric cylinders ((*athode and 
anode both cylindrical) the ecfuation takes the from^ 


2'v/2 

9 


(251) 


where r is the radius of the anode and ^ is a constant whose square varies 
between 0 and 1, increasing in value as the ratio r/a increases, a being 
the radius of the cathode. If the ratio of r to a is greater than 10, which 
is often true in practice, may be taken as unity. In h]q. (249) and 
(251) e is the electronic charge and m is the mass of the electron. As it 
stands, Eq. (251) is in esu. When the change to practical units is made, 
' P'or the development of this equation see Chaffee, loc. city or Appendix C in 
“Physics of Klectron Tubes’^ by Koller. 
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we have 

/ = 14.65 X 10 * - (262) 

where r is in centimeters, V in volts, and I is the space (uirrent in amperes 
per unit length of the cylindrical cathode. In practice, both the cathode 
and the anode may not be (cylindrical but Jjangmuir has shown that the 
>^^-power law holds whatever the shape of the electrodes. The above 
relation is sometimes referred to as Langmuir’s equation. 

It should be noted in passing that if the plate voltage is high enough, 
all the electrons tliat are being liberated at a given cathode temperature 
will be attracted to the anode, thus giving what is spoken of as the 
saturation current. In Fig. 280 may be seen the plate-potential space- 
current curves for several different cathode temperaturccs. At anode 
potentials above Fi, Fo, and Fa, any increases in plate voltage will not 

result in an increase in electron cur- 
rent at that particular cathode tem- 
perature. h, 1 2 , and h indicate the 
values of the saturation currents 
under the conditions indicated. 

190. Field Emission. The third 
method by which electrons may be 
detached from a substance consists 
in the establishment of a strong elec- 
tric field in the region of the surface 
involved. Neither radiation nor 
heat have a j)art in this process. 

Fio. 281.— C^old-cathodf cnd.ssion. localise thermal (mergy does not 

figure in this method of electron 
liberation, the process is sometimes referred to as cold -cathode emission, 
or autoelectronic emission. 

Although this method of securing a supply of free electrons is the 
oldest procedure of its kind known to the art, no generally accepted 
explanation of the process has as yet been suggested. If two electrodes 
are sealed in an evacuated enclosure (Fig. 281) and a potential difference 
of the order of 10,000 or more volts is applied to these terminals an 
electronic current will pass in the direction indicated in the sketch. 
This will happen even though the tube is in darkness and is at or below 
room temperature. The usual explanation given to account for this 
phenomenon is that the existance of a marked potential gradient in the 
region of the cathode serves to cause a narrowing of the potential barrier 
at the emitting surface. A more rational explanation would appear to be 
that even at relatively low gas pressures a few atoms of gas are still 
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present. We now know that cosmic rays (Sec. 228) are continually 
causing ionization effects. It follows then that there will be at least a 
small number of free electrons, and a corresponding number of positive 
ions, present in the most attenuated gases. Under the action of the high 
potential difference these few electrons will acquire high velocities. 
As a result, ionization by collision occurs. Further, under the circum- 
stances indicated, the resulting positive ions will accjuire a relatively 
high velocity and thereby give rise to electronic liberation as a result of 
ionic Ixmibardment of the cathode. The early X-ray (Sec. 210) and 
cathode-ray tubes (Sec. 198) were of the cold-cathode type; and anyone 
who has used one of the original X-ray tubes knows from experience that 
a trace of gas was necessary for their su(;cessful operation. Today cold- 
cathode tubes are extensively used in certain types of electronic equip- 
ment; and because of improvements in design these units operate at 
comparatively low anode voltages. In a later chapter we shall consider 
certain phenomena asscxaated with high-field emission. 

191. Secondary Emission. In preceding sections reference has been 
made to the fact that positive ions may cause electronic emission. The 



VELOCITY OF PRIMARY BEAM-VOLTS 

Fig. 282. — Relation between the velocity of primary electrons and the number of 

secondaries liberated. 

term ‘^secondary emission, however, usually refers to the electrons lib- 
erated as the result of the bombardment of a substance by primary 
electrons. If an electron strikes the surface of a substance at a suffi- 
ciently high velocity — z.c., if the impinging electron has an energy con- 
tent of, say, a few hundred elecd.ron volts -several electrons may be 
liberated from the receiving surface. Tlie number of secondary electrons 
liberated by one impacting electron depends upon (1) the velocity of 
the primary electron, and (2) the nature and condition of the receiving 
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surface. The velocity relation, however, is not a linear one. In fact, 
^^'herl the primaries have velocities beyond a certain value, the number 
of secondaries actually diminishes as the velocities of the primaries are 
further increased. This is shown by the graph forming Fig. 282, which 
is reproduced from a paper^ by Zworykin, Morton, and Walter. The 
total number of electrons liberated per primary electron may be as high 
as 10, though the ratio is commonly somewhat less than that. Th(‘ 
velocity of the secondary electrons is less than that of the primaries and 
they leave the bombarded surface in all directions. Though the exist- 
ence of secondary electrons was known for many years, this ty})e of 
electronic emission was not put to any pra(;tical use until (piite recently. 
In fact, the production of secondary electrons was, and still is, highly 
undesirable under certain circumstances. In recent years, however, 
so-called electron multipliers have been designed in which the phenome- 
non is utilized for important purposes. In such cases special surfaces 
are prt^pared which yield a relatively large number of secondaries for each 
impinging pi’imary. In passing, it should be noted that secondary emis- 
sion may occur when high-speed electrons impinge on some insulators. 
In the chapter on electron tubes we shall again refer to the matter of 
secondary emission. 

PROBLEMS 

1 . Express an electron energy value of 5 X 10“® erg in mev. 

2 . Calculate the threshold frequencies for tungsten, magnesium, and caesium. 

3 . Find the energy required to liberate an electron from a caesium surface. 
What will be its vehxdty as it leaves the surface? 

4 . With what velocity will an electron escape from a sodium surfat^e when 
illuminated by light whose wave length is 4,400 A? 

6. Wliat area of barium-strontium coated wire would be required to pinvide 
an emission of 10 amp when operated at 1200°K? 

6. Compare the emission from a pure tungsten filament and a thoriated 
tungsten filament when both are operated at 1500°K. 

7 . Compare the space current between a cylindrical cathode and a cylindrical 
anode when the potential difference between the anode and cathode is 300 volts 
with what it would be when the potential difference is 500 volts. 

^Zworykin, Morton, and Walter, “Secondary Emission Multiplier,” Proc. 
IRE, March, 1936. 
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192. Control of Electrons by Means of a Grid. In St^e. 189 oik* 
as[KH*.t (>r the (control of free electrons was considered. In that discussion 
it was pointed out that a positively cliarged plate, located in the region 
of the cathode, tended to dissipate the space charge by attracting the 
electrons constituting that body of charges. The next step in the process 
of control has to do with the introduction of a third electrode into the 
tube assembly. This third element commonly takes the form of a grid 
which is hxaited relatively near the cathode. 

It will assist in arriving at an understand- 
ing of the functioning of a grid as a control 
member if ve consider, briefly, the character 
of the potential distribution within an elec- 
tronic tube. 

Let us assume that we have a three-element 
unit, which might be represented diagrammati- 
cally as in Fig. 283. For simplicity we shall 
also assume that the cathode and anode are 
plain parallel surfac^es and that the control 
member (grid) consists of a mesh of fine I hroe-oloincMit 

• thermioTiic tube. 

\\ irco. 

First it should be noted that the presence of a spac^e charge changes 
the potential gradient from what it would be if only a few widely scattered 
electrons were present in the region between the cathode and the anode. 
In the latter instanc^e the situation w ould be as indicated in Fig. 284a. 
In such a case the potential gradient is uniform, as indicated by the 
straight line OF, and the electrostatic force on eacih electron is the same 
at every point between the electrodes, ^.c., dV/ds is constant [Kq. (58)]. 

When a large number of electrons are present, however, the inter- 
electronic forces tend to modify the potential distribution, and the 
situation becomes something like that pictured in Fig. 2845. Those 
electrons which are nearest the anode are urged forward by those imme- 
diately behind them; while those near the cathode are retarded by the 
repellent action of those in front. The result of these interelectronic 
forces is to change the slope of the potential curve. At such a point as 
p the slope will be relatively great as compared with its value at, say, 
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?/. Remembering: that 8 = dV /da, it Ixu'ornes evident that those elec- 
trons near the anode will be acted on by a greater force than those that 
happen to be in the region of p\ 

In the case just cited it was assumed that- no grid was presold,, or, if 
one were present, that it was maintained at zero potential. If and 
when a grid is present, and maintained at a fixed positive potential with 
respect to the cathode, the slope of the voltage distribution curve will 
be changed and will appear something like the grapli depicted in Fig. 
285a. The positive potential near the cathode will thus be increased, 


CATHODE ANODE CATHODE ANODE 




Fro. 284. — Effect of a space charge on the potential gradient in the region between 

the cathode and tlie anode. 


with the result that the free electrons in that region will be acted upon 
by a greater force and the space current will accordingly be augmented. 

If, on the other hand, the grid is given a negative potential, the case 
will be as diagrammed in Fig. 2S5b. In this event the slope, over a part 
of its length, will be negative — which means that a repellent force 
exists in that region — with the result that the accelerating force will be 
less than that due to the plate alone. Indeed, if the grid be made 
sufficiently negative, its field may completely neutralize the plate's 
field, thus entirely stopping the movement of the electrons to the anode. 
In other words, under these circumstances the space current would drop 
to zero. The negative grid potential which will bring this about is 
sometimes spoken of as the cutoff potential. 

It is also important to note that, since the grid is spatially nearer the 
cathode than is the anode, a unit of potential difference between the grid 
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and cathode produces a greater effect on the space charge than does a 
corresponding potential on the plate. 

From the foregoing discussion it will be seen that the movement of the' 
free electrons between the (cathode and the anode may be brought under 
more or less complete control by a third electrode, upon which may be 
impressed various potential magnitudes, either positive or negative in 
character. 

The addition of the third, or control, electrode into an electronic tube 
was made by Dr. Lee de Forest, on which he was granted a United States 


CATHODE ANODE CATHODE ANODE 



(a) (b) 

Fig. 285. — Kffect of a third electrode on the potential dintribution between the cathode 
and the anode, {a) Grid positive with respect to the anode; (6) grid negative. 

patent in 1908. From time to time various discoveries and inventions 
have been made which have not only exerted a profound influence on the 
scientific progress of the age, but have also brought about marked social, 
economical, and political changes in the world at large. The introduction 
of the three-electrode tube by Dr. de Forest stands as one of the great 
contributions to world progress. In later chapters we shall examine 
various applications of this epoch-making device. 

193. Electron Beams. Thus far in dealing with the control of elec- 
tron motion we have been considering electron groups having sizable 
dimensions. We are now to examine those cases which involve a thin 
pencil, or beam, of charges, the units of which are given high linear 
velocities by the application of suitable accelerating potentials, and which 
may also be acted upon by electrostatic or magnetic fields. 
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A narrow stream of electrons may be produced by an organization 
such as that sketched in Fig. 286. The housing is of glass, and the region 
within is evacuated. An electrically heated filament C yields a supply 
of thermions which are attracted tow^ard the anode A as a result of the 
accelerating potential supplied by the d-c source V . In its simplest form 
the anode (accelerating electrode) consists of a hollow^ metallic cylinder 
in both ends of wiiich is a round hole whose diameter is of the order of a 
millimeter. This cylindrical structure serves as a collimating device. 
All electrons issuing from the cathode will be stopped except those con- 
stituting a small bundle, the units of which are moving in parallel paths. 
As a result of this collimating action there becomes available, at the right 
of the anode, a so-called cathode ray. The electrons constituting this 
slender beam, as it issues from the collimator, will be moving with a 
velocity which will be determined by the acc^cierating potential, ix., by 



the potential dilference that exists between the cathode and anode. 
Unless acted upon b}^ some electrostatic or magnetic force this velocity 
will remain constant until the electrons impinge upon the end of the tube. 
If the inside surface of the broader end S of the tube be coated with one 
of several materials (say, willemite) fluorescence will occur at the point 
where the electrons strike the sensitive layer. That part of the organiza- 
tion described above which has to do with the production and collimation 
of the stream of free electrons is often referred to as an electron gun, and 
the assembly as a whole as a cathode-ray tube. 

In passing, it should be recorded that it is possible to project cathode 
rays outside the tube in which they originate. By arranging a thin 
aluminum window in the end wrall of a cathode-ray tube, Lenard, in 189-1, 
found that the electrons constituting the cathode stream would pass 
through the metal foil and continue into the air beyond. These escaping 
electrons appear to retain their original properties, though they soon 
lose their energy as they encounter the atoms of the atmospheric gases. 
A stream of electrons existing outside the tube in which it originates is 
spoken of as a Lenard ray. In Sec. 231 w^e shall have occasion to consider 
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an interesting and significant phenomenon which appears when electrons 
pass through a thin sheet of metal, such as that used in a Lenard tube. 

194. Electrostatic Control of an Electron Beam. In the early part of 
our discussions it was pointed out that a stream of electrons constitutes 
an electric current. It was also noted that moving electrons give rise to 
a concomitant magnetic field. We have also seen that electrons at rest 
or in motion are surrounded by an electrostatic field. The foregoing 
statements hold whether the electrons are moving along a conductor or 
in free space. It therefore becomes evident that an electron beam, as 
produced by an electron gun in a cathode-ray tube, may be brought under 
the influence of an electrostatic or a magnetic field in such a way as to 
modify and to control the trajectory of the electrons constituting the 
beam. 

Let us consider first the application of an electrostatic field. If a 
difference of potential is established between the plates P and P' (Fig. 
286), making P, say, positive with respect to P', the moving electrons 
will be acted on by an electric force whose direction is at right angles 
to their line of motion. Owing to the attraction of the positive plate and 
the repulsion due to the negative member, deflection will occur while 
the electrons are under the influence of this field, and after emerging 
from the region of the field the electrons will continue to move in straight 
and parallel paths, as indicated by the dotted line. Thus, by applying a 
potential difference to the deflecting plates, the electron beam may be 
made to function as a long massless pointer. If an alternating potential 
difference is applied to the plates, the end of the beam will sweep up and 
down and thus give rise to a straight visible trace on the fluorescent 
screen. Obviously, one use of such a device would be as a voltmeter. In 
connection with this and other uses to which the cathode-ray tube is put 
it becomes necessary to know the relation between the accelerating 
voltage and the deflecting potential. In order to arrive at this relation 
it is necessary to be able to compute the linear speed of the electrons as 
they arrive in the region between the plates, and also the speed given to 
the electrons by the transverse electric field. 

The speed of the electrons as they reach the deflecting plates may be 
arrived at by equating their kinetic energy to the work done on the 
electrons by the cathode-anode field, thus 

}'2mv^ = eV, 

where V is the potential difference between the cathode and the anode. 
From the above we see that the velocity is given by 
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This expression gives the longitudinal speed not only at any point within 
the plates but also at any and all points between the plates and the screen. 
While the linear speed does not change as an electron passes through the 
deflecting field, its velocity does change; the direction factor of the vector 
changes, but not the magnitude factor. Since we know that the value of 
the ratio e/m is 1.705 X 10^ emu/gm, and that 1 volt equals 10^ abvolts, 
the last equation reduces to the form 

V = 5.95 X 10^ VT cm/sec. (254) 

If the cathode-anode potential difference were known to be, say, 1,000 
volts, the speed of the electrons would turn out to be 1.88 X 10^ cm/sec. 
An expression giving the tranverse speed can be deduced by making 


use of Newton’s 

second law, which in algebraic form is 



F = nia 

(i) 

]^]quati()n (I) is, 

for our present case. 



F = 8c; 

(ii) 

and, by the use < 

[)f the relation expressed by Fkp (59), (ii) becomes 




(iii) 


where V' is the potential difference between the plates and k the distance 



— , 

I ^ L ^ 

Fig. 287. — Control of an electron beam by means of an electrostatic field. 


between them as indicated in Fig. 287. (kimbining (i) and (iii) we get 


a 


V'e 

7ns 


(iv) 


The transverse speed will be the product of this acceleration and the 
time during which it acts. In this case 


where I is the length of the charged plates and v' the transverse speed. 
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(U)nibiniiig (iv) and (v) wc liave 

msv 


(255) 


Each electron, then, has impressed upon it two velocities, viz., v and v', 
at right angles to on(^ another. In a given interval of time, the corre- 
sponding displacements will be proportional to these velocities. Ilencc^ 
we may write, 

.S: ^ V'el 
L V ntsv- 


whif^h, by the use of i^^q. (253), reduces to 


14 

sV 


(256) 


An examination of the above relation discloses the fact tliat the linear 
displacement of the spot on the fluorescent screen will depend upon the 
length and spacing of the plates and upon the accelerating potential. 
By changing Eq. (256) to the form 


.S ^ ^ IL 
V' "'2 gY> 


(257) 


we have an expression for what may be called the electrostatic, or voltage 
sensitivity of the tube. This term is an index of the screen deflection 
one may expect per volt potential difference on the deflecting plates. 
The reciprocal of the sensitivity is sometimes used, and is referred to as 
the deflection factor. In practice, a tube sensitivity of the order of 
Imm/volt is common. This sensitivity can be greatly increased by the 
use of amplifiers, as will be explained later. 

196. Magnetic Control of an Electron Beam. The control of an 
electronic beam by means of a magnetic field finds a number of important 
applications. It will, accordingly, be useful to have available a relation 
by the use of which one may compute what the deflection of the beam will 
be under a given set of circumstances. 

It has already been pointed out that a moving charge is equivalent to 
an element of current. It therefore follows that Ecp (152) is applicable 
in the case before us. That relation gives the mechanical force experi- 
ence by an element of current which is located in a magnetic field whose 
direction is normal to the direction of the current element. The equation 
is 


F = HI dyne-cm. 


(i) 
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Since, in this case, I ■= eft we may change (i) to the form 

f^h]- 


(ii) 


In Fig. 288, it will be seen that the length of the current element involved 
is /; hence 


F ~ He = Hev dynes, 
t ^ 


(iii) 


where v is the velocity with which each electron enters the magnetic 
field. Since the force given by (iii) is normal to the initial direction of 
motion, the magnitude factor (the speed) will not change. However, 
the radial acceleration, as in the corresponding case in simple mechanics, 
will be given by 

a ^ ? (iv) 

r 


where r is the radius of the curved path followed by the electron while in 
the magnetic field. The centrally directed force acting on each eh^dron 
will therefore be 

~ dynes, (v) 


where m is the mass of the electron. From the fundamental laws of 
mechanics it therefore follows that we may equate the two forces desig- 
nated by F and Fc, as given by (iii) and (v). This gives 


Solving (vi) for r we get 


rr mv^ 

Hev — 

r 


r == 


mv 

We 


(vi) 


(vii) 


as the radius of the circular path described by the electrons while they 
are passing through the magnetic field. If now we substitute for the 
initial velocity its equivalent, as given by Eq. (253), we have, after 
reducing, 


1 /2mF 


(258) 


This relation, then, gives the radius of the trajectory within a uniform 
transverse magnetic field. Equation (258) should be kept in mind when 
we come to consider the fundamentals of the mass spectrograph (Sec. 
207). 
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After leaving the field the electrons will follow a straight path to th(^ 
fluorescent screen. The magnitude of the resulting deflection S can be 
deduced from the factors involved, as follows. Referring to Fig. 288, ii 
the angle d is small, as is usually the case in practice, 


e = 


S 

L 


I 

r 


Substituting for r its equivalent, as given by Eq. (258), we have 


Solving for Sj 


L ' 4 ‘imV 


(259) 


Thus we have an expression for the deflection produced by a given rnag- 
neitic field when acting on a beam of electrons which are moving under tht 



Fio. 288. — C'ontrol of an eloctroii })(‘am by means of a magnetic field. The dotted 
region represents a cross section of the magnetic field. 

influence of an accelei ating potential of V abvolts. In order to produce 
a uniform field recourse would be had to a set of Helmholtz coils, one coil 
being positioned on each side of the tube. 

196, Determination of the Ratio e/m. The cathode-ray tube affords 
a convenient means by which it is possible to determine the numerical 
value of the ratio e/m. An expression giving the ratio e/m may be 
derived from Eq. (258). It will be 

m //V- 


( 260 ) 
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Here, then, we have a relation which fijives, in terms of readily measurable 
(luantities, Avhat is perhaps the most important ratio in the realm of 
physics. As the cejuation stands, F, the accelerating potential, is in 
abvolts. C'hanging to volts, this expression becomes 


c _ 2F X 10" 
7n il-r- 


(201) 


The value of the accelerating potential can be readily and accurately 
determined. The field If can be computed from the winding of the 
Helmholtz coils and the current they carry, or it may be measured directly 


l' ■ 



by means of a fluxmeter. The radius 
of the curved part of the path is not 
so easy to determine accurately. In 
Se^c. 195 it was pointed out that when 
6 (Pig. 288) is small, d == l/r. It 
therefore follows that 

r 

which gives 

= (262) 


Fig. 289. — Apparatus by means of 
which the ratio e/m. may be determined. 

factor r may be easily determined, 
in Pig. 289. The tube is so designed that the cathode beam may be bent 
into the form of a semicircle of known radius. This equipment yields only 
approximate results, but it illustrates the fundamental principles involved 
in such a determination. 

197. Properties of the Cathode Rays. It is of interest to note that 
the cathode-ray tube was developed before the nature of the rays was 
understood. The electrical discharge through gases at reduced pressure 
was extensively studied by Sir William Crookes, who reported on his 
observations in a paper in 1879. Several of the properties of what we 
now designate as cathode rays were noted by Crookes. He felt that he 
was dealing with what might be spoken of as an ultragaseous state of 
matter; Crookes referred to it as a ^H’ourth state’^ t)f matter. Plir sev(u*al 
yeais a coiitrov^ersy took place over the subjeid of tlui nature of this 
discharge. It was agreed that something was emitted from the cathodt*. 
The German school of thought held, more or less, to the view that the 


There is now available a specially 
constructed cathode-ray tube and 
coil assembly by means of which the 
An illustration of the setup is shown 


CONTROL OF ELECT RON H 


420 


rays consisted of some sort of wave disturhaiKHS while tiu' En|i!;lislj pliysi- 
cists felt that they were dealing with some type of electrified particles, 
Jean Perrin, a professor at the University of Paris, appears to have 
been the first to investigate this question experimentally. As a r(^slllt of 
his studies he arrived at the conclusion (1805) that the cathode rays wen^, 
made up of carriers of negative electricity, rather than (consisting of some 
form of radiant energy. In 1897 Sir J. J. Thomson repeated and extended 
Perrin’s experiments. Using a tube whose design (Fig. 290) was the 
forerunner of the modern cathode-ray tube, Thomson confirmed the 
findings of Perrin, and also established the fact that the electrical entities 
constituting the beam are the same regardless of the nature of the 
cathode material or the character of any residual gas in the tube.* 



Fig. 290. — Diagram of the tube used by Thomson in his original research on the nature 

and properties of electrons. 

Thomson called these negatively charged entities corpuscles. He 

established the fact that they possess mass as well as a charge, and by 
applying an electric and a magnetic field simultaneously (one neutralizing 
the effect of the other) he arrived at a value for the ratio of e/m. Thom- 
son’s value was 7.7 X KF emu/gm, the velocities with which he worked 
being of the order of 2.2 X 10® to 3.6 X 10® cm/sec. As the result of 
later investigations by Lenard, Kirchner, Dumington, and others^ we now 
know that the e/m. ratio has a value of 1.760 ± 0.0025 X 10"^ emu/gm. 

As a result of the work of many investigators, we know that the 
corpuscles of Thomson are not charged material particles, but that they 
are elemental negative charges, which we have come to call electrons. 
As we have already seen, the magnitude of this elemental charge is 
(4.803 ± 0.005) X 10“^® esu or 1.591 X 10^® emu. From the known 
values of e/m and e the mass of the electron can be computed; it is, at 
moderate velocities, 9.02 X lO-'^s gm. 

The properties of the cathode rays may be briefly summarized as 
follows : 

^ Thomson, J. J., Phil. Mag., 44 , p. 293, (1897). 
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1 . The electrons forming the stream leave the cathodc! fit right, angles 
to its surface. 

2. They travel in straight lines. 

3. They possess kinetic energy, the magnitude of which depends upon 
their velocity, which in turn depends upon the value of the aci^eler- 
ating potential. 

4. They are deflected by an electrostatic and a magnetic field. 

5. Owing to their kinetic* energy they will ionize a gas. 

0. They will prodiu^e fluorescen(*,t* wluui they impinge on certain 
substances. 


In concluding our present discussion of cathode rays, it is well to note 
the fact that the ratio e/m is not strictly constant; it has been found that 
the value of this ratio is, to some extent, a function of the velocity at 
which the electron is moving. There is no reason to believe that the 
magnitude of the electronic charge ever changes. It therefore follows 
that it must be the mass which is the variable. Such a conclusion at 
once raises an important question. Is it correct to assume that an 
electron actually exhibits the universal property which we commonly 
designate by the term mass? It would be beyond the scope of this book 
to discuss in detail the question of electronic mass and its dependence 
upon velocity. However, it may be observed in passing that it is an 
established fact that the mass of an electron actually increases as its 
velocity approaches the speed of light. 

We have already seen that when an electron is caused to move, a 
concomitant magnetic field comes into being. In order to establish this 
attendant field, energy must be expended. Further, in order to change 
the velocity of the electron — z.c,, to produce acceleration — a definite force 
is required. A consideration of these and related aspects of the case has 
led some physicists to feel that the mass of the electron is wholly mag- 
netic in character and, in fact, that all mass is essentially electromagnetic 
in nature. 

Newton originally gave the law relating force and mass in the form 


d(mv) 

~~dr 


dm , 

— V -j; -f ma. 
(it 


If mass were independent of velocity the above expression would reduce 
to the more familiar form : 

V = ma. 


If, however, one begins with the first of the above forms, it may be shown 
that 

_ mo 

~ (1 - (t>Vc»)w’ 
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where m is the mass when the particle has the velocity v, nio its mass when 
at rest or moving at relatively small speeds, and c the velocity of light.’ 
On this ba.sis the mass of an electron may be expected to increase as th(' 
velocity increases; and there is reliable experimental evidence in support 
of the validity of such a relation. Indeed, on the basis of the theory of 
relativity, it turns out that all mass, regardless of its nature, will vary 
in conformity with the ecpiation above given; and such has been found to 
be the case. As we shall see in a later section, it is now possible to give 
electrons a velocity which is within a fraction of 1 per cent of the velocity 
of light. In such a case the change in mass is appreciable and must be 
considered when dealing with high speed particles. 

For a more complete discussion of the relation of mass to velocity the 
reader is referred to ^'The Particles of Modern Physics” by J. D. Strana- 
than, pp. 129 Jf. 

v^98. The Modem Cathode-ray Tube. In 1897, Ferdinand Braun 
designed a tube that made use of the cathode stream as a means of study- 



Fig. 291. — Modern cathode-ray tube. Dark portion is an interna] electrostatic 
screen. (Courtesy of Allen B. DuMont Lohoratories^ Inc.) 

ing varying potentials and changing magnetic fields. The tubes used by 
Thomson in England and Kaufmann in Germany were more or less 
identical with the original Braun unit. The early Braun tubes, as they 
have come to be called, consisted of a flat cathode from which electrons 
were liberated by the high-field method, and collimation was effected by 
causing the beam to pass through a cylindrical channel of very small 
diameter. The field-emission method of securing free electrons necessi- 
tated the application of high potential differences — potentials of the 
order of 50,000 volts, which were supplied by static machines or induction 
coils. The hot-cathode tube was introduced by Wehnelt in 1905, but it 

^ This relation is often written in the form 

mo 

” ( 1 “ 

where jS « v/c. The origin of this equation is commonly ascribed to Lorentz. 
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was not until the early twenties that a practical low-voltage unit was 
developed. In recent years various improvements have been made until 
today we have available a modern version of the Braun tube that has 
come to be one of the most important scientific tools known in research 
work and in practical engineering. The cathode -ray tube is to the 
engineer what the stethoscope is to the physician. A modern tube is 
shown in Fig. 291, and a diagrammatic sketch of a representative tube 
structure and connections appears as Fig. 292. 

An electrically heated wire (Fig. 292) serves to heat a small surround- 
ing metal cylinder, the flat end of which is coated with a material which 
emits electrons copiously when heated to a moderate temperature. The 
coated surface functions as a cathode. The cathode structure is in 
turn surrounded by a metal cylinder, one end of w hich is closed except 
for a very small aperture directly in front of the cathode-emitting surfa(;e. 



Fig. 292. — Diagrammatic sketch of the essential components of a cathode-ray tub(\ 

The control member G serves the purpose of an electron gate, and is 
analogous to the diaphragm in a camera or a microscope. A relatively 
small negative potential impressed on this component will control 
the number of electrons that pass through the aperture and thus go to 
form the electron stream. Since the intensity of the fluorescent spot 
on the screen depends upon the number of electrons which impinge on the 
surface per unit time, the intensity can be controlled by modifying the 
negative potential applied to this so-called grid member. 

Again referring to the diagram (Fig. 292), it will be noted that there 
are two anodes, Ai and A 2 . These two anodes serve tw^o purposes: (1) 
they both act to accelerate the electrons; and (2) taken together they 
act as an electron lens, f.c., they serve to bring the electron beam to a 
focail point on tlu^ screen. Anode Ai is maintained at a j)otential of 
several hundred volts above that of the cathode, thus giving velocity to 
the electrons and, because of its mecdianical structure, acting to collimate 
t he beam. 

As the electrons emerge from the last aperture in the first anode A 1 
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tliey will, if left to thf'inselves, tend to diverge Ix'cniise of th(‘ir iniitual 
repulsion. In order to compensate for this, and to concentrate all 
electrons in any cross section of the beam on the smallest possible area 
of the s(*reen, naronrse is had to electrostatic focaisinjz;. This is brought 
about by means of the two anodes acting conjointly. The second anode 
yl 2 is a metal cylinder whose diameter is somewhat larger than that of A i, 
and is maintained at a potential of the order of 1 ,000 to 5,000 volts 
higher than the cathode. Under these conditions the electrostatic field 
will have the form pictured in Fig. 293, Avith the result that any radial 
acceleration is neutralized and the beam is brought to a sharp focus on 
tlie s(u*een S. The size of the focal point can be controlled by changing 
the ratio of the positive potential of Ai and yl 2 . Thus we have what, in 
effect, is the equivalent of a lens whose focal length can be adjusted at 


A2 



Fig. 293. — Focu.siii}*^ of an electron beam by means of an ehx’-trostatic field. 

will. In the field of electron optics such a combination is referred to as a 

double -cylinder lens. 

The fluorescent screen consists of certain chemical substances de- 
posited on the inside of the large end of the tube. Among the chemical 
bodies used are: zinc silicate (Zn 2 Si 04 ), giving a green trace; calcium 
sulphide (C'aS), giving a color Avhich is nearly white; and calcium tung- 
state (CaW 04 ), yielding a blue trace. The fluorescent traces which 
appear on the screen may be observed visually or photographed, using a 
fast lens and a fast, contrast plate or film. If the instrument is to be 
used principally for the purpose of making photographic observations, it is 
called an oscillograph. If used for visual observations it is referred to as 
an oscilloscope. Actually, there is no fundamental difference in the two 
devices, the character of the phosphor used in making the screen being the 
only variation. 

The cathode-ray oscillograph is used chiefly in connection with the 
study of potential and current wave forms and transient electrical 
phenomena. This involves provision for a time axis. The time axis is 
usually provided by applying a sweep potential to the horizontal 
plates. By means to be discussed later, it is possible to produce a poten- 
tial whose wave form is of the character shown in Fig. 294. It will be 
noted that the potential rises from zero to some predetermined value, 
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after which it instantaneously drops to zero. When this potential is 
applied to the horizontal plates (Pi, Fig. 292) the electron beam will be 
caused to sweep horizontally across the screen and return to its original 

position in an exceedingly short 
interval of time, and continue to 
repeat this operation. Owing to tlu^ 
persistence of vision, and a certain 
amount of lag in the screen fluores- 
cence, a horizontal fluorescent line is 
thus caused to appear on the screen. 

Fkj. 294.~Wavo lorm employed HOW, a variable potential whose 

in the sweep circuit of a cathode-ray form it is desired to study is 

absembly. applied to the vertical plates P 2 a trace 

of the wave will be outlined on the screen. Instead of using a '^saw- 
toothed” voltage on the horizontal plates two sinusoidal voltages may be 
impressed on the two sets of plates and their combined effect noted. 
Thus, two fretpumcies may be compared very accurately, and phase 



TIME 



Fig. 295. — Modern cathode-ray oscillograph. {Courtesy of Allen B. DuMont Lahoror 

lories^ Inc.) 

differences studied. In the field of acoustics the oscillograph has also 
come to be extensively utilized. Sound waves can be converted into 
electrical currents, and these in turn can be investigated by means of such 
a cathode-ray assembly. From what has been said it will be evident 
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that the cathode-ray oscillograph is an exceedingly versatile piece of 
research equipment. It is because this device is so widely used in both 
research and industry that ve have treated the subject somewhat at 
length. In Fig. 295 is to be seen an illustration of a modern oscillograph. 
The knobs on the front panel are for the purpose of making the potential 
adjustments mentioned above, and for other adjustments which add to 
the convenience of operation. In Fig. 296 is reproduced the oscillographic^ 
records of a simple and a complicated voltage-wave form. If the reader 
is interested in high-speed oscillographic, work he should consult a paper 
by Messrs. Kuehne and Ramo which appeared in the June, 1937, issue of 
Electrical Engineering. The beginner in the use of the oscillograph may 
find it useful to consult a book by J. F. Rider entitlcHi ‘'The Cathode-ray 
Tube at Work.^^ 

199. The Electron Microscope. Because of the nature of light it is 
physically impossible to attain a magnification greater than something 



Fig. 296. — Records made by means of a cathode-ray oscillograph. 


like 2,500 diameters by means of a microscope when using light waves. 
By making use of free electrons in a specially designed cathode-ray tube 
it is now possible to secure magnifications greater than 1 0 times the value 
mentioned above. The method by which this end is attained involves 
the principles of what is now i-eferred to as elec^tron optics. 

The theoretical basis of modern electron optics dates back to the early 
part of the nineteenth century. It was Hamilton who advanced the idea 
that a point mass when moving through a potential field behaves in the 
same manner as does a light ray in passing through optically ndVacting 
mediums. At that time, of course, we knew nothing about electroiifc^ or 
electron mechanics. However, as a result of the pioneei’ing work oi 
Perrin, Thomson, Kaufmann, Braun, and others, it became evident that 
in the electron we have what amounts to a point mass; and that by 
applying Fermat^s principle of least time, as applied to a train of light 
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waves, and Lagrange's principle of least action, as it applies to a mechani- 
cal movement, it would be possible to treat the motion of an electron 
through an electrostatic or a magnetic field as though it were a train of 
light waves. Such an analytical procedure involves the assumption that 

// = k vy, 

where n is the refractive index, V the potential function of the field, and 
k a constant. According to the Newtonian method of explaining the 
refraction of light which takes place at an optical interface, we have the 

relation 

n __ sill i 
n' sin r 

where n and n' represent the refractive 
indices of the two mediums involved, and 
i and r the angles of incidence and refrac- 
tion, respectively. Applied to the elec- 
tronic case, the situation would tie as 
sketched in Fig. 297. Let us assume 
that an electron e is moving through an 
electrostatic; field where the potential is 
F, and that it passes into a region where 
the potential is F', F' being greater than 
F. Let the electronic refractive indices be n and n', as indicated. 

We have shown [Eq. (253)] that the velocity of an electron when in an 
electric field is proportional to the square root of the potential. Hence 
we may write 

c ^ V'F 

which shows that the velocity in the second region will be greater than 
in the first. The incident velocity v may be thought of as having two 
components, one of which is normal to the interface and the other parallel 
to it; and the same will be true of v'. But the tangential components are 
not changed by the change in the field. It accordingly follows that 

sin i _ v' __ _ n/V' 

sin r V n 

The part of the foregoing relation that concerns us is 

sin i _ y/V' 
sin r ^/y ^ 



Fig. 297. — Refraction of an elec- 
tron beam. 


( 263 ) 
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wliic.h allows that the jiath of oach of the elec^trons constituting a cathode 
beam will he dellected toward the normal when entering a region where 
the potential is relatively high, and vice versa. There is one marked 
difference between the optical and the electronic*, case. Except in the 
case of the retina of the (‘yc^ and the atmosphei-e, the refractive index is 
more or less constant throughout a given medium; in other words^ 
sharply defined boundary conditions obtain. In an electrostatic field the 
potential gradient may not be constant. Hence the change in the direc- 



Fig. 298. — Diagram niatic representation of the electric field and the electron 
paths within a two-(;ylinder lens. The lower sketch shows the optical equivalent. 
{From a paper hy V. K. Zworykin, courtesy of J. Franklin Inst., Vol. 215, May, 1933.) 


tion of the electronic movement will, in general, not take place abruptly, 
but gradually. If we redraw the diagram shown in Fig. 293 so as to 
include the equipotential lines, the situation would be as sketched in Fig. 
298. Having the equipotential lines, we can apply Eq. (263) by a step- 
by-step process and thus determine the trajectory of the electrons making 
up the beam. The equipotential lines correspond to the bounding 
surfaces in a composite lens. The optical equivalent of the double- 
cylinder electron lens is to be seen in the same illustration. After coming 
to a ^Hocus” at P the electrons, unless stopped, will again diverge, as in 
the case of light waves. By the use of a group of such electrostatic 
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electron lenses it is possible to assemble an ^^opticar^ instrument, such as 
a microscope or a telescope. 

It is also possible to utilize a magnetic field as an electron 'Mens.” 
This fact was first shown by Wiechert in 1899. When so used the axis 
of the electromagnet coincides with the axis of the (aithode beam. A 

form of magnetic lens currently used is sketched in Fig. 299. This con- 

sists of a winding inside an iron shell which has an annular opening. Such 
an arrangement gives rise to two annular poles as shown. 4Mie lines of 

magnetic, force and etiuipotential lines 
(magnetic potential) will have the general 
form sketched. In our discussion of 

electrostatic lenses we saw that equi- 
potential surfaces corrc^spond to optical 
surfaces. In the case before us it will be 
seen that those electrons which travel 

along the path h will be everywhere 

normal to the ecpiipotential surface, 

hence no deviation will occur. How- 
ever, those that follow the trajectories 
indicated by a and c will be deviated 
as shown. This deviation is a some- 
what more involved process than indi- 
cated by the simple diagram. Actually, 
those electrons whi(4i are not follow- 
ing a path Avhich is strictly parallel 
to the magnetic field are caused to describe helical paths, rejoining the 
axial electrons at a point (focal point) which is determined by the value 
of the accelerating voltage and strength of the magnetic field. ^ The final 
result is that the electron beam will converge to a point P, and if not 
stopped, or again acted upon, will again diverge, as in the corresponding 
optical case. By utilizing a group of such magnetic lenses it is possible 
to assemble what amounts to a microscope — a device in which electrons 
take the place of light waves, and coaxial magnetic fields function as 
optical lenses, 

* For a clear account of the theory of magnetic focusing the reader is referred to a 
paper by V. K. Zworykin entitled Electron Optics, which appears in the May, 

1 933, issue of the J ournal of the Franklin Institute^ p. 535. The October, 1944, number 
of the Journal of Applied Physics contains several papers on the history and applica- 
tions of the electron microscope. See also an article in the June, 1945, issue of the 
Journal of the Franklin Institute, by R. G. Picard on ^^New Developments in Electron 
Microscopy.^' 



Fig. 299. — Focusing of an (‘lec- 
tron beam by means of a magnetic- 
field. 
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Practical electron microscu^pes are now* available, some of which utilize 
electrostatic lenses and others magnetic lenses, the latter type being the 
more common. A diagrammatic sketch of an assembly of the magnetic 
type is shown in Fig. 800. The drawing is more or less self-explanatory. 
A hot, self-emitting cathode is used. The electrons are given a high 
linear velocity by means of an anode potential of the order of 30,000 to 

100,000 volts. The object to be ex- 

amined is supported on a suitable stage 
at the point shown. The specimen sec- 
tions must be exceedingly thin; some 
electrons are stopped by the object 
under examination while others pass 
through, as in the case of light. The 
transmitted electrons are brought to a 
conjugate focal point by the magnetic 
lens, which functions as an objective, 
thus forming a first or primary image in 
the plane indicated in the diagram. 

This image is a shadow of the object; it 
may, if desired, be further magnified by 
the third magnetic lens, thus forming 
a secondary or final image on a fluores- 
cent screen or on a photographic film 
located in the base of the apparatus. 

Provision is made for viewing the final 
image through one or more windows in 
the side wall of the base. The entire 
interior of the housing is evacuated. In 
the latest models provision is made for 
introducing the specimen and the photo- 
graphic film without disturbing the com- 
plete vacuum. 

Figure 301 shows a recent model of 
an electron microscope, and Fig. 302 is a 
reproduction of a representative elec- 
tronic skiagraph. The photograph shows 
the structure of diamond dust. A de- 
tailed study of the original picture indicates that there was some penetra- 
tion by the electrons, and that Bragg reflections occurred. In this partic- 
ular case the original electron optical magnification was 5,600. The 
reader will find an informative paper in the December, 1944, issue of the 



Fig. 300. — Diagrammatic 
sketch of the essentials of an elec- 
tron microscope. 
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Fia. 301. — Console model of an electron microscope'. {Courtciiij of Radio Corporation 

of America.^ 



Fig. 302. — Electronic skiagraph. (Courtesy of E. F. Fullam., Research Laboratory^ 
General Electric Company, Sample from the Schenectady Works Laboratory,) 
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General Electric Review, by J. B. Bensen, in which some of the more recc^nt 
models of electron microscopes are described. The final paragraph is 
particularly worthy of note. 

By means of an electron microscope it is possible^ to secui'e, within the 
instrument itself, a magnification of the order of 25,()0() diameters, with 
resolution which is considerably higher than that attained by means of an 
ordinary mica’oscope. The resulting definition permits the optical 
enlargement of such electron skiagraphs, thus making it possil)le to 
secure over-all magnifications of the order of 1 ()(),()()(). It seems probable 
that it will soon be possible to examine molecular structiux^ visually. The 
development of the electron microscope makes available a research tool 
of tremendous value in tlu' fields of biology and the industrial arts. 

PROBLEMS 

1 . Electrons arc caused to enter an electrostatic field hetwetai two (charged 
plates that ai'e 1 cm in length and spaced 0.5 cm aj)ai t. A fluorescent screen is 
located 10 cm fiom the center of the deflecting jdates. The accelerating voltage 
is 1,000. What will be the voltage sensitivity of the assembly? 

2 . An electron whose eiiei gy is 2,000 ev etiters a magnetic field of JOO gausses, 
the field being normal to the electron j)ath. What will be the radius of the 
tiajectory as the electron moves through the field? What would the radius be 
if the electiical entity was a proton, all other conditions being the same? 

3 . A mixture of a-paiticles and deuterons ai‘e subjected to an accelerating 
potential of 1,000 volts, and caused to pass through a magnetic, field whose 
strength is 250 gausses and whose diameter is 10 cm. After deflection the 
entities strike a fluorescent sci'ccui which is located 20 cm from the center of the 
field. What distance will sej)arate the traces made by the two ty[)es of particles? 

4 . What will be the mass of an electron when moving with a velocity of 
2.7 X cm/sec.? 
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200. Discharge at Atmospheric Pressure. In C'hnp. \ III \v(^ studied 
the laws which govern th(i electronic current in solids^ and in C^hap. XII 
we dealt with (conduction in electrolytes. In i-e(cent chaptei’s we have 
considered the behavior of (dectnms in free space. It remains to examine 
the process by which conduction takes place in gases. The most ^^idely 
accept(^d reference on this subject is a monumental two-volume work 
by the late Sir J. J. Thomson and his son, Professor G. P. Thomson. 
Various books l)y other workers, togetlier with scweral thousand papers 

by those doing researcch in the field, consti- 
tute a substantial body of literature having 
to do A\dth this subject. It is not. an euciy 
matter to condense the findings of so many 
investigators into a few pages. We will, 
however, endeavor to give a resum (5 of th(‘ 
theories and experimental findings coniuHcted 
with the nnn^ernent of elecctriccal charges 
through gases. 

To begin with, it may he set down as a 
fact that (piiescent, dry, and dust-free gases 
show very little condinctivity. However, as 
previously pointed out, it is probable that, at all times and under all (cir- 
(cumstances, there are a few scattered free electrons, and corresponding 
positive ions, in any gas, due to ionizing agencies such as cosmic rays, local 
radioactivity, or some other form of radiation. That being the case, it 
follows that the establishment of a suitable potential gradient will give rise 
to a movement of such electrons and ions as may exist within the body of 
the gas. The situation might be represented as sketched in Fig. 303. 
The free electrons will move toward the positively charged terminal and 
the positive ions toward the negative electrode; and this constitutes one 
form of electric current — a form in which l)oth positive and negative' 
entities are involved. If the terminals are not too near together, and 
if the potential gradient is sufficient, both the electrons and the pcjsitive 
ions may acquire enough velocity to bring about ionization by collision, 
and thus the process becomes cumulative. 

The relation l)etween the ionization current and the applied potential, 
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Fig. 303. — Dis(;harg(' at at- 
mospheric pressure. 
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ill tlie case pic^tured in Fig. 303, has been shown to be as indicated by the 
graph appearing as Fig. 304. 

It is to be noted that when the potential difference is small the space 
current follows Ohm’s law, roughly; but when the potential difference has 
j-eached some pai’ticular vahu^ siu^h as Fi, the potential diff*erenc(^ may be 
increased considerably without causing any material increase in the space 
(‘urrent. /, then, repn^sents the saturation current — ^\hat few existing 
ions and free electrons that exist are being moved to the electrode as fast 
as they appear. When, however, the potential difference is raised to 
some particular value, such as F 2 , the space current begins to rise rapidly; 
so rapidly, in fact, that a disruptive discharge may occur. For a gas at 
atmospheric pressure and a temperature of 25°C this critical potential 



Fro. 304. — H(4ati()n !)otw(*(‘n current and the* potential difference between the 

electrod(\s. 


gradient is 30,000 volts/cm. If the spark-gap terminals are curved, the 
critical potential will be lower than the value given above, and if the 
electrodes are pointed, the breakdown potential will be still lower. 
The relatively low critical value, in the case of curved surfaces, is due to 
the fact that the field strength near the electrodes increases as the curva- 
ture increases; hence the potential gradient near such surfaces is com- 
paratively high (Sec. 10). It has been found that the distance between 
curved electrodes is a factor in determining the critical potential in such 
cases. The breakdown potential gradient is found to decrease with 
increasing gap length. However, if the terminals are pointed, the 
critical potential gradient is fairly constant. It has been found by 
experiment that for distances up to several meters the critical gradient 
is of the order of 4,000 volts/cm. Owing to the factors which have a 
bearing on the results, it is extremely difficult to make accurate observa- 
tions of discharge phenomena; hence the values given above are only 
rough approximations. 
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In i)assing, it sltonld l)o noted Mia.t, oiua* a disruptive discharge is 
initiated between tA\'() terminals which are connected to a source whic’h 
is eapal)le of supplying a substantial amount of energy, what is referred 
to as an arc may form. Jlecause of the cumulative ionization by colli- 
sion, and ionization due to ionic bombardment of tlie electrodes, the 
space between the tei’minals becomes almost completely ionized, with 


Wj % 



Fio. 305. — Photographs of disruptive discharges in air. The upper illustration 
shows a single discharge; while the lower picture shows a series of dischargers. Not(‘ 
that the successive discharges do not follow a coninion path. 

the result that an electronic and ionic current of substantial magnitude 
may result. This current strongly heats the electrodes, particularly the 
positive terminal, thus giving rise to additional electrons and positive 
ions. Unless the supply circuit includes a ballast resistor the terminals 
may be melted. In this connection it is also to be observed that once 
the arc forms only a relatively low potential difference is required for its 
maintenance and, as the arc current increases, less and less potential 
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difference is recjuired. It is thus evident that Ohm’s law does not 
obtain under these circumstances. Because of the current-voltage 
relation just mentioned, an arc is said to show a negative resistance. 
The potential difference recjuired to maintain an ai‘c discharge will 
depend, among otlun* factors, upon the length of the arc and the nature 
of the electrodes material. It recpiires })ut 50 volts to maintain a heavy 
arc between (sarbon ele(*trodes in air. Two photographs of disruptive 
discharges are reproduced in Fig. 305. 

Under certain circumstances, instead of a disruptive discharge 
between curved surfaces, Avhat is known as a l)rush, or corona, discharge 
may oc.euir. If the surfaces are relatively far apart the potential gradient 
may be sufficiently high (30,000 volts/cm oi* more) to produce rapid 
ionization in the immediate vicinity of the surface, but not great enough 
to produce marked ionization at some distance. In this event it is 
found that a conductor, su(‘h as a high potential wire for example, will 
be sun*ound(Ml by an envelope of strongly ionized air. The result is that, 
due to elet^trical rej)ulsion, a discharge from the conductor takes place. 
The energy thus dissipated constitutes a transmission loss. 

201. Lightning. In the case of lightning we have a disruptive 
discharge on a scale involving great distance and correspondinglj^ high 
potential differences. In consid(‘ring this natiiral phenomenon we may 
first examine into the cause of such discharges. 

First it may be set down as a fairly well-esta])lished fact that it does 
not have its origin in the atmosphere, in general. In this connection, it 
is true, as we have previously indicated, that a potential gradient exists 
in the atmosphere (100 + volts/m); but it is interesting to note that the 
magnitude of this graxlient is greater in winter than in summer. Further, 
the potential gradient existing between the sui*face of the earth and a 
point at some definite altitude is roughly the same for all parts of the 
world. These and various other important observations lead observers 
to believe that the electrical charges which go to make up the discdiarge 
Ave know as lightning hav^e their origin in the clouds from which rain falls. 

It is a well-known meteorological fact that a strong upAvard current 
of air exists near the front boundary of a moving cumulus cloud or 
^^thunderhead.’^ There is eviden(;e for believing that this upAvard rush 
of air causes a mechanical disruption of raindr(Aps that have attained a 
certain size, and that this breaking up of the drops causes ionization. 
As a result of this process the lower part of the cloud formation becjomes 
strongly charged positiv(‘ly and the upper portion negatively. The 
situation is roughly represented by the sketch in Fig. 306. The potential 
gradient Avithin the cloud itself is evidently great, Avith the result that 
lightning occurs more fre([uently between the two charged portions of the 



44G 


ELECTRICITY AND MAGNETISM 


same cloud than between any other two regions. Since the lower pai t 
of a storm cloud is positively charged a corresponding negative charg(‘ 
will be induced on the earth^s surface below the cloud. If the potential 
gradient becomes great enough, ionization may build up rapidly and a 
discharge may occur between the lower part of the cloud and the earth. 
Occasionally discharges take place between two different clouds, though 
this occurs less frequently than the other two types of release. 

The length of lightning discharges is probably of the order of 2 to 3 km 
(1.243 to 1.864 miles) when it takes place between a cloud and the earth, 
but the flash may reach up to 20 km (12.43 miles) when the breakdown 
occurs between two separate clouds. 



Fig. 306. — Showing how a potential dilference is devt^loped between different parts 
of a cloud and between a cloud and the earth. 

The time involved in a single discharge is of the order of 0.001 sec 
but the complete discharge may occupy as much as 0.1 sec. It is difficult 
to arrive at any satisfactory estimate as to the magnitude of the current 
that passes in a lightning discharge. By indirect means however, it is, 
estimated that the current may reach a maximum value of perhaps 
100,000 amp. On the basis of the above-indicated time factor, the 
quantity of electricity involved would therefore be of the order of 100 
(ioulombs — not a great amount of electricity. 

When it comes to the matter of protection, it may be said that it is 
clearly established that lightning rods, when properly installed, materi- 
ally reduce the hazard from lightning. A lightning rod serves to alter 
the direction of the electric force near the surface of the earth. The 
(Conductors, which are functioning as lightning rods, should be well 



ELECTiaCAL CONDUCTION IN CASE;^ 


447 


grounded. This means tJiat a eonnec^tion which will remain permanent 
should be made to a metal plate so located in the ground that it is at all 
times in intimate contact with moist earth. A lightning rod system 
without an effective ground connection is a hazard — not a protection. 
The conductor forming the protective system should not be insulated 
from the building; and all gutters, water pipes and other similar metal 
bodies should be electrically connected, near their upper end, to the 
lightning conductors. It is recommended that the reader consult 
Professor Humphrey’s interesting and informative volume, ^4^hysics of 
the Air,” particularly ('hap. XV and XVI. 

The protection of power and communication lines from lightning has 
been the object of extensive reasearch. Not only is damage done by 
direct hits, but markc^d liiK^ disturbam^es may occur du(^ to inductive 
effects. Various forms of so-called lightning arresters have been devel- 
oped which function more or less effectively. One widely used form 
employed for power-line prot(‘ction consists of an assembly of semi- 
conducting disks in serif^s with one or more short air gaps. A high- 
potential surge in the line Avill cause the arrester to convey the line 
charge to earth, but when the line potential drops to its normal value the 
resistance of the arrester will not permit any current to flow to earth. 
Detailed descriptions of sucdi protective devices are to be found in any 
standard work on power or communication engineering. 

202. The Aurora. This display of nebulous light which sometimes 
appears in the northern portion of the sky in this hemisphere appears to 
be due to a luminous discharge caused by the ionization of the upper 
regions of the atmosphere by a-particles (Sec. 230) which have their 
origin in radioactive substances in the sun. Auroral displays are accom- 
panied by magnetic storms, and the frequency of their occurrence is 
related to the sunspot period. Spectroscopic examination of the auroral 
light indicates that much of the radiation is due to nitrogen. There is 
also a prominent green line (5,578 A) in the auroral spectrum, the origin 
of which is not known. The height of this ionized region above the 
earth varies from 85 to 1,100 km. The a-particle?s which bring about the 
ionization appear to be deflected by the earth’s magnetic field, following 
the direction of the lines of force toward the magnetic pole. 

203. The Ionosphere. It is recorded that Balfour Stewart was the 
first to suggest that an electrically conducting layer exists in the highei- 
regions of the atmosphere. In 1902, A. E. Kennelly of Harvard suggested 
that the existence of ionized upper layers in the atmosphere might 
account for certain otherwise inexplicable radio transmission. A few 
months after Professor Kennelly’s original suggestion was made, Oliver 
Heaviside of England independently brought forward a similar sugges- 
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tion. (wisfeiice of such an ionized region lias Ixm'd experimentally 

confirmed and its height determined. Tliis ionized region extends from 
about 100 km t-o something like 200 km. At thosc^ altitudes the density 
of the atmosphere is very small, and since tlie relative composition of the 
air varies with height, there is a tendency for this ionized region to become 
stratified. There are two primapal strata commonly recognized, the 
EJ and E" layers, the former being the lower of the two. In connection 
with certain communication problems these two main strata an^ some- 
times subdivided; but for our present discussion the EJ and F layers are 
all that need be considered. Tt is thought that the ionization of these 
upper atmospheric layers is brought about chiefly by ultraviolet radiation 
from the sun. Since this solar radiation varies, it might be expected that 
the height of the ionized layers, and also the degree of ionization, would 
be variable; and indeed experiemce shows such to be the case. When we 
conu? to study the propogation of electromagnetic weaves we shall see how 
this ionized region plays iu\ important pai’t in radio communication. 
In that connection they function as conducting, and hen(*e reflecting, 
surfaces. For a number of years this upper region of the atmosphere w'as 
referred to as the Kennelly -Heaviside layer. It is currently dc^signated 
as the ionosphere. 

204. Discharge at Low Gas Pressures. We have just considered 
several cases in nature w hich involve ionization, on a large scale, of gases 
at low pressure. We are next to examine certain phenomena wdiich 
appear wdien ionization 0 (;curs in partially evaemated enclosures. 



Fig. 307. — Arrangement whereby a disehargci at low gas pressure may be studied. 

Suppose that we liave a tube, say 50 to 100 cm long, as shown in Fig. 
307, and that a source of high potential difference is available, as indicated 
by F. We shall further assume that the tube is connected to an operating 
air pump to which a pressure gage is attached. The procedure will be to 
slowly evacuate the tube while a potential difference of perhaps 25,000 
volts is applied to the sealed-in electrodes. At atmospheric pressure no 
discharge will take place. However, when the pressure has been reduced 
to a few centimeters of mercury it will be found that a wavy, colored 
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discharge appears between the electrodes, and the meter will indicate 
that current is flowing: ionization is taking place. If we reduce the 
pressure still further, say to a few millimeters, the discharge increases in 
volume until it fills the entire cross section of the tube. The ammeter 
will now show an increased reading, indicating that the resistance of the 
tube path has greatly decreased. When the cvacnmtion progresses until 
the gage shows the pressure to be something like a fe^v tenths of a milli- 
meter a remarkable change occurs. The gcmeral luminous glow resolves 
itself into several fairly well-defined regions. In the immediate vicinit}' 
of the negative terminal (cathode) a limited colored region, called the 
cathode glow, is to be seen. Next to this is a narroAV region showing littk' 
if any luminosity, and designated as the Crookes dark space, after the 
discoverer. Beyond the dark region just referred to, is to be seen a second 
and larger luminous section, Avhich is designated as the negative glow. 
Still further along the tube we find a second and larger dark region, called 
the Faraday dark space. The remainder of the tube is filled with a more 
or less striated glow, ('iiding in an anode glow at the positive terminal. 
The striated region is referred to as the positive column. 

Before considering the final stage of our experiment it may be well to 
pause for a moment to consider tlu^ ionization process which has resulted 
in the phenomena thus far described. 

As the pumping process progresses, ionization by electronic impact 
builds up rapidly. There are several reasons for this: (1) as the gas 
pressure decreases the mean free path of the electrons increases, and 
hence the kinetic energy of the free elecitrons tends to increase; (2) the 
chance of making impacts increases as the electronic velocity increases; 
(3) a hit may not detach an electron from an atom but it may result in 
exciting the atom, i.e., one or more of the orbital electrons may acquire 
enough energy as a result of an imi)act to jump to a higher energy level. 
If this particular atom is not again hit within, say, sec it will probably 
revert to its original condition; the electron which took up a larger orbit 
will drop back to its original energy level, and the energy thus released 
will appear as radiant energy — thus giving rise to the luminous effect 
which was observed. Now other hitherto unexcited atoms may absorb a 
portion of this radiant energy and, in turn, become excited, thus becoming 
an easy prey for swiftly moving electrons or positive ions. And so the 
process builds up. In c.onsidering any ionizing process it is to be noted 
that a moving electron must possess kinetic energy in excess of a certain 
minimum amount in order that it may ionize a normal atom. This 
minimum energy is referred to as the minimum ionizing potential. 
Each type of gas atom has its own particular ionization potential. 
Further, the radiant energy which may be absorbed by an atom, thus 
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causing it to become unstable, is commonly designated by the term 

resonant radiation. 

Under the conditions that obtained in the second stage of our exptu i- 
mental discharge, the potential distribution within the tube between the* 
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Fig. 308. — Potential distribution when a discharge is taking place at low gas pressure. 
{Found and Forney, Tram. Aru. Inst. Elec. Engrs., 47 , 4, 1928.) 

electrodes would be as indicated by the graph shown as Fig. 308. It 
will be noted that the greatest potential drop occurs between the cathode ‘ 
and the negative glow region. 

If we continue our evacuating process, the discharge enters what 

might be termed a third stage. When 
the pumping process has reduced the 
pressure to something like 0.01 mm 
the Crookes dark space increases in 
extent until it occupies the major part 
of the tube, the walls of the tube begin 
to fluoresce, and the current through 
the tube shows a decrease ; thus indi- 
cating that the interelectrode resist- 
ance is increasing. If the evacuation 
is pushed still higher, less and less cur- 
rent flows; when the highest feasible 
vacuum is reached the space current is entirely made up of electrons. 
As this final stage is reached other and highly important phenomena 
present themselves; we shall deal with these in a later chapter. 



Fig. 309. — Illustrating the operation 
of Pasehen’s law. 
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206. Paschen’s Law. In dealing with the passage of th(i eiirrent 
through a partial vacuum, the gas pressure, the electrode spacing, and the 
potential difference required are all interrelated. In 1889, Paschen 
found that the breakdown potential could be expressf^d as a function of 
the product pi, where p is the pressure of the gas and I the length of tlu 
discharge gap. This relation for a particular gas is shown graphically in 
Fig. 309. From an inspe(;tion of the curve it is evident that there is a 
certain minimum voltage, corresponding to a definite pressure and elec- 
trode separation, at which l)reakdown will occur. In a tube of uniform 
cross section the volume of the gas between the electrodes will vary as 
the product p/, and hence the number of atoms will vary in a correspond- 
ing manner. It would therefore seem that a certain definite number of 
atoms must be available in order to make a discharge possible at the 
minimum potential difference. The fact just mentioned is undoubtedly 
intimately related to the mean free path of the ionizing entities. It is to 
be observed that if and when pi has a value greater or less than the 
particular magnitude indicated, the corresponding breakdoAvn voltage is 
greater. 

206. Positive Rays. Bc^fore leaving the subject of the conduction of 
(electricity through gases, one highly important aspect of the subject 
remains to be considered. In 1886, Goldstein, when working with a 
perforated cathode, (observed luminous streamers of light behind the 
cathode. He assumed that this phenomenon was due to a stream of rays 
of some kind moving in a direction opposite to that of the cathode 
particles. Goldstein called these rays kanalstrahlen (canal rays, in 
Fmglish). By observing the effects of an electrostatic and a magnetic 
field, Wien, in 1898, established the fact that the entities constituting 
these socalled rays are in reality positively charged particles. He 
determined the velocity of the entities which compose this positive 
stream, and also the ratio of their charge to the mass {e/m). He found 
that the ratio e/m. might have various values in the neighborhood of 10^, 
which is of the same order of magnitude as in the case of the hydr(3gen ion 
in electrolysis. It was thus evident that the bodies that make up the 
positive stream have much greater mass than the electrons composing 
the cathode rays. In fact, the evidence appeared to indicate that their 
mass is about the same as that of an ordinary gas atom. It was found 
that these rays travel in straight lines, that they give rise to fluorescence, 
and that they cause the residual gas to emit radiation, but of a different 
color than that produced by cathode rays. It is to be noted that positive 
rays do not give rise to X rays. 

In 1906, Sir J. J. Thomson began an extensive investigation of these 
positive rays, as they had come to be called. Since his procedure has 
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served iis the l){isis of later methods of inv(‘sti^at ion, it, will be worth 
while to review briefly the theory and teehnique of his experiments 
Thomson worked with gases at !’elati\^ely low pressures, and made use of 


SCREEN 



Fig. 310. — Asaeiribly us(*(l by Sir. J. J. Thomson in liis investigation of positive rays. 
The modern mass spectrograph was <leveloped from this ecpiipment . 


a photographic method for recording the trace made by the rays. The 
object of his investigation was to determine accurately the c/m ratio. 
Having done that he could readily determine the magnitude of the masses 
involved. 

The essentials of his experimental setup are shown in Fig. 310. 

Cold-cathode emission was utilized, 
the accelerated electrons passing 
through a very narrow collimating 
tube in the cathode. The positive- 
ray beam, which apparently originates 
just in front of the cathode (left end), 
was caused to pass through an electro- 
static field due to the two charged 
plates, and also through a superim- 
posed magnetic field established by 
the electromagnets shown. From the 
sketch it will be evident that the 
electrostatic flux and the magnetic flux are parallel in direction. 
The two resulting forces, however, are not parallel. Figure 311 indicates 
the relative direction of these forces and also the direction of the positive 



and magnetic forces to the direction 
of the positive rays in the Thomson 
apparatus shown in Fig. 310. 
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rays. What will be the effect of these two forces on the entities making 
up the beam? Let us first consider the effect of the electric field. 

The force acting on the charged bodies will, by Eq. (4), be given by 


Fy — Lc — may. 


The deflection caused by this force will be 


y = HfiyU 


^ 2 

^ mv^ 


(i) 


(ii) 


where I is the length of the (diarged plate and v the velocity with which 
the body enters this comi)osite field. Equation (ii) may be written 


where is a constant. 

Following the same lino of analytical attack as was utilized in Sec., 
195, it may be set down that the force due to th(5 magmatic field will be 
given by 

Fz — Hev = mUz. (iv) 

The deflection due to the magnetic field alone would accordingly be 


2 = y^aj- = }i 


Hel' 
mv ^ 


(v) 


where V is the Umgth of the path through the magnetic, field. The last 
ecpiation may l)e given the form 


where 7 is a constant. 

A comparison of (iii) and (vi) shows that any displacement due to the 
electric field alone will vary inversely as the square of the velocity; while, 
in the case of the magnetic field, the effect will vary inversely as the first 
power of the velocity. An expression giving the displacement due to the 
combined effects of the two fields may be found by combining (iii) and 
(vi) through the elimination of the common factor v. Such a procedure 
leads to 



(264) 


where k is a constant incorporating (i and 7. This, we see, is the equation 
of a parabola, llierefore if the ratio c/m has a fixed valiu', and the 
velocity of the individual particles vary (as would be the cas(^ under the 
circumstances), these entities would form a parabolic trace on the recei\ - 
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ing screen or photographic plate. Since the charge e has a fixed value, 
a separate parabola would be formed by each group of positively charged 
entities having a common m value. Referring to P'ig. 312, curve (1) 
would be made by particles having a smaller mass than those giving 
trace (2). For a given mass group, those having the smallest linear 
velocity would strike the receiving screen nearest the origin o, and those of 
high velocity, near the outer end. It is thus seen that this procedure' 
should give a method whereby the velocity, the i-atio c m, and (knowing 
c) the mass of the particles forming the positive lays might be determined. 
Fortunately, the positive particles affect a photographic plate. Thomson 



Fig. 312. — Parabola.s formed by positive ray.s ha\'iiijr different mass valmts. 

introduced such a plate into the tube itself, as shown in Fig. 310, A 
reproduction of one of his photographic recordings is shown in Fig. 313. 
It is to be noted that several parabolas appear simultaneously, meaning 
that particles having different masses exist in the positive stream. By 
reversing the magnetic field during one half of the exposure, the negative 
half of the parabola can be secured, thus enabling the experimenter to 
determine the position of the Z’-axis. This has been done in the case 
illustrated. 

A study of the records indicated to Thomson that the entities which 
make up the positive rays are positive ions, f.c., gas atoms which have 
lost one or more electrons, probably as a result of being struck by high 
speed electrons in the dark space just in front 6f the cathode. 

By the method outlined above. Professor Thomson studied the posi- 
tive ions of a nurnlier of atoms, including carbon, oxygen, mercury, and 
neon. In fact, he found the positive-ray method to be a liighly sensitive 
means of chemical analysis, only an exceedingly small amount of material 
being required in order to carry out such an investigation. (The reader 
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is referred to Thomson's book, ^^Rays of Positive PJlectricity and their 
Application to Chemical Analysis.”) 

However, what is probably the most significant r(\sult of Thomson’s 
research ^^^as his discovery that there are two forms of the gas neon. 
The most highly purified samples of neon available showed two parabolic 
t races, and measurements of these records indicated that neon may exist 
in two forms, one of which has an atomic weight of 20 and the other 22. 



Fig. 313. — Photo^niphic record of parabolas made by Sir. J. J. Thomson in his 
study of positive rays. Note the two curves correspondinj]^ to neon 20 and noon 22. 
This is an historical pi(;ture. {From ‘^]\fass Spectra and Isotopes^^ hy Dr. F. IT. 
Aston. Reproduced hy permission of Edward Arnold & Co., publishers.) 


Since the atomic weight of neon, as determined by chemical methods, is 
known to be 20.2, it is evident that what we commonly deal with is a 
mixture of these two forms of the same gas. Such diflferent forms of a 
given element are called isotopes. The isotopes of an element have the 
same atomic number, but different atomic masses. In the case of neon, 
the greater part of the gas consists of the lighter form, as is evident from 
the Thomson photographic record (Fig. 313). 

Thomson’s tentative conclusions in the case of neon, and the wider 
implications of these findings, were presented before the Royal Institute 
in 1913. This discovery ranks as one of the most important in all 


450 


ELECTRICITY AND MAGNETISM 


.scientific history. Here we have disclosed the remarkable fact that an 
element may, and in most cases does, exist in a variety of forms. Thus 
the number of possible forms of the 90-odd chemical elements is enor- 
mously increased. 

207. The Mass Spectrograph. In order to improve the accuracy of 
the observations originally made by Thomson, Dr. F. W. Aston, also of 
the Cavendish Laboratory, introduced a number of modifications in the 
positive ray setup originally used. The improvements made it possible 
to ‘Tocus’^ all ions of a given mass, even thougli their velocity may differ 
considerably. As a result, the resolving power of the apparatus was 
increased to the extent that one could distinguish betwecm ionics masses 



Fig. 314. — A mass spectrograph of the Thomson-Aston type. {From A TvxL 
book of Physics” by C. A. Culver. Reproduced by permission of The Macmillan Co., 
publishers.) 

which differ by only i part in (>()0, The best that Thomson’s eciuipment 
would do was 1 part in 20. 

The essentials of the assembly by means of which this improved 
technique is carried out is sketched in Fig. 314. 

In Sec. 206 we saw that the electric field, when acting alone, produces 
a deviation cx: (e/rntF); and also that the deviation due to the magnetic 
field is oc (e/mv). By passing a beam of positive rays first through an 
electric field and later through a magnetic field, Aston was able to 
effect a dispersion which depended only on c/rn. A group of ions, then, 
having a certain mass, regardless of their velocities, were brought together 
at a common place on a photographic plate. Since dispersion in this 
apparatus is a function of mass, the assemlily has come to be spoken 
of as a mass spectrograph. The amUytical treatment of the problem 
was first given by Dr. Aston in a paper wliich appeared in the Philo- 
sophiaU Magazine, Vol. XXXVlll, p. 707, December, 1919. A good 
account of Aston’s focusing method is also to be found in ^^The Pfirtlcles 
of Modern Physics” by J. D. Stranathan. 
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Using the improved e(piipment, Aston confirmed Thomson’s pre- 
liminary findingvS regarding neon. He also examined various other 
gaseous elements and found that they, too, exist in sevi^ral forms. Dem 
ster, Brainhridge, and others have recently brought out improved modids 
of mass spectrographs, with the result that a high degree of resolution is 
currently possible. All of the elements have now been studied with 
regard to possible isotopes, and complete tables are to })(‘ found in any 
work on chcmiistry or atomic physics. The mass spectrograph has now 
become an enginec^ring tool that is used in industrial laboratories. The 
student may well read ‘^Mass Spectra and Isotopes” by Aston. 

208. Geiger-Muller Counter. J^efore closing the chapter on gaseous 
conduction, it will be worth while to examine the structure and function- 



Fkj. 315 . — GoiRer-Muller count, ( m* assciiibly. 

ing of a widely used device which depends for its operation on the inter- 
mittent ionization of an attenuated gas. 

As previously indicated, various agencies may operate to ionize a gas, 
among which may be mentioned, in addition to ultraviolet radiation, 
X rays, gamma rays, a-particles, and cosmic rays, all of which will be 
dealt with in detail in later chapters. The Geiger-Muller counter is a 
two-electrode gas-filled tube which may be used for the purpose of detect- 
ing and measuring corpuscular and quantum radiation by means of the 
ionization which they produce. This device is made in a number of 
different forms; a common type is shown diagrammatically in Fig. 315a. 
This form consists of a thin-walled copper tube approximately 3 cm long 
and 1 cm inside diameter. This is supported within a sealed glass 
housing. A tungsten wire, 0.08 mm in diameter, welded to heavier 
seal-in wires, is supported along the long diameter of the tube. The 
copper tube is connected to the negative terminal of a constant high- 
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potential source F, thus becoming the cathode; the centrally located 
wire is connected to the positive lead, through a resistance R, of the order 
of 500 megohms, thtis becoming the anode. The positive terminal of th(i 
potential source is grounded. The tube is filled with a mixture of 94 
p('r cent argon and 0 p(‘r cent oxygen at a pressure of 5 to 10 cm. The 
voltage of the d-c source V’' is slightl}^ less than that v liich Avill cause a 
discharge between the electrodes when ionization does not obtain. With 
this particular unit the starting potential (potential at wiiich a responses 
can be obtained) is 698 volts, and the op(a*ating potential is 780 to 800 
volts. Counters of this character may be designed to be sensitive to 
a-, /?-, and 7 -rays; the}^ will also respond to X rays and cosmic rays. 
If and when an electrically charged entity, or a cpiantum of radiation, 
passes through the glass and copper walls and into the region between tin* 
cathode and anode, ionization of the enclosed gas will take place. The 
resulting cumulative ionization will give rise to a relatively lai’ge pulse of 
current through the tube and its associated circuit. This rush of current 
will result in a pronouiK^ed drop in potential across the series resistor R, 
which in turn will cause the voltage across the tube to fall below the 
starting potential, thus interrupting the space current; the tube is then 
ready to respond to subsecpient excitation. The deionization time is 
\’ery short, with the result that the tube will respond to ionizing impulses 
at a rapid rate. The current in such a circuit is of the order of 10 amp. 
With a series resistor of the magnitude indicated above, the drop would 
be about 5 volts. The drop across this series resistor is usually impressed, 
through a low-capacitance condenser of high resistance, on the grid of 
the first tube of a multistage amplifier. The output of the amplifier may 
be arranged to operate a meter, a counter, or a loud-speaker. The 
diagram of Fig. 3156 shoAVS the essentials of a counter-amplifier circuit. 

The Geiger-Muller counter has found Avide use in research Avork con- 
nected with nuclear physics and cosmic rays. 
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209. Discovery of X Rays. The closing years of the nineteenth 
century were rich in scientific discovery. We have already noted the 
identification of the electron by J. J. Thomson in 1897. Later, we shall 
have occasion to examine into the nature and result of another discovery 
of profound importance, which occurred in 189(). In this chapter we are 
to consider a third epochal contribution to the progress of physi(‘al science. 

In the (dosing months of the \^ear 1895, Dr. Wilhelm Konrad Rontgeii, 
professor of physics at Wiirzbiirg, Bavaria, began a series of experiments 
with cathode rays. The records show that he was evidently looking for 
new phenomena when he made the disiiovery which bears his name. 
The fact that he had a fluorescent screen at hand, and that he had com- 
pletely covered with light-proof paper the evacuated tube which he was 
operating; indicates he was studying the possibility of some form of 
dark (invisible) radiation. True, the radiation-sensitive screen was 
lying on the table instead of being held in the hand, but that does not 
make the discovery accidental. Earlier, others had observed similar 
phenomena, among them Professor Goodspeed at the University of 
Pennsylvania; but because of his highly developed experimental skill 
and keen powers of observaticjn Rontgen immediately grasped the 
significance of the fluorescence exhibited by the screen. Thus in Novem- 
ber, 1895, an epoch-making discovery was made. Rontgen immediately 
followed up his preliminary observations by carrying out a comprehensive 
research on the properties of this newly discovered form of radiation, and 
in December he presented a paper embodying the result of his investiga- 
tions. Rdntgen established that X rays 

1. Show rectilinear propagation 

2. Cause fluorescence when incident on certain substances 

3. Affect a photographic plate 

4. Pass through many substances commonly opaijiie to visible and 
ultra-violet light 

5. Are absorbed by matt(H’ 

6. Ionize gases 

7. Are not identical with cathode rays 

8. Oiiginate where and wlnm cathode rays impinge on matter 

9. Are not affected by electric or magnetic fields 
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With the means at hand, he was unable to detect reflection, refraction, 
interference, or polarization of the rays. Later investigators have 
observed all four of these phenomena, as we shall see presently. Not 
knowing the exact nature of the new type of radiation he had discovered, 
but having observed that they produced definite shadows, Rontgen gav(i 
them the tentative designation of X rays. 

210. Production of X Rays. Rontgen was using a Ilittorf-Crookes 
tube when he made his original observations. The news of his discovery 
spread with great rapidity, and soon special tubes were designed for the 
generation of these rays. The most common early model had the form 
indicated in Fig. 316. A concave cathode served to focus the cathode 

CATHODE 



Fig. 310. — form of X-ray tube. 

emission on a target, which also functioned as the anode. High-field 
emission was brought about by the application of a direct potential 
differen(;e of the order of 30 to 100 kv. The gas pressure in the tube was 
of the order of 0.001 mm. The electronic bombardment of the target, or 
anticathode, gave rise to the X radiation. Much of the energy of the 
impinging electrons is transformed into heat; hence in order to avoid 
vaporization of the target material, it was necessary to use a metal such 
as platinum or tungsten as an electron-receiving surface. Because of 
the fact that the vacuum was a variable (quantity, these early tubes were 
more or less unsatisfactory. In 1913, Dr. W. D. Coolidge of the General 
Electric Research Laboratory, encouraged by the work of his colleague, 
Dr. Langmuir, developed^ an X-ray tube in which the spacer currimt is 
wholly electronic -thermionic emission is utilized. Because of its 
superior jierformance, the (\)olidge type of tub(^ is now universally used. 
It is constructed in a number of forms depending upon the use to wiu(4i 

^ CooiauGE, W. D., Phys, Rev., 2, 400 (1913). 
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tli(‘ unit is to be {)iil. A rec^eiit model of the (k)olidge type of tube is 
shown in Fig. 317. Note the cooling vanes. Since the current through 
the Coolidge tub(‘ is (d(M‘tj‘oni(*., the unit is self-rectifying and can therefore 
be operated directly from the secondary of an a-c transformer. The tubes 
commonly used in medical work operate at about 30 kv with a current 
of 10 to 50 ma, but tubes have been constructed whic.h may be operated 
at seveial hundred thousand volts and with a power rating of 10 kw. 
Indeed, tubes are now in \ise for both medical and industrial purposes 
which are operated at a i)otential difference of 1 million volts. 

In the operation of any X-ray tube the penetrating powen* of the rays 
produced dei^ends upon the speed with which the electrons strike the 
target, whicli in tui*n is (l(‘termined by the potential difference betwetui the 
tube terminals; tlui higher the operating potential the greater the pene- 



Fig. 317. — Phantom view of a modern X-ray tube. The out(‘T envelope is of 
metal except for a ^lass window throuKh which the rays emerge. The metal vanes on 
the riglit end serve to radiate th(‘ heat dev(‘I<u><‘d by the electronic bombardment of 
the target. {Courtesy of Marhlett Laboratories.) 


trating power. The kind of material constituting the target determines, 
to some extent, the character of the X-ray output; metals of high atomic 
number yield more intense radiation. With the Coolidge tube it is 
possible to secure a yield of intense homogeneous X radiation of any 
desired penetrating power. The current strength for the filament 
(cathode) determines the intensity of the rays emitted, and the voltage 
applied to the tube determines the penetrating power, or hardness.^' 
These two factors are not interdependent; both are independently under 
the control of the operator. Because of the relatively large current- 
carrying capacity of the modern tube and the use of intensifying screens, 
it is now possible to make instantaneous skiagraphs of the vital organs of 
the human body. An intensifying screen consists of a fluorescent 
surface made of such a material as tungstate of calcium. Such a screen 
fluoresces with a highly actinic bluish light when subjected to X rays 
and, in use, is placed in contact with the film of the photographic plate. 
By the use of such a screen, the exposure necessary to secure satisfactory 
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skiagraphy may be reduced to a small fraction of the time formerly 
Inquired. 

211. Nature of X Rays. Thus far in our discussion the (piestion of 
t he nature of Roentgen rays has purposely been held in abeyan(‘(\ It is 
now in order to raise this interesting and important c[uery and to examine 
the evidence leading to modern conclusions about the (diaracter of this 
form of radiation. 

Following the discovery of the new form of radiation, various sug- 
gestions were advanced as to the nature of the dark Roentgen rays. 
We shall not review these in detail, but only not(‘ in passing that th(‘ 
tentative theory which was given most serious consideration at the tiim^ 
was that due to Stokes, which was to the effect that X rays consist of 
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Fig, 318. — Asscutilily usod in making l^aiio diffraction photographs. 

irregular pulses in the ether. Owing to the fact that the early investi- 
gators had been unable to reflect or refract X rays, it was extremely 
difficult to arrive at a satisfactory explanation of their nature. 

Proceeding on the assumption that Roentgen rays were similar to 
light waves but of extremely short wave length, Professor Max Laue,^ 
of the University of Zurich, suggested that the regular arrangement of 
the atoms in a crystal might possibly serve as a grating’' for use in pro- 
ducing interference effects with X rays and thus yield data from which 
it would be possible to determine accurately the magnitude of the wave 
length. According to this suggestion the spacings between the atoms in 
the crystal were to serve as the grating spaces. Dr. Laue investigated 
the problem mathematically and formulated laws which pointed to the 
fact that one should be able to secure an interference pattern. Knipping 
and Friedrich^ in 1912 carried out the necessary experiments to test 

‘ M. Laite, Physik, Zeit, 14 , 421 (1913). 

® Friedrich, W., P. Knipping, and M. Laue, Le radium, 10 , 47 (1913). 
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Laue's analytical results. Those experiments were brilliantly successful 
and clearly confirmed Laue^s predictions; thus establishing the fact that 
X rays are in no respect different from visible light except in the magni- 
tude of their wave length. These and other experiments show that the 
wave length of X rays lies betweem 0.25 A and 1.3 A. The arrangement 
of apparatus necessary for the production of a Laue diffraction photo- 
graph is indicated in Fig. 318. Figure 319 is a reproduction of a typical 
Laue diffraction record. The central spot is due to the rays transmitted 
directly through the crystal, while the spots surrounding this central 
area are due to the interference caused by the atoms and interatomic 
spaces acting as a transmission grating. 

It was W. L. Bragg who pointed out 
that each spot in the pattern repre- 
sents the diffraction of the incident 
X rays by a certain plane of the 
crystal striudure v4iich contains large 
numbers of atoms. Here we have a 
striking illustration of the experi- 
mental confirmation of i)ioneering ana- 
lytical researcdi. The investigation 
of Laue and his coworkers has led to 
far-reaching practical results. Once 
knowing the wave length of the radia- 
tion being used, one may utilize the Fig. 319. -Diffraction photograph 
Laue procedure to determine the hy passing a beam of X rays 

structural arrangement of the atoms a crystal of sodium chloride, 

which go to make up crystalline bodies. In fact, the method is also 
applicable to noncrystalline substanc^es. The making of Laue diffraction 
photographs for the })urposeof studying the molecular structure of various 
manufactured products is now widely utilized in the industrial arts. 

212. The X-ray Spectrometer. In utilizing X rays by the Laue 
method in the determination of crystalline and other structures, it is 
found that the diffraction patterns are often highly complex, and hence 
difficult to interpret. Larly in his work on X rays and crystal structure, 
Bragg suggested using a crystal as a reflection grating instead of as a 
transmission grating. Bragg's theoretical approach to the problem was 
somewhat like the explanation commonly given to account for the color 
of thin films in the study of light. As outlined by Bragg, the (jase is 
somewhat as follows. 

In Fig. 320 the dots rej^resent the atomic arrangement in a repi esenta- 
tive crystal. The distance apart d is, in general, of the order of 10“^ cm. 
Ri and 7?2 indicate two typical X-ray wave trains incident on the crystal 




464 


KLECTHICJTY AND MAGNETISM 


as shown. Diffuse reflection from the several atoms will occur. Let us 
consider that part of the several wave trains which is reflected from 
successive crystal planes at an angle d, the reflected rays being designated 
as R\ and R2 • AB is parallel to the wave front of the incident ray, and 
AD is parallel to the reflected wave trains. Because d is extremely small, 
Ri and 7^2, as well as R]' and R/y will be very close together; conseciuently, 
so far as any record on a photographic plate is concerned, the reflected 
rays (if in phase) will produce a single impression. In reaching the plate, 
R2 will travel a distance? (BC + CD) greater than Ri. If that difference 
in path is some whole number of wave lengths, the two wave trains will 



• • • • • 

Fig. 320. — Showing tlio iiiaiuuT in which the at(>iiii(! structun^ of a crystal may l)ring 
about the (lilTraclioii of X rays. 

reinforce one another at and thereby give rise to a record on the plate. 
Stated algebraically, the situation would give 

BC + CD = n\. 

From the geometry of the case 


and 

therefore 


BC - d sin By 
CD — d sin 6; 


7i\ = 2d sin B. 


(265) 


The above expression is known as Bragg’s equation. Tf and when n = 1, 
the difference in path for waves reflected from any two adjacent planes 
is oiu? wave length; in which ease the above? r(?lation becomes 


X == 2d sin 6. 


(266) 
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If, w’i) (’fiuse HU X-rny Ix^Hin <,0 strike* llu^ face of a crystHl and tlieui 

measure the angle of the reflected beam, by photographic or other means, 
we can readily determine tbe Av^ave length of the incident radiation. 
If the radiation is not monochromatic it, will lx* found that otlu'r spots 
will appear on our recording plate (X)rresponding to other angles of 
refleedion. Thus the spectrum of the radiation may })e completely 
determined. This is, of course, based on the assumption the atomic? 
spacing is known. If the wave length is known, the? atomic spacing can 
be determined by observing the diffraction patterns as one allows mono- 
chromatic X radiation to fall on the several faces of the ciyst.al. 



Fig. 321. — Arran ji;enien( for usiri^ an X-ray s])(H*troinoi(‘r. 


A spectrometer for use with X rays, similar to the one used for visible 
radiation, can be readily assembled. The general me(;hanical relation 
of the several components is depicted in Fig. 321. A narrow parallel 
beam of X rays is secured by means of the collimating slits S and S'. 
The radiation is allowed to strike the face of a crystal (mounted on the 
spectrometer table) and the? direction of the reflected beam is ol)served 
by means of a fluorescent screen or a movable ionization chamber, of the 
Geiger c.ounter type, located at P. The angle that the reflected beam 
makes with the direction of the incident ray can then be read from the 
graduated circle on the instrument. By substituting a photographic 
plate for the ionization chamber, a record can be made, simultaneously, 
(jf any and all lines in the X-ray spectrum. The assembly then becomes 
an X-ray spectroscope. The crystals most commonly used in X-ray 
spectroscopy are rock salt, calcite, and quartz. By means of such a 
piece of equipment, and the application of Eq. (266), either the wave 
length or the crystal spacing may be determined. 
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213. The X-ray Spectrum. By means of the X-ray spectrometer it 
has been found that when high speed electrons are abruptly stopped by 
a target two types of X radiation appear. One part consi.sts of a rela- 
tively wide band of frequencies, the intensity and limits of which depend 
chiefly on the magnitude of the aca’cleratiug potential. Superimposed 
on this more or less continuous spectrum there is also to be found a well- 



Fig. 322. — Showing the effect of increasing the anode potential on an X-ray spectrum. 
{Courtesy of Physical Review.) 


defined line spectrum consisting of two groups of linos, one known as the 
K series and the other as the L series. 

In the generation of X rays we are dealing with the inverse of photo- 
electric emission. In the case of X radiation the stopping of electrons 
gives rise to the emission of photons; in photoelectric emission photons 
act to liberate electrons. 

Several aspects of the continuous spectrum are of special interest. 
Figure 322 is a reproduction of the heterogeneous X radiation originating 
at a tungsten target when the exciting electrons have fallen through 
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various potential differences.’ It will be noted that, for a given exciting 
potential difference, there is a definite upper-frequency limit, and that 
this limit shifts in the direction of the higher frequencies as the accelerat- 
ing potential is raised. Further, we see that the wave length having the 
maximum energy content shifts toward the shorter wave lengths as the 
potential is increased. (This is somewhat analogous to Wein’s displace- 
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Fig. 323. — Showing the X-ray emission when different metals are used as target 
materials. Note the pronouneed intensit}^ maxima in the case of molybdenum. 
{Courtesy of Physical Review.) 

ment law in the fitdd of thermal and optical radiation.) In Fig. 323 the 
intensity-wave-length curves are shown for three different target mate- 
rials, the accelerating potential being held constant. These graphs 
clearly show that the upper frequency limit is independent of the nature 
of the target. This aspect of X-ray production has been carefully studied 
(1915) by Duane and Hunt. These investigators found that the short- 
wave limit above referred to varies inversely as the potential difference 
across the tube. In mathematical form their findings would be expressed 

^ The graphs shown in Figs. 322 and 323 are reproduced from a papcT by C. 
Ulrey, Phys. Rev., 11 , 405 (1918). 



4()8 ELECTRICITY AND MAGNETISM 

as 

Vc = /(I'n.i,, = (267) 

Amin 

where V is the accelerating potential difference, c the electronic charge, 
h Planck's constant, and c the velocity of light. The product Fc, of 
course, represcuits the energy with which an electron strikes the target. 
The above expiession is known as the Duane and Hunt law. Fi-om it we 
see that, knowing F, c, and Xn.m, it becomes possible to determine the 
value of Planck's constant. Various investigators have (‘omputed the 
value of h on such a basis, and have found values the mean of which 
correspond closely with the value found by other methods. 

214. Characteristic X Rays. Turning now^ to the line spectrum of 
X radiation, we find that J^arkla and Sadler in 1908 made the highly 
important discovery that many substances (prol)ably all) may be caused 
to emit a form of radiation wiiicli is cluiracteristic of that particular 
substance, just as the spectral lines in the visible range are characteristic 
of the particular incandescent substance. They found that this (dictr- 
acteristic X radiation could be produced by bombarding the substance 
with high-speed electrons, or by irradiating the substance w ith primary 
X rays. Since then it has been found that this characteristic radiation 
may be produced when a substance is bombarded by a-particles or by 
protons. When produced by electronic bombardment, (iiaracteristic 
X rays appear only Avhen the electrons possess a definite minimum energy 
content. 

Referring to Fig. 323, it is to be noted that the twa) lines of the K 
series for molybdenum are present, the exciting potential being 35 kv. 
At that particular voltage the characteristic lines for tungsten and 
chromium do not exist. If, however, the accelerating potential w^ere 
raised to about 70 kv, the characteristic lines for tungsten w^ould appear. 
It is found that as the atomic weight in(u*eases, correspondingly higher 
voltages are required in order to produce the characteristic spectra. It is 
known that an electron must fall through a potential difference of 12,200 
volts in order to give rise to a wave wiiose length is 1 A. We have just 
seen that nearly six times this value is required to produc.e the character- 
istic lines of tungsten, for instance. This means that the quanta emitted 
are ndatively large, and the resulting frequencies are high. Hence, in 
such a case, the resulting rays ai'e ‘Miard." In any given (^ase the radia- 
tion of the K seri(^s is, ])erhaps, 300 times more peiu^trating than the 
L emission. 

Sliortly before his untimely death in the First World War, Moseley 
of the Cavendish Laboratory at Cambridge University, utilizing the 
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X-ray Hperl ronietor and the phoiographic Jiadhoci, rallied out a eoin- 
prehonsive and important study of the line spectra of some 38 different 

elements.' In Kig. 321 is to t)t‘ s(H*n a 

reproduction of several of Moseley’s 
photographic records, showing the K 
lines. Tt will he not(Hl that these s})ec- 
trograms are arranged v(a‘tically in the 
order of their atomic num])ers (smaller 
numbers at. the top). The record of any 
particular element is so placed that its 
position from the left side of the figure is 
roughly proportional to the wave length 
of the spectral lines. Several facts are 
at onc(^ apparent. (1) The frecpiency of 
t.hi^ cliaracdxu’istic K radiation increases 
with the atomic number. (2) J0x(‘ept as 
to wave lengths, each element exhibits 
the same type of spectrum. (8) One 
(u)uld predict that there must be an 
(dimient Indween calcium and titanium; 
we of course know that setandium occu- 
])ies that ])osition. (1) The wa\'e having the longer 


III Brass 


Fig. 324. — Photographs of 
X-ray spectra, K sori(‘s, by Mosoloy. 
((Uxirlcstj of Philosophical Maga-^ 
zinc and Journal of Science,) 


rave length has the 



SQUARE ROOT OF FREQUENCY x 10”® 

Fig. 325. — lU'lation iK^wcM'ri tlic atomic numbers of the targ('t materials and the fre- 
quency of the X-ray omission. 


greater energy content. (5) The alloy brass shows the characteristic lines 
of the constituent elements, f.c., copper and zinc. 

1 Moseley, H. G. J., Phil. Mag., 26 , 1024 (1913); 27 , 703 (1914). 
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When Moseley plotted the square root of the frequency against the 
atomic numbers he found the relation to be linear, as shown by the gniph 
in Fig. 325. This is perhaps the most significant asjx'ct of Mos(4ey’s 
work. It means that the atomic numbers are of the iitmf)s<, significance. 
Indeed, the application of Mosek\y’s law has made it possibles to determine 
the proper relative position of several elements in the pc^riodic. table. 

Other investigators have carried forward the work begun by Moseley, 
with the result that all of the elements from which the characteristic 
radiation can be produced have been studied. It has been found that the 
wave lengths of the lines of the L series also vai’y regularly with the 
atomic numbers in the same general manner as do those of the K group. 
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Fig. 326. — Spectrograms of the L radiation from several of th(‘ elements whose atomic 
numbers, reading from the toj), are 79, 81, 82, and 83. (After Siegbahn.) 

In Fig. 326 is to be seen the spectrograms of the L radiation from several 
of the elements. These particular records are due to Siegbahn. 

In the application of Roentgen rays in the fields of medicine, surgery, 
and industry, the continuous X-ray spectrum is more important than the 
characteristic radiation, for the simple reason that by far the greater 
amount of energy is to be found in that part of the emission. However, 
in the domain of research the characteristic radiation has served as an 
important tool. 

In passing, it may be noted that there is reason to believe that the 
electrons in the outer orbits (valence electrons) do not take part in the 
production of X rays. Evidence seems to point to the fact that those 
electrons nearest the nucleus are the ones that take part in the genesis of 
X rays. 

216. Scattering of X Rays and the Compton Effect. When X rays are 
caused to be incident on matter, that material becomes a secondary source 
of X radiation and of secondary high-speed electrons. The intensity 
of the secondary X radiation is small compared with the primary, or 
incident, radiation. However, in the practical application of Roentgen 
rays, this secondary radiation must be considered and steps taken to 
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eliminate its effects. To the scientist, these secondary X rays are of 
considerable theoretical importance. 

It has been found that, if a number of substances are irradiated by 
primary X rays, two definite types of secondary emission appear. One 
of these, known as fluorescent X rays, consists of radiation, the frequency 
of which depends upon the nature of the radiator only. This frequency 
is always lower than that of the incident radiation, in conformity with 
Stokes’s law. The situation is essentially the same as the fluorescent 
phenomena one encounters in the case of visible radiation; hence the 
name, ddie fluorescent rays result from the excitation of the atoms 
of the radiator l)y the primary rays, the K and L types of radiation 
(Sec. 214) being produced. 

The second type of secondary radiation, referred to as scattered 
X rays, is the result of a process which is somewhat like that involved 
in the scattering of visible radiation. On the basis of the quantum theory 
it may be supposed that certain photons may pass near, but do not 
strike, a given electron. During this near approach the photon may be 
deflected from its original course, its direction thus being changed, but its 
frequency remaining unaltered. If, however, a photon does make con- 
tact with an electron, the electi on will acquire a part of the energy of the 
photon; and, on the assumption that the masses of the electron and 
photon are comparable, the electron will recaiil from the impact. Thus 
the impacting photon mil have less energy after collision than before. 
But if the product hv is to change in value, it must be the frequency 
factor that changes. Hence the deflected photon may be expected to 
represent a lower frecpiency. This would mean that some of the scat- 
tered X rays would have a lower frequency (longer wave length) than the 
incident radiation, and such turns out to be the case. 

In 1922, A. H. Compton, by means of an X-ray spectrometer, exam- 
ined the scattered radiation from a radiator and found that the emission 
consisted of two frequencies, one of which was identical with the primary 
radiation and the other less than that of the incident rays; the latter 
composing the greater part of the scattered rays. The phenomenon is 
now^ known as the Compton effect. A complete discussion of the Comp- 
ton effect involves the principles of quantum mechanics, and would take 
us too far afield. It must suffice to point out that the explanation 
involves the assumptions that quanta have the speed of light, that the 
photon energy hv is kinetic, and that the well-known laws of the con- 
servation of energy and momentum hold in the case just outlined. On 
those assumptions it is possible to develop the relation 

A\ = — (I — cos $) = 0.024(1 — cos d), 


(268) 
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whore AX is the inor(ias<^ in wave length, ni the mass of the el(‘(*t?a)u, r thf^ 
velocity of light, and d the angle between the primary rays and the 
scattered radiation. Graphically the situation may be represented as 
shown in Fig. 327. From the above ecpiation it is evidcait that, the 
observed change in frequency will depend upon the angle at ^vhich the 
observation is made. The experimental results secured by Gompton and 
others confirm the foregoing relation. Even the recoil electrons have 
been observed. Thus we see that, in this case at least, it is justifiable^ 
to quantize X radiation. When we were considering X-ray diffraction 
it was convenient to do so on the assumption that we were dealing with 
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Fig. 327. — Compton (effect. 

a wave phenomenon. It would therefore appear that X radiation is 
dualistic in character. 

216. Polarization and Refraction of X Rays. In 1905 Barkla demon- 
strated that primary X rays are at least partially polarized. On the 
basis of the classical electromagnetic theory of radiation this was to be 
expected. Barkla also found that scattered X rays are polarized, and 
to a greater extent than the primary beam. In this case, maximum polar- 
ization occurs for those rays which are scattered at an angle of 90°. The 
secondary radiation that proceeds directly forward or backward is not 
polarized. 

At the beginning of our discussion of Roentgen rays it was indicated 
that early efforts to refract such rays were unsuccessful. However, in 
more recent years it has been found possible to bring about the refracton 
of this form of radiation. In 1919, Stenstrom observed that Bragg^s law 
[(Eq. (265)] when applied to reflected monochromatic radiation did not 
give exactly the same value for 0 in succeeding orders. He attributed 
this to the fact that at least some of the incident radiation entered the 
reflecting crystal and was slightly refracted before again emerging. 
This interpretation has been confirmed by the results secured by other 
workers. It has now been definitely established that X rays may be 
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rofractod on entering a medium, but that the refracted ray is })ent away 
from the normal. This means that the refraction index for X rays is 
less than unity. This is, of course, contrary to the behavior of light 
waves and the phenomenon raises some extremely interesting (piestions 
Avhich we cannot pursue here. In passing, however, it is to be noted 
that the phenomenon of total reflection of X rays has been observed, as 
in the corresponding case in the realm of visible radiatbm. 
ux 217. The Betatron — A New X-ray Generator. Recently there has 
l)een developed, largely as a result of the research work of Dr. D. W. 



{/>) 

Fi(i, 328. “Fniidanicntal circuits of the betatron, (a) Majrnetic circuit; {h) exciting 

circuit. {(Courtesy of Eleclnmics.) 

Kerst^ at the Univ^ersity of Illinois, a piece of equipment by means of 
which it is possible to give electrons an unusually high linear speed. 
These high-speed electrons can be caused to produce copious and 
extremely penetrating X rays. 

The principles involved in the operation of the new apparatus are 
simple. We have seen that a magnetic flux that changes with time will 
give rise to an emf; and it is to be noted that such an emf is produced 
regardless of the presence or absence of a conducting medium. Any free 
electrons in the region of a changing flux, whether they form a part of a 
conductor or exist in free space, will be acted upon by such an induced 
emf, and accordingly will undergo acceleration. 41iis is the principle 

* Dr. Max Stecnback of Cierniany (laiiiiH to be the inventor of this new device. 
However, credit for ih(‘ developnient of a successful unit should uiupu'stioiuibly go to 
Dr. Kerst. 
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upon which the Kerst ecpiipment operates, and is the reason \N4iy t4u‘ 
device is sometimes referred to as an induction accelerator. 

Basically, the betatron, as this new accelerator has come to be called, 
is essentially a special transformer — a transformer in which a doughnut- 
shaped evacuated chamber constitutes a single-turn secondary. The 
mechanical and electri(‘al relations involved an^ sketched in Fig. 328a. 
In the diagrams, (1) shows an ordinary shell-type transformer; in (2) 
the usual secondary is replaced by a highly evacuated accteleration 
chamber; (3) shows the cioss section of the magnetic circuit employed. 
A changing magnetic field is prodiK^ed by an alternating current in the 
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Fig. 329. — Diagraiiiuiatic sketch of the first model of the betatron designed by Kerst. 

{Courtesy of Electronics.) 

circuit assembly indicated in Fig. 328t>, the capacitor bank being inserted 
for the purpose of correcting the power factor in the transformer circuits. 

Figure 329 shows diagrammatically a cross section of one of the earlier 
models designed by Kerst. Thermally produced electrons are introduced 
tangentially into the evacuated chamber by the periodic application of 
a high positive potential to an accelerating electrode. Each pulse of 
electrons is synchronized to occur at the beginning of each cycle of the 
magnetic field, as indicated by the points A and A' in Fig. 330. The 
initial accelerating potential is applied for only a few microseconds. 
During a quarter cycle {A to B in the sketch), the electrons are acceler- 
ated due to the existence of the time-changing flux. The electrons circle 
the changing magnetic flux many thousand times during each quarter 
cycle, acquiring an increment of energy of several himdred electron volts 
on each revolution. During this process, incidentally, the linear speed 
attained by the electrons is very nearly that of the velocity of light. 
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Near the end of ea(*,h (luarter-eycle, by means of a suitable auxiliaiy 
circuit the swiftly moving electrons are caused to spiral away from their 
orbit and strike a tungsten target, thereby giving rise to intense X rays, 
which emerge from the tube in a narrow beam. 

In Kerst’s first machine, which was a relatively small assembly, 
electrons having energies in excess of 2 mev were made available, with a 
corresponding X-ray yield. Later, at the General Electric Research 
Laboratory, Kerst cooperated in the development of a unit w Inch yielded 
20-mev electrons; and more lecently a much larger betatron has been 
built, also at the General Ele(*tric plant, whi(;h is capable of producing 
lOO-mev elections. Thus it becomes possible to produce, experimentally, 



moving electric entities which have a kinetics energy (content comparable 
to that which obtains in the case of cosmic rays. The X rays resulting 
from the impact of such high energy particles on a target possess penetrat- 
ing possibilities greatly in excess of any radiation hitherto known. 
This indicates that ve are entering upon an entirely new field of atomic 
research. 

In the latest model of the betatron, the magnet is energized by a 60- 
cycle current, the magnetic Ilux density at the orbit having a value of 
4,000 gausses. The electrons are injected by applying a potential of 
70 kv. The circular electronic orbit is 1.676 m (66 in.) in diameter, and 
the electrons remain in the changing magnetic field during a quarter 
cycle. During that time they move about the flux area 250,000 times, 
and during each revolution acquire an energy increment of about 400 
electron volts. The complete unit weighs approximately 130 tons. 
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The phase-correeting capacitor is tlie most exi)eusive ])arl of tJie (Mpiip* 
ment and probably constitutes the largest (‘a pa ci tor bank noA\ in exist- 
ence. Brief desc^riptions of the 100-mev machine are f.o be found in the 
Journal of Applied Physics for October, 1945, and in the (rcneral Electric 
Review for January, 1946. An informative paper on the betatron, by 
T. J. Wang of Ohio University, appeared in the June, 1945, issue of 
Ehctronics. In addition to a bibliography of the subject, this paper 
contains an analytical treatment of the princii)los involved in th(' design 
and operation of this new and highly important scientific tool. 
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RADIOACTIVITY AND ATOMIC STRUCTURE 


218. Discovery of Radioactivity. The discovery of radioactivity in 
189() liad its genesis in the discovery of X rays. Since the cathode rays 
caused various substances to fluoresce and, since these rays had been 
found to give rise to X rays, the question naturally arose as to whether 
fluores(‘.cnce was not in some way connected with the production of 
X rays, l^eccpicrel,^ in studying this question, by great good fortune, 
exiimined among other substances a number of the compounds of the 
element uranium. His method was a photographic one and consisted 
of first (exposing a uranium compound to light and then placing it, for a 
period of several days, imar the film of a photographic plate which had 
IxHUi wrappcid in lightproerf paper. A metal coin was placed between the 
fluorescent substanca^ and the photographic plate. Upon developing 
the plat(^, it was evident that some form of radiation had emanated from 
the uranium compound and formed a shadow picture on the plate. 
Further investigation showed that the preliminary exposure to radiant 
energy had no bearing on the results. Figure 331 is a reproduction of a 
skiagraph made by Hecquerers method. 

In addition to the photographic effects, Becquerel found that the 
radiation from uranium causes fluorescence, and also gives rise to ioniza,' 
tion. Checking his results in various ways he found that the uranium, 
per se, was the essential substance in the production of the observed 
effects, and, what is even more important, he learned that the previous 
condition or treatment of the uranium had no bearing on the result. 
Fluorescence, for instance, was not a factor in the case. Though on the 
wrong track, so far as the discovery of a possible source of X rays was 
concerned, he had, however, been led to uncover a tremendously impor- 
tant truth. Becquerel had, in fact, made a discovery which marked the 
beginning of an epoch in the advancement of scientific thought; a dis- 
covery the results of which were destined to modify profoundly certain 
fundamental concepts in the domain of both physics and chemistry. 
Indeed, recent events show that Beccjiierers work has been a factor in 
changing the (xiurse of history. 

^ Henry Becquerel, of the Conservatoire des Arts et Metiers, was the son of 
Kdinond Becquerel and the grandson of A. Ch Becquend, both of whom were eminent 
physicists. 
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As soon as Becquerel announced his findings, other investigators 
promptly and vigorously took up the search for other bodies which might 
possibly possess the recently discovered property exhibited by uranium, 
a property which soon came to be designated by the term radioactivity. 

In 1898, Schmidt discovered that the element thorium is radioactive, 
and to about the same degree as uranium. 



Fig. 331. — Aul()skiap;raph inado ])y a uranium ore (earnotite). Note the .shadow- 

cast by a copper wa.sh(U'. 

219. Discovery of Radium. Among the workers who were studying 
in the new field we find M. and Mme. Curie, who had begun a series of 
laborious but brilliant experimental researches. The Curies proved that 
the radioactivity of uranium salts is directly proportional to the uranium 
content, thus establishing the fact that the radioactivity of uranium is an 
atomic property. 

As a result of an examination of the natural minerals from which 
uranium is derived, the Curies found that certain specimens of pitch- 
blende were more radioactive than could be accounted for on the basis of 
their uranium content. It was therefore natural to conclude that the 
ore contained some other substance which was strongly radioactive. 
The Curies accordingly subjected a (quantity of radioactive pitidiblende 
to a systematic chemical analysis in an attempt to isolate this unknown 
radioactive body. Barium is present in pitchblende, and it was found on 
precipitating that element as the carbonate that the precipitate was 
strongly radioactive. It was, however, found to be impossible to make 
any further separation by means of reagents, so recourse was had to the 
method of fractional crystallization. The barium was converted to the 
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chloride and, as the fractional crystallization progressed, those parts 
which separated out first proved to be more and more radioactive. 
By a long and extremely laborious procedure, M. and Mme. Curie were 
thus able to secure a concentrated radioactive product whose activity was 
of the order of a million times the activity of uranium. The end product 
of the analysis was a chemically j)ure body, which proved to be a new 
element which they elected to call radium. It is interesting to note, in 
passing, that it was ne(■(^ssary to treat chemically several hundred kilo- 
gi*ams of pitchbl(ai(h‘ oi’e in order to secure a few milligrams of the ( 4 ement 
radium. Radium was found to be an element having chemi(^al properties 
closely resembling thos(i of barium, calcium, and strontium, and having 
an atomic weight of 225.97. The element has Ix'en nuluced to the solid 
form, though it is commonly handled in the form of the bromide (RBru) 
or the (‘hloride (RCI 2 ). As a metal it is silver white in color, tarnishes 
rapidly in air, and melts at 7()0®C. Its radioactive properties will be 
discussed later. 

While working on the i)reparation of radium from pitchblende, Mme. 
Curie was successful in separating from the antimony-bismuth chemical 
group a second radioactive body, which is several times more active tlian 
uranium and which she named polonium, after her native country, 
Ik^land. In more reagent years polonium has been found to be identical 
with Ra F, which latei* will be shown to be one of the disintegration 
products of radium. D(4)ierne and Giesel also succeeded in obtaining 
from the iron group in pitchblende still another radioactive substance, 
known as actinium. The radioactivity of actinium is comjjarable to that 
of radium. In more recent years several other elements have been 
found which exhibit natural radioactivity, but only to a minor degree. 

220. The Nature of Radioactivity. In general, theie are three types 
of ‘^rays^^ emitted from a radioactive body; they were designated by 
Rutherford as a-, /?-, and 7 -rays. Let us now consider the nature of each 
type of emission, seriatim. 

If a (quantity of strongly radioactive substance is placed in a lead 
block, as shown in Fig. 332, and a strong magnetic field is brought to bear- 
on the emission, the direction of the field being at right angles to the plane 
of the figure, the rays will be separated into three parts as shown, and the 
several groups of rays can be separately detected and identified. A part 
of the emission is strcjngly deflected, and the direction of deflection 
indicates that the entities which go to make up this pai-t of the beam of 
radiation manifest a negative charge. These are the so-called beta (jS) 
rays. 

Another part of the radiation is deflected to a lesser degree by the 
magnetic field, and the direction of movement shows that the bodies 
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composing this pari of the radiation carry a positive charg(‘. lliey are 
the alpha («) rays. 

A third portion is undeflocted and sliows no evidence of an ele(^iric 
charge. These are the gamma ( 7 ) rays. 

Without going into detail concerning the method whereby the data 
have been secured, the properties and natui-e of the three types of rays 
may be summarized as follows. 

The a-particles are now known to be lielium nuclei, the original atom 
having lost its two planetary electrons. (See nuclear chait, page 3.) 
The velocity of these entities (positive ions) depends upon the particular 
radioactive material from which they are ejected, the values ranging 

from about 1.42 X 10^ to 2.05 X 10^** cm/sec. 
The (a)rresponding energies are 4.19 and 
8.78 mev, respectively. Though the energy 
content is seen to be large, the a-particles 
show the least penetrating power of the three 
types of rays. Indeed, they would be stopped 
by the sheet of paper on which these words ar(' 
printed, or by an aluminum sheet O.OO mm in 
thickness. Their range in air, under 
standard conditions, is about 7.5 cm. Th(^ 
a-rays produce marked ionization, Ixung the 
most effective in this respect of the three typ(\s 
of emission. 4"hey also give rise to fluores- 
cence, particularly in the diamond and in zim; 
sulphate. The a-particle shows a positive 
charge whose magnitude is twice that of the 
charge carried by the hydrogen ion in elec- 
trolysis. The kinetic energy of a moving a-particle is sufficient to disrupt 
an occasional atom of certain elements. Because of this fact, this entity 
has been utilized as a projectile for the purpose of detaching electrons 
from atoms, and thus bringing about transmutation. 

5-rays are identical with the cathode rays in a vacuum tube; they 
consist of electrons. However, the velocity of /?-rays is greater than that 
of cathode rays, being of the order of 10^^ to 3 X 10^^^ cm/sec. As they 
are spontaneously ejected from a disintegrating atom, the jS-entities 
show energy values ranging from zero to as much as 10 mev. Most 
/3-rays, however, do not have energy values above 2 or 3 mev. It w ill 
thus be seen that the /3-rays, in general, have less energy than the a-rays. 
/3-rays produce ionization but not to the same extent as a-particles. 
Since less energy is spent in the ionization process, /3-ray8 have a much 
greater range than a-particles, the range in air being several meters. 


7 



Fig. 332. — Behavior of 
the emission from a radioac- 
tive substance when sulv 
jected to a magnetic field 
whose direction is normal to 
the plane of the figure. 
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Their penetrating power is also great; they will pass through as much as 
a millimeter of aluminum, ^-rays produce fiuorevscence when incident 
on platino-bariiim cycanide and certain other substances. 

Y-rays constitute the only part of the emission from radioactive 
bodies to Avhifdi the term ray strictly applies. Tt has been established 
that the gamma radiation is essentially the same as X rays; in general, 
however, they are more penetrating than X rays. The hardest X rays 
are completely stopped l)y 3.2 mm of lead, but 7 -rays will pass through 
30 cm of the metal. This part of the emission from radioactive bodies is, 
in short, a periodic ele(^tromagnetic disturl)ance in the ether, and, except 
in the matter of frecpiency, is the same as visible radiation. The wave 
length of 7 -rays depends upon the nature of the radioactive^ material 
from whi(4i they originate. The wave-length values range from 3.9 to 
0.040() A. The corresixmding j>hoton emu-gies would be 0.032 and 2.05 
mev, resi)ectively. Thus it is se(ui that certain of the 7 -rays are shorter 
than tlie X rays commonly produced, llovvewer, b}" means of the 
betatron (Sec. 217), X rays may now be produced which are comparable 
in fieciuency to the hai’dest 7 -rays. Tt is important to note that 7 - and 
5-rays always occur together, while a-rays may exist alone. Gamma rays 
produce marked ionization and also affect a photographic plate, as would 
be (^xi)ected from their nature. 

221. Methods of Measuring Radioactivity. Before proceeding fur- 
ther it w ill be well to glance at the means employed in the estimation of 
the degree of radioactivity which a given substance exhibits. 

It has ah'eady been noted that radioactiv^e bodies produce photo- 
grapliic effects, give rise to fluorescence, and bring about ionization. 
The last-mentioned effect is the one most commonly utilized in making 
ciuantitative measurements of radioactivity. M. and Mme. Curie 
employed the ionizing property of the substance under test as a measure 
of its radi< 3 activity, and made use of the gold-leaf electroscope as an 
indicator of the degree of ionization. Figure 333 is a diagrammatic 
sketch of the apparatus used by the Curies in their original investigation. 
If the radioactive material be spread on the plate P, the electroscope first 
having been charged to a given potential, the air between the plates 
P and P' will be ionized and the electroscope gradually discharged; the 
rate of discharge will be a function of the degree of radioactivity. The 
rate of movement of the gold leaf is observed by means of a suitable 
optical arrangement. Various other forms of gold-leaf elecd.roscopes 
have been devised for use in connection with radioa(div(^ investigations, 
one designed by Wilson and improvtul by Kaye being particularly sensi- 
tive and convenient. 

The quadrant and other forms of electrometers are made use of in 
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ionization investigations. In more recent times some form of tlie 
Geiger-Muller counter (Sec. 208) has come to be widely used in connection 
with radioactive studies. 

As we shall see in the next section, radioactivity involves atomic 
disintegration, and the process which this breaking down of the atomic 
sti'ucture takes place, as well as the resulting phenomena, hav^e long bi^en 

the objects of intensive investiga- 
tions. A pi(a*e of apparatus which is 
(^xtensively used in tlie study of ioniza- 
tion and related phenomena is known 
as the Wilson cloud chamber. Shortly 
after the discovery of radioactivity, 
C. T. R. Wilson, an English physicist, 
developed a simjde but effectives 
method of making the results of the 
ionization process directly visible. 

Tt has long becai known that small material bodies, such as particles 
of dust, will serve as nuclei about which water vapor will condense from 
an atmosphere which is at or near the dew point. Professor Wilson 
found that gaseanis ions may also be made to serve as condensation nuclei. 
In its simplest form the Wilson condensation apparatus consists of a 
chamber (Fig. 331) having a tight-fitting piston. A trace of water in the 
chamiKU- produces a saturated atmos- 
pheres at ordinary temperatures. If 
the piston F is lowered very rapidly 
adiabatic expansion of the gas is 
brought about, with a conseciuent^ cool- 
ing of the gas. As a i-('sult, a state of 
supesrsaturation comes to exist, and 
the water vapor will temd to condense 
on any ions wliich may be pre\sent, 
thus making the position of the ions 
visible. If R be a source of a- or 
/3-particles these entities will produce 
ionization as they are emitte^d from 
the radioactive body. As the a-particles, for instance, shoot through the 
gas in the chamber they will ionize some of the gas atoms that they strike 
in their flight. The resulting ions will then serve as condensation nuedei, 
and the trajectory of the ionizing entity is thus matle clearly visible, 
indeed, the whole ionizing process may be studied visually or photographi- 
cally 1)}^ means of this piece of apparatus. If a magnetic field is brought 
to bear on the region mthin the chamber the paths of tlie ionizing entities 
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Fi(j. 334. — Wilson cloud cluiinbcr. 



Fia. 333. — vSkctch of lh(‘ (4cctro- 
scop<i used by the Curies in their 
original investigjitions. 
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will ht' (uirved, and from thene curves their velocity and eiier^j^ can be 
computed. 

In the more recent models of this equipment the piston is replaced by 
a flexible diaphragm, and alcohol vapor is used instead of water vapor. 
Provision is also marie whereby ionizing rays of various types may b<^ 
shot through the wall of the chamber. Gases other than aii* are also 
utilized. In some installations conditions are so arranged that the 
(uitraruai of the ionizing particle into the expansion chamber automati- 
cally brings about the expansion process, and also makes the photograpJii(^ 
exposunx' It is not an overstate- 
ment to say that the Wilson cloud 
(‘liainber has pi'oved to be one of the 
great r(\s(‘ar(4i tools in the field of 
modern physics. Figure 335 shows 
typical ionization records made by 
the condensation nudhod just de- 
scribed. In a later chapter nderence 
will again be made to the Wilson 
dtw’ice. 

yy^22. Radioactive Transforma- 
tions and Their Significance. That 
changes arc^ taking i)lace in radioac- 
tive bodi(\s, particularity in the case 
of radium, is evidenced by tlu^ fact 
that radium compounds are always 
at a higher tem})ei’ature than their 
surroundings, thus indicating that 
thermal energy is constantly being 
spontaneously libera-tcxl. A i)ortion 
of radium compound may be as much as 2°C^ above tlie temperature of 
its surroundings. It has been estimated that 1 gm of radium liberates 
heat at the rate of approximately 130 gm-cal/hr. This is sufficient heat 
to raise 130 gm oi water and, so far as observations on samples of 
radium have gone, this liberation of heat has sliown no api)reciable 
diminution. This appears to be an anomahuis phenomenon, but is 
found to be explicable in the light of results secured in recent investiga- 
tions, as we shall see shortly. 

Basing their reasoning on a large amount of experimental data, 
Rutherford and Soddy, in 1902, brought forward a theory which is to the 

' For descriptions of several modern forms of the Wilson cloud chamber see articles 
by J. C. Street and F. C. Stevenson, Rev. Set. Instruments, 7 , 347 (1936); G. L. Ixx^ker, 
Rev. Sri. Instruments, 7 , 471 (1936). 



Fig. 335. — Alpha-ray tracks in a 
Wilson cloud chamber. An a-pariicl(‘ 
ha,s collided with an oxygen atom. 
Note also the d(‘fl('ction due to a near 
hit. {From. Rudiation. from Radioactive 
Substances^’ h(j Rutherford, (’had wick, 
and Fit is, (\imbridge University Press, 
Englami. Hy yermission of The Mac- 
niillan Company, pnhtishers. N. Y.) 
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effect that the radioactive eh^nent-s ar(' in a more or l(‘ss uiislahlc' condi- 
tion, the atoms undergoing a process of flisintegraiion. Tliis disintegia - 
tion or transformation pro(;ess follows a perfectly (h^finit-e law. It has 
been found that radioactive elements of higher atomic weight, as tlK‘ 
result of the spontaneous emission of a-, I3-, and 7-rays, change to other 
radioactive elements of lower atomic weight. There are three distinct 
series of such changes, these groups being commonly referred to as the 
uranium series, the actinium series, and the thorium series. The uranium 
series involves radium and may be taken as typical. The following 
table serves to give a graphic representation of the transformation steps, 
beginning with uranium and ending with one of the isotopes of lead. 

From an examination of the chart it will be seen that uranium is the 
original parent body of radium and that a form oi‘ lead known as radium- 
lead is the stable end product of the complete series. Whenever an 


Uranium Skries 


Substance 

Particle 

emitted 

Atomic 

numlxT 

; Atomic 
\v(‘ight 

Half life 

Uranium 1 ; 

or 

92 

238 

4.56 X 109.y 
24. Id 

Uranium Xi 


90 

234 

Uranium X 2 

fiy 

91 

234 

1 . 14m 

Uranium II 

a 

92 

234 

2.7 X 10«y 

Ionium 

cc 

90 

230 

8.3 X lOV 

Radium 

oc(3y 

88 

226 

1590y 

Radon 

a 

86 

222 

3 . 825d 

Radium A 

CSC 

84 

218 

3 . 05m 

Radium B 

Py 

82 

214 

26 . 8m 

Radium C 

a(iy 

83 

214 

19.7m 

Radium C' 

a 

84 

214 

10 -«s 

Radium C" 


81 

210 

1 .32m 

Radium D 

/?7 

82 

210 

22y 

Radium K 

fty 

83 

210 

5.0d 

Radium F 

(K 

84 

210 

140d 

Radium G 


82 

20() 

Stable lead 


a-particle (positive helium ion) is expelled from a given element, the 
atomic weight of the transformation product is less by four than its 
parent body, four being the atomic weight of helium. Radium itself 
comes into being when an ionium atom expels a single a-entity, that is, 
a helium ion. In common with its atomic ‘^ancestors, radium itself is 
an unstable element and, as a result of its atomic disintegration, a helium 
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ion (a-ray) is expelled. The remainder of the atomic ‘Svreck’' consti- 
tutes an atom of gas, sometimes spoken of as radon, and often referred to 
as radium emanation. The element radon is a relatively heavy inert gas 
that boils at 65°C; it may be liquified at — 15()®C. A gaseous element 
corresponding to radon is also evolved as one of the steps in the transfor- 
mation which occurs in both the actinium and thorium series. 

In the actinium series the end product is also an isotope of lead, whose 
atomic weight is 207. The thorium family yields another isotope of 
lead; atomic weight 208. We have cited the particular case of the 
radioactive element radium and its emanation, radon, and the product 
helium, in order to call attention to what may be considered a trans- 
formation, or, as it would have been called in the days of the alchemists, 
the transmutation of certain elements. Perhaps the most remarkable 
thing about this strange transformation process is that it is entirely 
beyond our control; it proceeds quite independently of local physical 
and chemical conditions. In such a process of atomic transformation 
we have a change that transcends hitherto known chemical laws. 

It should be noted that these radioactive changes follow perfectly 
definite laws. The rate of disintegration of any radioactive element may 
be expressed by the relation 

Mt = A/o6 

where represents the initial mass of radioactive material; Mt the mass 
existing i seconds later; e the base of the Napierian logarithms; and X the 
transformation constant for that particular material, f.c., the proportion 
of active material which undergoes change each second. Since the above 
relation is an exponential expression, it has been found convenient to 
deal with what is known as the half period of transformation; that is, 
the time required for one-half of the particular body to be transformed. 
If we modify the above expression to make it cover this half-period con- 
crept it becomes 


where T is the time required for one half of the substance to be trans- 
formed. This reduces to 


_ log ^ 0.6931 
X " X 


(269) 


The values of the half-period T are indicated for each radioactive body 
in the uranium series shown in the preceding table. The half-period for 
radium has been determined to be about l,6(X) yr, while for radon (ladium 
emanation) it is only 3.83 days. To put the case differently, a (piantity 
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of radium will not depreciate more than 4 per cent in 100 yr. The fact 
that the disintegration process is so slow in the case of radium explains 
why the evolution of heat by a radium salt has not shown any appreciable 
diminution during the period of time over which observations have thus 
far been made. 

223. Artificial Transformation of Elements. While only a compara- 
tively small number of the elements are naturally radioactive, it has been 
found possible to decompose artificially many of the nonradioactiv(‘ 
elements. The method by wliich this is accomplished is both interesting 
and significant. 

Tt was observed by Rutherford that when a group of a-particles is 
caused to pass through a gas or a thin mental foil a few of them are sharply 

deflected at some point in their path. 
Such deviations from an otherwise 
straight path are shown in records of 
a-rtxy tracks in Fig. 335. From his 
obvservations Rutherford conc^luded 
that most of the a-projectiles pas;; 
directly through an atomic structure 
without encountering any of the 
constituent parts of the atom. H ow- 
ever, an occasional a-particle ap- 
parently passes near emough to a 
nucleus to be affected by the repelling 
electrostatic force due to the nuclear 
charge; hence the abrupt change in 
its path. Further, there was evidence that an a-particle does occasion- 
ally actually strike a nucleus, with the residt that a part of the nucleus is 
detached and moves out of the atom with a speed comparable to that of 
the impinging a-particles. The representative record, reproduced as 
Fig. 336, gives evidence that such an event takes place. 

In 1919 Rutherford carried out an investigation the results of which 
clearly demonstrated that the artificial disintegration of matter can be 
brought about by bombarding the atoms of an element with a-particles. 
He first worked with hydrogen, nitrogen, and oxygen. In the case of 
nitrogen the detached part of the nucleus was found to ])e a liigh-si)eed 
H nucleus, i,e., a proton. 

A few years after the above-mentioned discovery, further studi(\s 
along the same line were made by Rutherford and Chadwick. They 
secured evidence that all elements from boron to potassium, except 
carbon and oxygen, can be disintegrated by high-speed a-pai-ticles, and 
in all cases a high-speed H nucleus, or proton, made its appearance. 



Fig. 330. — (k)llision of an a-particlo 
with a lieliuTTi atom. {From Radiation 
from Radioactive SubnianceH^’ by Ruther- 
ford, Chadwick, and Ellis, Cambridge 
(University Press, England. By permis- 
sion of The Macmillan Company, pub- 
lishers, N. Y.) 
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Thus it was established that the hydrogen nucleus, or proton, is one of the 
fundamental units that enter into the composition of an atomic nucleus. 

It is interesting to note, in passing, that in 1815, Dr. Prout, an English 
physician, suggested that hydrogen was the basic material from which 
all elements are made. The facts outlined above indi(‘,ate that ProuEs 
hypothesis contained an important element of truth, though his original 
suggestion was rejected at the time. 

The experimental findings of Rutherford and Chadwick were of the 
utmost importance; the way was opened for an extended and fertile 
series of researches into the constitution of matter. It may indeed be 
said that these experiments at Cambridge mark the beginning of what has 
now come to be designated as nuclear physics. 

224. The Neutron and the Positron. In dealing with the subject of 
nuclear physics one must note two important discoveries whicli occurred 
in the year 1932. Prior to that date it was generally accepted that an 
atomic nucleus consisted solely of protons and electrons. But during 
that eventful year certain facts came to light which resulted in a revision 
of that explanation. 

In 1931, two German investigators, Bothe and Becker, found that the 
bombardment of certain of the lighter elements, such as beryllium, 
lithium, and boron, with a-particles gave rivse to a very penetrating type 
of secondary emission. Indeed, it was found that this emission was more 
penetrating than the hardest 7 -rays. It was at first assumed that in 
some way the alpha bombardment had resulted in the emission of an 
extremely short-wave type of gamma radiation. However, the energy 
relations involved in the process appeared to point to a different explana- 
tion of this new phenomenon. In France the Curie-Joliots (1932) 
observed that this emission was capable of causing the ejection of protons 
from paraffin and other materials containing hydrogen. Chadwick 
carried out a series of experiments at the Cavendish laboratory which led 
him to suggest that the results secured by previous investigators could be 
explained on the basis that the newly observed emission from beryllium 
and other bodies, when bombarded with a-particles, consists of particles 
Avhose mass is approximately equal to that of the proton but which carry 
no charge. This viewpoint has now been thoroughly established, and 
these new entities have been named neutrons. The reaction by which 
the neutron comes into being, in the case of beryllium, is 

4Be® + aHe^ eC^^ + 

where o/P represents the neutron, having an atomic weight of 1 and an 
atomic number zero, since its charge is zero. Here we have a case where 
the impinging a-particle (He nucleus) is captured, and becomes the 
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nucleus of a carbon atom. Other reactions of a similar nature are now 
known to yield neutrons. 

Neutrons possess very hip;h energies, some from beryllium showing a 
value as high as 13.7 mev. Because of their high energy content, and 
because they are electrically neutral, neutrons have proved to be very 
useful as projectiles with which to bombard other nuclei. In passing, it 
may be added that Dr. Chadwick was awarded the Nobel {)rize in 1935 
for his identification of the neutron, and for other important related 
research. 

In a })revious discussion it was noted that the phenomenon of 
radioactivity was discovered as a result of res(^arc4i having to do with 
X rays. Another discovery has a somewhat similar histoiy. Later 
(Sec. 228) we shall consider the subject of cosmic rays. F-or the present 
it may be said that some form of highly penetrating ^'rays^^ come to the 
earth from outer space. It had been observed that theses extraterrestrial 
rays, when absorbed by matter, caused the ej (action of high-energy 
charged entities from the absorbing atoms. At the research laboratories 
at the C/alifornia Institute of Technology it was felt that one might secure 
some information al>out the nature of c.osmic rays if a study was made of 
the secondary emission resulting therefrom. Accordingly, a special 
Wilson cloud-expansion (4iamber was constructed, in the assembly of 
which was incorporated an electromagnet capable^ of developing a field 
of some 20,000 gausses. So strong was this field that it was capable of 
producing an appreciable deflection in the trajectory of particles having 
energies of the order of 500 mev. On several of the photographic records 
made Avith this equipment by Dr. C. D. Anderson ray tracks appeared 
which, l>ecause of the direction of their curvature, indicated that they 
were made by positively charged particles having a mass equal to that of 
the electron, with which we have long been familiar. The photograph 
which gave the most conclusive evidence that such an entity actually 
appeared is reproduced as Fig. 337. A lead partition 6 mm thick was 
placed acToss the expansion chamber. Tt is to be noted that a particle 
entering at the upper edge passes entirely through the plate, the curvature 
of its path being much greater below the partition than above. This 
means that it lost energy as it traversed the dividing wall. Measure- 
ments show that its energy was (>3 mev above the plate and 23 mev below. 
From the direction of curvature, and from the energy relations just given. 
Dr. Anderson concluded that he was dealing with a hith(a'to unknown 
entity, the positive counterpart of the negative electron. The new 
particle has come to be called the positron, its existence having been 
confirmed by various other workers at home and abroad. The photo- 
graph shown as Fig. 337 is of great liistorical importance. Dr. Anderson’s 
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(liycov(Ty (*<()iisti1,ut(\s our of 11i(‘ great. a<l\';in(*(‘S in n)(Kl(‘rn pliysics, niid 
for it. !)(' was awa.rdecl the Nobel prize. And thus the study of cosmif 
rays led to the discovery of a lunv physical (Mitity, ndding oii(‘ inor(‘ 
particle to the list Avith Avhich the physicist must d(‘al. 

Various questions iiatui'ally arise in conne(dion Avith the study of 
positrons. Are they numerous? Have they an independent existence? 
Do they form a part of atomic 
nuedei? \ 


It must suffice, here, to sum- 
marize briefly the ansAvers to these 
(questions. It seems i)robable 
that positrons readily combine 
Avith electrons, and hence their 
independent existence is extnunely 
short — a small fraction of a second. 
Thei'e is evideiK^e tending to show 
t hat electron positron j)airs may 
appear at the point Avdiere a 7 -i*ay 
photon impinges on a nucleus. 

One is next moved to impure 
as to Avhat happens Avhen an elec- 
tron and a positron combine. 
Existing evidence tends to indi- 
cate that when such a union 
occurs the two masses disappear 
and simultaneously a definite 
amount of radiant energy makes 
its appearance. It AA-ill be obvious 
that the foregoing statements are 
revolutionary in nature — energy 
being transformed into matter and 
matter being transformed into ener 




•i 



Kkj. 337. — (’loud chn-uilxT record of 
the trajectory of a positron, as made' by 
C. T). Aud<Tson in 1932. As viewed in 
the illustration, tlie positron was rtioA^- 
iiig downward. Note that after j)assing 
through a (wniu l(‘ad plate its curvature 
is changed, indicating that the particle has 
lost a definite amount of energy. Knowing 
this loss of energy and the dirt^ction of the 
magnetic lii'ld it h(‘comes evident that the 
particle is a positive entity. This is a 
photograph of great liistorical interest. 

y. And yet, on the evidemee at hand. 


Ave are forced to such a conclusion. 


226. Artificially Induced Radioactivity. Scientific events sometimes 
move forAvard at a rapid pace. It Avill be recalled that the positron Avas 
identified by Anderson in 1932. It Avas soon found that positrons could 
be had by bombarding some of the lighter elements with a-particles. 
In 1933 the Joliots were experimenting Avdth the positrons which are 
obtained by the bombardment of boron, magnesium, and aluminum Avith 
a-particles from polonium. These investigators observed that the 
bombarded substance continued to emit positrons after the source of 
o-particles had been removed. Further, this post-excitation emission 
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WHS found to decrease with time, the decay in activity following an 
exponential law. It is thus evident that we have here not only a process 
of transmutation, but also the production of artificially induced radio- 
activity. In January, 1934, M. and Mme. Curie-Joliot announced the 
discovery of induced radioactivity, and the scientific world moved onr 
step farther along the road toward a better understanding of the nature 
of matter. It is interesting to note that the daughter of one who spent 
her life in the study of radioactivity should be one of the co-discoverers of 
artificial radioactivity. For this highly important discovery, the Joliots, 
in 1935, were jointly awarded the Nobel prize in chemistry for that year. 

The reactions that take place in the prodiujtion of induced radio- 
activity usually consist of two steps. The case of aluminum is typical, 
thus, 

i3A127 + 2He^->i5P^« + 

and 

i4Si^« + 

It will be seen that the first stage of the process involves tlu^ (capture of 
a helium nucleus ( 2 He^) and the formation of an unstable isotope of 
phosphorus plus the liberation of a neutron. In the second stage, the 
phosphorus is transformed into a stable isotope of silicon with the emis- 
sion of a positron ( . The half life of the radioactivity in this particular 
case is 2.5 minutes. It has been found that induced radioactivity is 
frequently accompanied by the ejection of electrons instead of positrons. 
It is now known that radioactivity may be induced by bombarding the 
nuclei of atoms by high-speed entities other than a-particles, as we shall 
see shortly. As the result of the intensive and extensive investigations 
carried on by Fermi and others, some 300 artifically radioactive isotopes 
have been identified. 

226. Production of High-energy Ions for Nuclear Experiments. 

In the disintegration processes thus far described some one of the emission 
products of a radioactive body was utilized for the purpose of initiating 
the transmutation. As the study of nuclear physics progressed, the need 
was felt for projectiles of still higher energy content. Accordingly, the 
Van de Graaff high-voltage generator was designed. With this machine 
it has been possible to develop 4.5 million volts. A potential difference 
of that magnitude makes it possible to impart high energy to electrical 
entities. The betatron, developed by Kerst and described in Sec. 217, 
will, in its latest form, yield a supply of 100-mev electrons. 

Still another type of installation, originally developed by Lawrence 
and Livingston at the University of California, is capable of yielding a 
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(Copious supply of high-energy ions of several types. Reference is made 
to the cyclotron. 

The principle on which the cyclotron operates is comparatively 
vsimple. By giving the desired ions repeated impulses, an extremely high 
speed is imparted to the electrical entities. The method by which the 
motion of the ions is accekuated at definite space intervals involves the 
syncdironizing of the motion of the ions with an alternating (4ectric field. 

The (cyclotron assembly consists of a flat hollow cylinder divided into 
two sections D and lY called the ‘^dc^es.’’ These cylindrical sections, 
wliich function as electrodes, are positioned between the pole pieces of a 
large electromagTu4 (Fig. 338). 33Tie dees in turn are inclosed in a gas- 



Fig. 338. —General plan of the cyclotron. 


tight metal housing. A cathode F (Fig. 339) supplies thermally liberated 
electrons which are given an initial acceleration by a potential difference 
that is maintained between the cathode and the metal housing. A h-f 
alternating potential, of the order of 10^ cycles/sec, and 10,000 to 20,000 
volts, is maintained between the two dees. A gas, say hydrogen, at low 
pressure is introduced into the chamber. The electrons emitted by the 
heated filament ionize this gas, and the gaseous ions (in this case protons) 
will be acted upon b}^ the electric and the magnetic fields. 

Let us assume that a positive ion is moving at a moderate speed 
toward the segment D and that D is at that instant negatively charged. 
Our ion will then be acc.elerated toward D. Once this ion enters the 
region within the dee it will not be accelerated, but will move at constant 
speed. Due to the effect of the magnetic field, its path will be semi- 
circular, and it mil eventually reach the space between the dees. If 
the frequency of the a-c potential is so adjusted that the transit time 
through the dee is exactly equal to one-half a potential cycle, the ion will 
reach the edge of the dee just as the potential reverses, ^.c., as D' becomes 
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negative. Acceleration will accordingly take place until the ion enters 
the second dee D' , when its s])eed again becomes constant. This process 
continues, the ion acciuiriuj; an increm€>nt of speed each time it moves 
across the gap between the dees. Sinc(^ its speed is increased, the ion will 
describe a path whose radius is also becoming greater. But fortunately 
the transit time is constant; hence the ion does not change phase with 
respe(;t to the a-c potential. The reason why this is so may readily be 



Fig. 339. — Path taken by the ions as they are accelerated within the cyclotron. 

seen from the following (amsiderations, based on previous discussions. 
In Sec. 195 it was shown that when an electron having constant speed 
is moving at right angles to the direcdion of a uniform field the radius 
of its path will be given by the expression 


r = 


mv 

We 


(i) 


For ions, in general, the charge involved will be some multiple of e; hence 
(i) would take the form 


where the terms have their usual significance^ The time recjuired for the 
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ion to des(?ribe a semicircle will bo 


/ - 


irr 

r 


(iii) 


Combining equations (ii) and (iii) we get 


irm 


(iv; 


which shows that, if we neglect any change in mass due io the velocity 
factor, the transit time is constant. Therefore, ))y adjusting the field 
strength //, one can cause the itm to arrive at the gap just as the potential 
changes sign. The ion accoidingly will have its speed augmented each 
time it crosses the gap, and its path will gradually spiral outward, until 
it finally reaches the outer edge of the dee. A ‘Avindow^^ W is provided 
at that point through which the stream of ions passes into the region 
outside the chamber. After making a number of complete excursions the 
ions will have attained a high energy value, and this notwithstanding the 
fact that the actual ac^celerating potential is relatively small. An expres- 
sion giving the kinetic energy of the ions as they emerge from the cyc^lo- 
tron may be readily deduced. 

From (iv), above, it follows that the time required for one complete 
trip through the dees will be given by 



The number of transits per second would then be 

_ 

^ 2Trm 


(ii) 


where v is the frequency of the alternating potential applied to the dees. 
The velocity of any given ion as it emerges from the cyclotron would 
be given by the expression 

V = 2TrRv, (iii) 


where R is the final radius. Combining (ii) and (iii) we get 

RHq 

V — 

711 


(iv) 


From mechanics we have that 

Kinetic energy — (v) 

Substituting the value for the velocity given by (iv) in (v) there results 

R^HY 


K.E. 


2m 


ergs. 
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To express the above relation in terms of electron volts we may multiply 
by the proper transformation factor and get 


K.E. 


X 6.24 X 10" 
2m 


mev 


(270) 


as the final expression for the energy content of the emerging ions. 
Equation (270) shows that the energy acquired by the ions as they spiral 
through the cyclotron is porportional to the s(iuare of the radius of the 
dees. In order to secure high-speed ions it is theiefore desirable to have 
the diameter of these electrodes as large as possible. This involves a 
correspondingly large electromagnet. One of the largest cyclotrons now 
in operation has 60-in. pole faces; a still larger unit is under construction. 

In using the cyclotron, if a supply of high-speed deuterons is wanted, 
heavy hydrogen (deuterium) is introduced into the chamber instead of 
hydrogen. To secure a-particles, helium is used in the ionization cham- 
ber. Thus the cyclotron may serve as a source of high-cncu-gy ions of 
various types, which may be utilized for the purpose of disintegrating 
other atomic nuclei. In practice, the substance to be bombarded by the 
issuing high-speed ions is placed near the window through which they 
emerge. It is now possible to produce 25-mev deuterons and 50-mev 
a-particles. Thus it becomes possible to produce radioactive sodium, 
for example, with which to carry on experiments in the fields of chemistry 
and biology. And much work is being currently done along those lines. 

In concluding our brief description of the cyclotron it should be 
mentioned that Dr. Lawrence was granted the Nobel prize as a result of 
lus outstanding work in the field of nuclear physics. 

227. Fission. In 1934, Fermi and his coworkers at the University 
of Rome investigated the possibility of producing an element having an 
atomic number higher than 92 by bombarding uranium with neutrons. 
Several radioactive substances were produced by that process, and it 
was thought for a time that elements 93, 94, 95, and 96 had actually been 
produced. However, later work along this line by Hahn and Strassman, 
in Germany in 1939, culminated in the discovery of a remarkable phe- 
nomenon — the splitting or fission (as the process has come to be called) 
of the uranium nucleus into two parts having nearly equal masses when 
subjected to bombardment by neutrons. Apparently, upon capturing a 
neutron, the nucleus of the uranium atom becomes unstable and separates 
into two fragments, one of which, at least in certain cases, proves to be 
the radioactive barium isotope and the other 57 La^‘^ There is 

found to be an excess of neutrons after the disintegration occurs. This 
constitutes a highly important fact. These secondary neutrons are 
either immediately emitted as such, or their number is diminished as a 
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result of electron emission. If these excess neutrons possess sufficient 
energy, we are faced with the possibility of an extremely rapid chain 
reaction, triggered off by the capture of a single extra-atomic neutron. 
A further interesting aspect of this unicpie process at once presents itself. 
The total mass of the final disintegration products is less than that of tht‘ 
original nucleus plus the captured projectile. 

It will be worth while to digress for a moment to consider the eiu'igy 
aspects of a nuclear reaction. 

If we take the simple case where an a-particle is caused to strike tlu^ 
nucleus of a sodium atom, the situation may be represented thus, 

Na-^ + + 11’. 

Substituting the atomic masses we have 

22.99610 + 4.00389 = 2(i.99999 

and 

25.98980 + 1.00813 = 20.99793. 

It is thus evident that 0.00200 unit of atomic, mass has ceased to exist, as 
mass. What is its fate? 

In developing his theory of relativity k'anstein introduced the concept 
of the equivalence of mass and energy. According to tliis point of view 
a given mass m is equivalent to a definite amount of energy E, The 
mathematical statement of this principle takes the form 

E — nic\ 

where c is the speed of light. Tliis is one of the revolutionary principles 
of modern physics. If we apply Einstein’s relation to the reaction cited 
above, on the basis that 1 atomic mass unit is equivalent to 931 mev, it is 
found that 1.92 mev of energy makes its appearance when 0.00200 unit 
of mass ceases to exist as mass. A corresponding release of energy 
occurs Avhenever the total atomic mass of the final product in a nuclear 
reaction is less than that of the original particles. In ordinary nuclear 
disintegrations quantities of energy varying from 1 to 20 mev are set free. 
Experimental findings confirm the theoretical calculations, thus verifying 
the principle enunciated by Einstein. 

However, in the case of the fission of the uranium nucleus an extremely 
large quantity of energy is released. Henderson has found that the 
energy made available from a single uranium fission is of the order of 
200 mev. Fltigge has estimated that 1 m^ of UgOy might develop 10^^ 
kilowatt-hours of energy in less than 0.01 sec. All of this energy would 
probably not be available in kinetic form; some undoubtedly would be 
absorbed in nuclear processes that accompany the fission. However, 
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there would still remain enormous quantities of energy which might be 
put to use if it could be controlled. That such a source of energy can be 
tapped and utilized is attested by the devastating results attained by the 
use of the now famous atomic bomb. While little detailed information^ 
is available at this time the data wtiich have been released would appear 
to indicate that the nuclear reaction involved in the atomic bomb disin- 
tegration might be written as 

02U239 _ , 3 Np 23 ^^ + 

93Np“®® — > 94 Pu^^® + 

where Np and Pu represent two new (transuranic) elements called 
neptunium and plutonium, respectively. 

Prior to the World War I it was known that three elements might be 
caused to undergo fission: uranium, thorium, and protoaedinium. In the 
case of uranium, the 235 isotope appears to be the most usable form of 
that element. This splits into barium and krypton, with the liberation 
of three neutrons. It is known that fission may be brought about by 
bombardment by deuterons, a-particles, neutrons, and protons, and by 
irradiation by 7 -rays. 

For a comprehensive review of the subject of nuclear fission, the 
student should consult a paper by L. A. Turner which appeared in the 
January, 1940, issue of Review of Modern Physics. 

228. Cosmic Rays. At the beginning of Woi*ld War TI the two most 
active fields of research, so far as physics w^as concerned, were nuclear 
physics and cosmic rays. In the preceding sections of this chapter we 
have briefly review^ed a few of the more important aspects of nuclear 
research, and in doing so have referred incidentally to the subject of 
cosmic rays. Because of the vast amount of researcdi effort expended in 
cosmic-ray studies, our limitations will permit only a brief outline of the 
most significant results which have been brought to light. 

It was long knowm that a charged electroscope would gradually lose 
its charge, even when every pre(;aution was taken to guard against all 
known causes. In seeking to determine the cause of this phenomenon, 
Rutherford and McLennan in 1903 observed that the rate of discharge 
was lessened if the electroscope w^as inclosed in a heavy metal housing. 
This appeared to indicate that the ionization causing the discharge was 
not due to local causes, but rather that it might possibly be caused by 
some form of radiation from a distance. The subject was pursued 
further by a German physicist, Gocken, w^ho in 1910 and 1911 took an 

^ Sueh public information as is now (Sept. 1945) available is contained in a report 
prepared by Professor Henry D. Sinytli of Princeton University entitled ^‘Atomic 
Knergy for Military Purposes.” 
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eloctroscope aloft in a balloon to an altitude of 18,000 ft. lie found t]K‘ t 
there was little if any diminution in the ionization a4 thai }ieij2;ht . nurin^ 
1912 t.o 1914 two other German iiivestij>:ators, Hess and Kolhdrster, 
repeated the balloon experiments, going to a height of 5.0 miles (9 km). 
They found that the ionization decreased slightly for the first two miles 
and then increased decidedly with altitude, reaching a maximum value 
(jf eight times what it was at the earth ^s surface. It thus became evident 
that the ionization which manifests itself by the discharge of an electro- 
scope is due to some form of radiation reaching the earth fi’om outer 
spac(x Hess was the first to formulate definitely such an explanation; 
and he further pointed out that since this radiation fell upon the earth 
from all directions, its origin could not be the sun. Since the origin of 
the rays is ext raterrestrial and is not from the sun, they have come to be 
designated by the term cosmic rays. Where they actually originate, or 
how, is not known. 

Once it was established that such a form of radiation existed the next 
(lu(‘stion to receive the attcaition of investigatoi’s had to do with the 
character of the rays. Two groups of investigators have carried on 
extensive studies into the nature of cosmic I’ays: one group headed by 
Dr. Millikan and the other under the direction of Dr. A. H. Compton. 
Dr. Millikan and his coworkcu’s not only explored the upper atmosphere 
but also submerged el(K*trosc()j)es in snow-fed lakes. They found that 
the rays were capable of pcuieti'ating 72 m of Avater, which would be the 
eciuivalent of nearly 2 m of lead. Experiments carried out in mines by 
othei* investigators indicate that some of the rays are capable of penetrat- 
ing a layer of earth ecpiivalent to 124 m of lead. It is thus apparent that 
cosmic rays are much more penetrating than the hardest 7-rays. On an 
energy basis, cosmic rays Avould be rated in billions of electron volts, 
rather than in millions, as in the case of 7-rays. 

Probably the most comprehensive single investigation ever under- 
taken prior to World War 11 was led by Dr. A. H. Compton while at the 
University of Chicago. Some 80 physicists, at 100 widely separated 
places, collaborated with Dr. Compton in securing data bearing on cosmic 
rays. Twelve different expeditions were involved. Later Compton and 
Turnei* carried out an extensive series of cosmic-ray measurements with 
greatly improved equipment. These later studies involved 12 trans- 
pacific steamship voyages between Vancouver, Canada, and Sydney, 
Australia, and occupied the greater part of a year. 

The most important finding of these extensive investigations is that 
cosmic-ray intensity is a function of magnetic latitude. Figure 340 is a 
reproduction of the curve made from data secured by Compton and 
Turner, and by Gill, who later made 15 additional trans-Pacific voyages. 
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The significance of the graph is obvious; the magnetic field of the earth 
produces an effect on this strange system of rays reaching our planet from 
outer space. This fact, together with other evidence, points to the 
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tentative conclusion that cosmic rays are not photons, as first suggested 
by Millikan, but that they consist largely of charged entities, such as 
electrons, positrons, and mesotrons (Sec. 229). Cosmic radiation appears 
to consist of two parts: a soft part, probably made up of electrons and 
positrons; and an extremely penetrating component consisting of meso- 



Fiq. 341. — Typical record of cosmic-ray pulses as they occm at Northfield, Minn 

trons. The arrival of these entities is quite irregular in occurrence, as 
indicated by the automatically made tracing (Fig. 341) recorded by 
the author at Northfield, Minnesota. 
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WMle we know practically nothing as to the source of this radiation, 
its study has led to important discoveries. Nature has provided us 
with the universe for a laboratory. Perhaps some day the study of 
cosmic radiation may assist in solving some of the problems of astrophy sics. 

229. The Mesotron, In the last section reference was made to a 
particle which we have not yet considered. In 1930 Dr. Anderson, the 
discoverer of the positron, in studying cloud-chamber records due to 
cosmic rays, observed effects which indicated the possibility of the 
existeiKie of an electrical entity^ different from any particle previously 
identified. Evidence which has accumulated sim^e Anderson's original 
observations were made clearly indicates that a particle does exist that 
has a mass something like 200 times the mass of the electron, and that 
may show either a positive or a negative charge. 4"hus the new mem})ei* 
of the particle family has a mass intermediate between that of an electron 
and a proton. As previously’ indicated, the newly discovered particle is 
commonly referred to as a mesotron, sometimes shortened to meson. 

As yet, our information regarding this entity is rather limited. It is 
thought by some that mesotrons ai*e produced in the upper strata of the 
atmosphere by the action of primary cosmic rays. Possibly they ulti- 
mately disintegrate in some such manner as do radioactive bodies. 
Undoubtedly w’e shall learn more about these entities in the near future. 

230. Present Understanding of Atomic Structure. As additional 
facts have come to light, our earlier understanding of atomic structure 
has undergone revision, and it is probable that additional research will 
result in still further modifications of atomic concepts. Currently the 
picture is about as follows. 

The nucleus consists of neutrons and protons, no electrons being 
normally present in the nucleus. The neutron is electrically neutral; its 
internal structure is not knowm. The number of protons (positive 
entities) present in the nucleus determines the magnitude of the nuclear 
charge, and hence the atomic number Z. There is evidence to show' that 
some sort of attraction exists between neutrons and protons, but the 
nature of this force is unknown. In the atom, w hen neutral, the number 
of electrons associated with a given nucleus ecpials the number of protons 
present. Bohr has thought of these electrons as moving in orbits about 
the nuedeus, and distributed in definite energy levels, sonn^times referred 
to as shells. It is coming to be felt that the concept of orbital motion is 
not necessarily correct, though it is thought that each electron does spin 
about an axis through itself. We do know that, in general, the outer 
electrons are the ones most easily detached from the atomic structure. 
In any event, either the orbital or the shell concept is a convenient way 
of picturing the situation; such representations have served, and probably 
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will continue to serve, as useful conventions, in much the same way as 
Faraday's lines of force. Gradually, however, a mathematical repre- 
sentation of atomic structure and betiavior is being evolved, which 
eventually will probably replace the present conventional scheme of 
representation. 

There is evidence that electron-positron pairs come into existence as 
a result of the transformation of radiant energy. Possibly the electrons 
which are ejected from nuclei have their genesis in such a process, energy 
disappearing and electrons appearing as a result. 

In considering the matter of atomic structur(^, th(‘ question of isotopes 
presents itself. We have seen that a given element may appear in ii 
single form or in several forms, and that these forms or varieties are 
designated as isotopes. How are the components of the various isotopes 
of a given element arranged? Take the case of magiK^siurn, for example. 
This element has three isotopes, Mg’S Mg^^, and Mg“‘\ Each of these 
bear the atomic number 12, and therefore the nucleus of each contains 
12 protons. The Mg-^^ isotope has 12 neutrons in its nucleus; Mg-^, 13; 
and Mg^^, 14. ]^]ach isotope has 12 electrons, arranged in the same 
manner in eacdi case. Most of the elements have two or more isotopes, 
some of which are unstable. 

Referring again to the electronic*, components of the atom, it is 
apparently true that the electrons may, from time to time, abruptly 
change thtur position vdth respect to the nucleus. In other words, their 
energy state may undergo a change. If a given electron acciuires a cer- 
tain amount of energy from an outside source, it may take up a position 
farther from the nucleus, i.c., move to a higher energy level. (In terms 
of the old orbit" concept, it would jump to an orbit having a liirger 
radius.) This changed condition often appears to be unstable, in which 
event the electron may, in response to central forces, return to its original 
position. This results in a liberation of energy in the form of radiation. 
The concept of this process may be expressed thus, 

hv ~ W 2 — Wij (271) 

where hv is the quantum of energy (photon) liberated or absorbed, wq the 
energy content for one state, and the corresponding energy magnitude 
when the other condition obtains. On the basis of the above reasoning 
it is possible to predict the freciueiicy conesponding to the principal 
spectral lines of some of the more simple elements such as hydrogen. 

When we know’’ more about the nature of the neutron, it is probable 
that w^e shall be able to arrive at a clearer understanding of atomic 
structure. 
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231. Particles versus Waves. In 1900 Plaiick introdiuTd Ihv (|uan- 
tnrn theory of radiation. Thougih none too well reeeivc'd at. the time, it. is 
now universally accepted. It will he recalled that Planck\s concept is 
to the effect that radiant einn-^y is emitted in (pianta - sinau'ssive groups 
of waves, ea(*h group possessing a quantity of (uiergy given hj^ hv. Per- 
haps the most convincing evidence of the idea that radiant energy in its 
interaction with matter behaves as if it were composed of discrete 
entities, is to be found iji the Compton (effect (Sec. 215). If, then, radiant 
energy exhibits a dual natures — that of waves and that of j)articles — might 
it not be possible that entities such as electrons, protons, neutrons, and 
even atoms and molecules would show, at least under (certain circum- 
stances, the characteristics commonly associated with waves? Tt was in 
1924 that de Broglie, a French physicist, addressed himself to this prob- 
lem. The hypothesis which de Broglie introduced, revolutionary though 
it was, has been fully confirmed, and its effects have been far reaching. 
Beginning with the quantum theory, and making use of certain considera- 
tions based on the special theory of relativity, de lirogiie derived an 
expression for the vave length associated with these entities. In its 
simplest form the development is as follows. 

From elementary considerations we know that the (juantity of energy 
assigned to a photon is given by 

E ^ hv, (i) 

where h is PlanckV constant and v the freciucmcy of the radiation. The 
frequency would be given by the expression 



where c is the velocity of light. 

If now we assign to a photon a definite mass m, as may be done on the 
basis of the relativity theory, the energy of such a mass would be 

E' — mc^. (iii) 

If we equate the expressions for energy given by (i) and (iii) there results 

hv h . 

rnc ^ , (iv) 

C A 

where me is the momentum of a photon whose? velocity is c. On the basis 
of this relation we may express the momentum of radiant energy in terms 
of mass and velocity or in terms of wave length. 

De Broglie applied the foregoing reasoning to those entities which are 
commonly referred to as particles. If the particle has a mass m and 
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moves with a velocity its inoineutum would be rnv. If the particle 
exhibits wave properties we could equate this momentum to that given 
by (iv) and obtain 

h 

mv = -• 

A 

The wave length associated with the particle would be given by 

X = — • (272) 

mv 


This means that a particle (electron, proton, etc.) having a mass m and a 
velocity v should have an equivalent wave length given by h/mv. The 

above expression is known as de Broglie’s 
equation, and is one of the most impor- 
tant relations in the field of modern 
physics. Within the past few years de 
Broglie/s original thesis has been ex- 
panded by Schrodinger, Heisenberg, 
Dirac, and others into an elaborate 
analytical structure known as wave 
mechanics — a subject beyond the scope 
of this volume. The de Broglie ecpia- 
tion, however, is involved in all of the 
more extended theoretical treatments of 
Fifl. 342 . -Experiment of the relation between waves and particles. 
Davi-sson and Germer, showing , The next question that presents itself 
that electrons exhibit wave proper- is this: Has de Hrofrlie s hypothesis been 
tios. confirmed experimentally? The answer 

is in the affirmative. 

Before describing the first of two confirmatory tests, let us digress for 
a moment to determine wha.t would be the order of magnitude of wave 
length that one might expect to find associated with electrons falling 
through a potential difference of, say, 100 volts. From previous con- 
siderations the kinetic energy of such a particle would be given by 

Ve — 



Combining this expression with the de Broglie relation [Eq. (272)] we get 



( 273 ) 


Substitution in this equation gives 

X = 1.22 X 10-* cm = 1.22 A. 
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If is at once apparent that the wave length is of a magnitude commonly 
met with in X-ray practice. Since this turns out to be the case, it is 
obvious that one might check this computation by measuring the electron 
wave length using a crystal as a diffraction grating, as Avas done in the 
case of X rays (Sec. 212). 

Davisson and Gerrner of the Bell Telephone Laboratories carried out 
such an experiment in 1927. Their cixperimental setup was as indi(^ated 
in Fig. 342. By means of an ele(*tron gun d a cathode ])eam was din^cted 


30 15 0 15 30 



Fig. 343. — Scattering curvets obtained by Davisson and Gerrner when using the 
experimental assembly shown in Dg. 342. Note the 54-volt and the 65-volt beams. 

normally on to the face of a crystal of nickel. An electrode D connected 
to a suitable galvanometer served as a detector for the scattered electrons 
(or waves). By rotating this detector about the crystal as an axis, the 
value of the reflected energy could be observed as a function of the angle 
<#). Various runs were made using accelerating voltages ranging from 40 
to 68; the results when plotted appeared as shown in Fig. 343. It will be 
observed that the electrons are scattered in all directions, and that the 
distribution depends upon the energy of the incident beam. Further, as 
the accelerating potential is increased, the most pronounced effect occurs 
when the potential difference is 64 volts and the angle 50®. 

Davisson and Gerrner ascribed this peak to the reflection from the 
atomic planes existing in the crystal. They held that they were dealing 
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with an interference effect analogous to that which obtains in the case of 
X rays. In other words the effect had all of the characteristics of con- 
structive interference due to waves. From the known atomic space, 
using the Bragg relation [Pkp (205)] and the data above given, the wave 
length proves to be 1.05 A. On the basis of Fa|. (278), the wave length 
value turns out to be 1 .07 A. Considering all of the experimental diffi- 
culties involved, this is a truly remarkable agreemcmt. Fhus the research 
of Davisson and Germer serves to provide strong evidence that the elec- 
tron, at least, does exhibit wave properties. Both de Jhoglie and 
Davisson were later awarded the Nobel prize in recognition of their contri- 
butions in the domain of theoretic*, al physics. 

It is to Dr. G. P. Thomson, son of J. J. Thomson, that we owe another 
confirmation of the validity of the particle-wave concept. We have 



Fig. 344. — Experimental arrangement used by CJ. P. Thomson in obtaining difTra(^tion 
photographs when an electron beam is passed through thin films. 

already seen that diffraction patterns may be secaired hy passing X rays 
through crystals, thin films, and powders. In 1928 G. P. Thomson 
reported the results obtained when a beam of electrons w^as projected 
through thin films of various material. Metals such as aluminum, gold, 
and silver show a microcrystalline structure — crystals of microscopic size 
oriented at random. The general plan of Thomson's experimental 
assembly is sketched in Fig. 344. G represents an electron gun, F the 
metallic film, and P the photographic plate. The accelerating potential 
varied from 10,000 to 60,000 volts. The photographic records secured 
by Thomson showed interference patterns, as in the more familiar Laue 
diffraction records. A quantitative study of Thomson's photographs 
yields even more convincing evidence that electrons exhibit wave 
characteristics. 

By using X rays to secure diffraction patterns of some given substance, 
such as aluminum, for example, one can readily determine the crystal 
spacing. By computing the probable equivalent electronic wave length 
by means of the de Broglie equation, and then measuring the details of 
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the electron diffraction pattern, one can compute the crystal spacing 
from the Thomson recordings. The agreement between the determina- 
tions is remarkably close. For instance, in the case of aluminum, the 
grating spacing as determined by X rays was 4.043, and by the electron 
method Avas 4.035. Various other metallic films were studied in a similar 
manner and the agre^ement Avas found to be ecpially close. Many dif- 
fraction recordings have been made in recent years. Figure 345 is a 



Fig. 345. — Electron diffraction photograph of gold foil. {Courtesy of Professor 
Raijtnond MorgoJi^ University of Maryland.) 

reproduction of such a photograph. The sharply defined interference 
pattern is obvious. 

In summing up, then, it must be concluded that electrons exhibit dual 
characteristics, just as do photons. It should be noted, however, that 
in a given experiment such entities do not manifest both characteristics. 
We are still far from having a comprehensive Avell-established theory 
relating radiation and matter; but much progress has been made and, 
through further research, additional light Avill be shed on nature \s intricate 
and beautiful interrelations. Who, for instance, will be the first to deter- 
mine whether the positron or the proton also possesses dual characteristics ? 

PROBLEMS 

1 . The half life of Ra C is 19.7 min. What fraction of a given sample of this 
substance will be transformed in ten days? 

2. How long a time would be required in order that only 10 ® of the original 
supply remained? 
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3 . Could a knowledge of the half-life period of a radio-active substance be 
useful in its identification? 

4 . Compute the equivalent wave length of a 10,000-electron volt proton 
Express the result in Angstroms. 

5 . If the equivalent wave length of 100- volt electrons is 1.2 A, what would 
be the crystal-grating space if the first order maximum reflection from a crystal 
occurred at 40° ? 

6. Plow much energy will l)e released when the nuclear reaction 

A12' + + IE 

takes place? 

7 . The maximum orbital radius of deuterons being accelerated in a cyclotron 
is 50 cm. The magnetic field has a value of 5,000 gausses. What will be tht^ 
kinetic energy of the deuterons as they emerge from the dees? Plxpiess the 
result in both ergs and mev. What would be the kinetic energy of a-particles 
under the same conditions? 
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THERMIONIC TURP:S AND THEIR OSES 


232. The Diode. The theory of thermionic emission was discussed 
in Se(!. 188, and the control of free electrons by means of the anode and 
by a grid was considered in Secs. 189 and 192, respectively. These 
topics should be reviewed at this point. 

We have seen that the two-electrode thermionic tube, or diode, 
exhibits unilateral conductivity, electrons passing from the filament 
(cathode) to the plate (anode). Extensive use is made of this property 
for the purpose of rectifying alternating (nirrent. For comparatively low 


B 




Fic. 3 * 40 . — Diode us(‘d ns a rectifying agent. 

voltages two of the most common commercial units of this character are 
known as “Rectigon’’ and “Tiuigar” rectifiers. A typical circuit layout 
is shown diagrammatically in Fig. 346. The tube consists of a glass bulb 
filled with an inert gas, such as argon, and containing a short heavy 
tungsten filament F and a thick graphite plate serving as anode A . The 
filament is heated from a part of the secondary winding of the step down 
or autotransformer T, In the diagram, B represents a storage liattery 
that is to be charged. If the filament F is heated, a copious supply of 
electrons will be liberated and, during the positive half cycle of the 
alternating emf, these free electrons will be attracted to the anode A. 
During the negative half cycle the electrons will be repelled by A, and 
hence the space current will be zero. In moving toward the plate A the 
electrons usually acquire a velocity of sufficient magnitude to ionize the 
gas present in the bulb, and thus augment the space current. The energy 
transfer through the tube will be in the nature of a pulsating unidirec- 
tional current that may be utilized to charge the secondary cells or 
for other purposes. Rectigon and Tungar rectifiers are made to deliver 

607 
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currents up to 6 amp and potentials as high as 75 volts. The organiza- 
tion just described gives half-wave rectification, as indicated in Fig. 347. 

Another widely used two-electrode rectifying device is known as the 
mercury-arc rectifier. A diagrammatic sketch of such a unit is shown in 
Fig. 348a. While this device actually has more than two electrodes, it is 
essentially the same as a two-electrode unit. It is so designed that it will 
handle relatively large currents and give full-wave rectification. The 
glass pear-shaped bulb has four connections sealed into the wall and ter- 
minating on the inside in graphite oi* iron electrode's. Mercury covers 
two of these electrodes, 0 and D, The two electrodes A and A' are 



Fic. 347. — Half-vvavo rectification. 


commonly called anodes, though during a part of the cycle they are 
actually negative. The bulb is thoroughly exhausted of air, with only 
mercury vapor remaining. When cold, the internal resistance of the 
tube is so high that current will not pass between cither of the anodes and 
the cathode. If the mercury vapor is ionized, however, current will pass 
from either A' or A to C, depending on which of the anodes is positive. 
In order to start the rectifier, arrangements are provided for tilting the 
bulb so that a bridge of mercury is formed between the auxiliary electrode 
Z>, and C. Upon being returned to the normal vertic.al position, an arc 
between D and C is formed and some of the mercury is thus vaporized. 
The heated mercury at C liberates electrons which, by collision, ionize the 
mercury vapor in the region between the cathode and the two anodes 
A and A'. During one-half of each cycle one of the electrodes, A for 
instance, is positive and current will pass from it to C. It will thus be 
seen that the current in the load circuit is always in one direction, and 
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this is in effect a direct current. Unless some provision is made for 
maintaining the current while the emf at the terminals of the secondary 
of the transformer T passes through zero, the tube would cease to func- 
tion. Tn order to obviate this a reactance coil L (sometimes called a 
sustaining coil), having a large inductive reactance and low ohmic resist- 
ancre, is included in the load circuit. This reactan(*e causes the current 
to lag somewhat behind the emf, with the n^sult that there is still some 
current flowing fi'om A to C, for instances, while it is beginning to flow' 
from A' to C ; thus the current in the load circuit at no time reaches zero. 
Once started, therefore, the ionizing pro(*-ess is continuous. The presence 
of the reactance also serves to rediu^e the emf ripple in the output. 


COOLING 

CHAMBER 
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(a) 

Fig. 348. — Mercury-arc; rectifier. 



(a) Siiij^le-phase; (6) three-phase. 


The unit just described would be called a single-phase rectifier. 
Rectification of the cnirrent in a three-phase circuit may also be accom- 
plished. The essentials of a three-phase organization are shown sche- 
matically in Fig. 348^. In the sketch > 8 ], S 2 , and S-i are the secondaries 
of a three-phase transformer; Aiy ^ 2 , and .4 3 are anode terminals; and R 
the load resistance. In the three-phase re(;tifier no sustaining reactance 
is necessary. 

During operation the voltage drop across a single -phase rectifier of 
the mercury type is about 14 volts. The over-all efficiency runs from 
80 to 90 per cent, with a power factor approaching 0.9. Mercury- 
arc rectifiers are made in a variety of sizes and are used for charging 
storage batteries, for arc lighting purposes, and for supplying current to 
moving-picture equipment. Mercury-arc rectifiers have recently been 
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developed, using iron tanks instead of glass bulbs, that will deliver several 
thousand amperes. 

A full-wave rectifying assembly that is widely used in the field of 
communication engineering makes use of two diodes and a ^'smoothing 
filter^^' a diagram of the circuit employed is shown in Fig. 349. Fre- 
quently the components of two diodes are assembled in one glass inclosure, 
thus making the rectifier a one-tube unit, as shown in the sketch. The 
transformer T usually has two or more secondaries, the high-potential wind- 
ing >Si, and the filament winding The filter is of the high-pass type, 
being so designed as to reduce the 120-cycle ripple to a negligible quantity. 
Such a unit is widely used to supply high potential (several hundred volts) 
for use in connection with audio amplifiers (Sec. 237) and radio receiving 
sets. In such cases the condensers, Ci and C 2 , would have capacitance 



values of the order of 8 ^tf each, and the inductances, Li and L 2 , would 
have values ranging from 15 to 30 henrys. The resistor known as a 
^^bleeder,’^ serves to stabilize the output and also to discharge the con- 
densers when the filter is disconnected: R has a value of the order of 
35,000 ohms. The high-potential current supplied by such a rectifier is 
measured in milliamperes, though in the larger units (two-tube type) the 
rectified current may reach a value of an ampere or more. 

Two types of diodes are used in rectifier assemblies of the character 
just described. One is a high-va(;uum tube, which utilizes primary 
electrons exclusively. The other employs mercury vapor at low pressure, 
thus providing increased space current as a result of ionization. Mer- 
(^ury-vapor rectifier diodes are available in sizes ranging in output from 
a few milliamperes at a few hundred volts to units which will deliver as 
much as 5 amp at 20,000 volts. In this type of diode the tube voltage 
drop is largely independent of the load and is of the order of 15 volts. 
In the vacuum type diode the tube drop is higher and is a function of the 
load current. Vacuum diodes are made to handle anode voltages as 
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high as 50,000 and current capacities up to 8 amp. In units of this size, 
the anodes are usually water-cooled. Small vacuum diodes are also 
available. The type of rectifying tube to be employed, in any given case, 
depends upon the character of the load circuit. If the load is more or 
less constant, a vacuum diode may function satisfactorily; if, however, 
the load is constantly changing in magnitude, the mercury- vapor type of 
rectifier will usually meet the requirements better. 

The assembly above described would be referred to as a single phase, 
full-wave rectifier. By the use of six diodes it is possible to effect full- 
w^ave, three-phase rectification. Such circuits are described in any 
standard work on communication. 

233. Grid -controlled Rectifier Tube. For certain purposes the utility- 
of the gas-filled rectifier tube, using mercury vapor or argon, can be 
increased considerably by the introduction of a control member between 
the cathode and anode. This component, which usually takes the form 
of a grid, performs a somewdiat different function than the corresponding 
element in the triode (to be discussed shortly). In the grid-controlled 
rectifier the grid serves to initiate the passage of the space current, but 
once ionization begins the grid has no further effect on the space current , 
it functions as a triggering device. If the grid is held at a slight negative 
potential, the particular value depending on the anode voltage (0 to 5), 
no space current will pass; but if the negative grid potential is reduced, 
ionization will begin promptly, and the electronic current will continue 
until the anode potential again reaches zero. This effect is due to the fact 
that the positive ions form a space charge about the grid and thus neu- 
tralize its negative potential. By the use of such a tube, supplied by an 
alternating anode potential, it is possible to arrange conditions so that 
the current will pass for a definite fraction of a half cycle. Wide use is 
made of such a controlled rectifier. Among those applications may be 
mentioned their utilization in producing the saw toothed w ave form needed 
for actuating the sweep circuit in the cathode-ray oscillograph (Sec. 198), 
and their use in electric welding operations. When equipped wdth a metal 
housing, such a unit may deliver several hundred amperes for an interval 
of time measured in microseconds, the deionization time being of the 
order of 1,000 microseconds. 

Grid-controlled rectifier tubes are referred to as th 3 rratrons, gas 
triodes, or grid-glow tubes, depending upon the manufacturer, the first 
mentioned being the most common designation. 

A tube that combines the control features of the thyratron and the 
high current capacity of the more common arc rectifier has been intro- 
duced by Slepian and Ludwig. This unit, known as the ignitron, has 
come into rather extended commercial use. Descriptions of the ignitron 
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are to be found in ^‘Enpneering Electronics^^ by D. G. Fink, and in 
'^Electronics” by Millrnan and Seely. 

234. Characteristics of a Triode. The fundamental theory of the 
three-electrode tube (triode) was considered in Sec. 192. We come now 
to a study of the operating; characteristics of this very important devi(‘(\ 



Fig. 350. — Graphs showing the relation between plate current and griil potential in 
^ the case of a representative triode (type 6(\5). 

// 

I / It has been shown that the magnitude of the space or plate current 
for a given tube is given by the general relation 

7, = fiE„, E^, 7V), (274) 

where Eg is the grid potential with respect to the cathode, Ep the plate 
potential also with respect to the cathode, and T'f the temperature of the 
cathode. Since the cathode is usually held at a fixed temperature, we 
shall assume that this factor is constant. The plate current for a particu- 
lar tube, then, becomes a function of the grid and plate potentials, Ip thus 
becoming the dependent variable, and Eg and Ep the independent varia- 
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hies. Much can he learned about the functioning of the triode from a 
study of the interrelation of the several factors mentioned above. Such 
a study involves what are called the characteristics of a tube; these 
distinguishing properties are usually represented in graphic form, the 
graphs being referred to as characteristic curves. 

The relation between plate current and grid potential, Avhen the anode 
potential is held constant, constitutes one of the important character- 
istics of the triode. A family of cuiwes depicting this relation for a par- 



PLATE POTENTIAL 

Fig. 351. — Curves showing the relation }>etween plate current and jdate potential for 
various biasing potentials in the case of a 6C5 triode. 

ticular tube is given in Fig. 350. These curves bring out three facts: (1) 
at a certain negative grid potential the plate current becomes zero; (2) 
an increase in anode potential serves to shift the curves to the left without 
changing their slope; and (3) the graphs are approximately linear for a 
part of their length. If the grid had been made positive, the curves ulti- 
mately would have bent over toward the right, which would have indicated 
that saturation had been reached. However, with this particular tube, a 
positive grid potential would have resulted in excessive plate current and 
possible damage to the tube. 

The relation between plate current and plate potential is also signifi- 
cant. Such a family of curves is sketched in Fig. 351. Here we see 
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what to expect in the way of plate current when both Eg and Ep are 
changed. 

A third representation of the characteristics of a triode may be had 
by plotting grid potential against plate potential, as shown in Fig. 352, 
These graphs are drawn for various fixed values of plate current. They 
show the grid-plate relation which must obtain if the plate current is to 
be maintained at some given value. 



PLATE POTENTIAL 


Fig. 352. — Graphs showing the relation between the grid potential and the plate 
potential of a typical triode (6C5). 

"" 236. Coefficients of a Triode. The most important coefficients of a 

triode are: (1) the amplification factor /x; (2) the dynamic plate resistance 
rp; and (3) the transconductance (The last-mentioned factor is some- 
times called mutual conductance.) 

The amplification factor indicates the relative effectiveness of the 
plate and grid potentials in controlling the plate current. More specif- 
ically, it is defined by the relation 


M = 



(275,) 


Partial derivatives are used because the factor Ip is held constant. Tli(‘ 
negative sign indicates that the plate potential and the grid potential 
must be changed in opposite senses if Tp is to be held constant. If a set 
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of EjrEg curves (Fig. 352) is available, the value of /x luay readily 
determined. The slope of any one of those curves will give the numerical 
value of n for that particular value of plate current. From an examina- 
tion of Fig. 353 it will be obvious that m does not vary greatly. The value 
of this coefficient for any given tube will depend upon its structural 
details (such as the fineness of the grid mesh) and its relative position with 
resp(K*t to the cathode and the anode. Commercial triodes have /x values 
ranging from 1 to 100. For instance, if a tube had an amplification con- 
stant of 20, it would mean that 1 volt on the grid would produce the same 
change in plate current as a 20-volt change in the anode potential. 

It is left for the student to discover how one might determine the 
A'alue of M from the Ip-Eg curves. 

As the electrons move between the filament and the anode in the 
triode, they encounter what amounts to resistance. This opposition is 
due to the space charge and to any negative charge on the grid. If we 
were to divide the plate potential by the space current we should have 
what is known as the static, or d-c, plate resistance. However, this aspect 
of the picture does not concern us greatly. What is of importance is tin* 
so-called dynamic plate resistance of a tube, a relation giving the opposi- 
tion offered by the plate circuit to a changing current. The formal 
definition of this quantity is 



The value of this coefficient can be determined from any member of the 
IjtEj, family of curves, as indicated in Fig. 351. It will be obvious that 
the magnitude of the dynamic plate resistance is a function of the plate 
current; hence when speaking of this coefficient one should always specify 
the corresponding anode current. The curve shown in Fig. 353 
should be examined in this connection. 

The relation between grid potential and plate current is, in some 
respects, the most important of the three coefficients that we are consider- 
ing. This factor (transconductance) has to do with the relation between 
the a-c components of grid potential and plate current, and is defined by 
the equation 



Thus we see that this factor determines the change in plate current that 
is to be expected per volt change in grid potential. The value of this 
coefficient can be determined from any member of the IjrEg group of 
curves, as shown in Fig. 350. Inspection of the gm curve (Fig. 353) 
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reveals that this factor is also a function of the plate current. The tube 
for which the curves are given has a transconductance of 2,000 )umhos, 
when the plate current is 8 ma. This means that th(i plate current will 
change 2 ma when the grid undergoes a change in potential of 1 volt. 
Triodes commonly used in radio receiving sets have transcjonductancic 
values ranging from about 1,000 to 2,000 /mihos at normal plate current 



F'ig. 353. — Curves showing the value of the several tube characteristics as a function 

of the plate current. 


values. Tubes used as power amplifiers have values as high as 5,000 
jumhos. The three coefficients above discussed are interrelated. A con- 
sideration of the defining equations [Eqs. (275) to (277)] will disclose that 
the relation 



(278) 


obtains. From this it is evident that the transconductance of a tube will 
be high if the amplification factor is high and the dynamic resistance low\ 
These three coefficients become basic considerations in connection 
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with the design of radio and other communication equipment. Methods 
of measuring these quantities experimentally are outlined in any standard 
laboratory manual on electronic tubes. 

236. The Triode as an Amplifying Device. The triode is an exceed- 
ingly versatile device; it may, and does, perform many important func- 
tions — functions that, in recent years, have served to change the character 
of society and, indeed, the history of the human race. From the dis- 
cussion of the preceding section it is evident that we have in the triode 
a devi(^e whereby a relatively small cliange in potential may be made to 
control a comparatively large amount of energy. It is this property of 




Fig. 354. — Triode used as an amplifying device. 

a triode which is responsible for many of its important uses. Let us 
examine, somewhat in detail, how this may be accomplished. 

The essentials of a single-tube amplifier are indicated in (a) of Fig. 354, 
and the potential and current relations are depicted in (5) of the same 
sketch. Zb represents a load impedance, Eb the source of constant anode 
potential, and Ec is the so-called ^‘biasing” potential applied to the grid. 
If Ec were made zero, and the signal voltage Eg also zero, the plate current 
would have a constant magnitude represented by op, the actual value 
being determined by the magnitude of Eh and the total ohmic resistance 
of the plate circuit. If, under such a condition (zero grid potential), a 
signal voltage were to be impressed on the grid, the control member 
would become positive during a part of its swing, with the result that the 
operating point p would traverse a part of the characteristic which is not 
straight; hence the response in the plate circuit would not be linear. 
Since, for most purposes, it is desirable that th(i variation in plate current 
shall be, so far as wave form is concerned, a replica of the signal voltage, 
it is necessary to so bias the tube that the quiescent operating point p' 
shall be roughly midway on the straight section of the tube characteristic. 
This is accomplislied l)y appl>dng a fixed negative potential Ec to the grid. 
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fn the case of the 6C5 tube, for which certain data have previously been 
given, the proper biasing voltage is —8. With that potential on the grid 
the steady plate current (no impressed signal voltage) would be repre- 
sented in magnitude by oa. If now a signal voltage, having the magni- 
tude and wave form shown, is impressed on the grid — f.c., between 
the grid and the cathode — the plate current will vary as indicated by th(^ 
curved section xx' . In short, we will have a varying direct current in the 
load circuit of the tube. This current may be thought of as consisting 
of a constant d-c component and an a-c component Under the circum- 
stances just outlined, if the grid swing’’ does not carry the operating- 
point p' on to the nonlinear part of the characteristic, the alternating- 
component of the plate will be a replica of the signal voltage. Due to the 
alternating component of the plate current, an alternating potential 
difference will appear at the terminals of the load impedance Zh, 
whose magnitude will be given by ZJac^ This potential difference will, 
in general, be greater than the signal voltage. 

The voltage amplification that may be secured wall be given by the 
expression 


where Eg is the signal voltage, f.c., the potential difference applied betw een 
the grid and cathode. If the load impedance is a resistor, the above 
expression becomes 


A r - 


acEb 

~E~ ‘ 


(ii) 


Since, as previously indicated, the drop across the load resistor would be 


it follows that 


Eh = lacEb, 



(Hi) 

(iv) 


Now' the ecpii valent a-c circuit for a triode may be diagrammatical!}^ 
represented as depicted in Fig. 355. On this basis the alternating current 
in such a circuit is 


pEg 

Rp Rh 


(v) 


Combining the last two relations, we have 

_ fiEgRb 
~ Rp + R: 


(Vi), 
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Substituting the value for Er given in (vi) in (iv), there results 




Rp -j- Rb 


(279) 


which gives the voltage amplification in terms of quantities which, in 
any given case, can be determined. In the last equation Rb/{Rp + Rb) is 
always less than unity ; hence the amplification will be less than y. This 
equation is fundamental to amplifier design and operation, and should 
be carefully noted. If the amplifier is to be used for voice or music, the 
load impedance may consist of a pure resistance, the voice coil of a loud 
speaker, or the primary of a transformer. 



Fkj. 355. — The equivalent a-c circuit in the case of a triode functioning as an amplify- 
ing agent. 


237. Amplifiers. Amplifiers are classified either on the basis of their . 
frequency range or on their mode of operation. Under proper conditions 
a triode will faithfully amplify any signal frequency ranging from 1 
cycle/sec to many megacycles; it can also be made to amplify a direct 
potential. If the frequency range falls between, say, 35 and 15,000 
cycles, the assembly is classified as an audio amplifier; if the range is 
expressed in kilocycles and megacycles, we would be dealing with radio 
amplifiers. Any triode will respond to this enormous gamut of frequen- 
cies, if and when it is associated with a circuit having suitable electrical 
characteristics. 

On the basis of the mode of operation, amplifiers fall into three groups, 
the first of which is designated as class A. A class A amplifier is one that 
is so biased that the output wave form is a replica of the input potential 
wave. The conditions described in the preceding paragraph are those 
which would make that possible. Many audio amplifiers are of this type. 

A second type of amplifier, known as class B, operates with a negative 
bias approximately equal to cutoff, t.e., the tube is so biased that, with 
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no signal impressed on the grid, the operating point is at some such point 
as p" (Fig. 3546). This means that when a sinusoidal signal voltage is 
impressed on the grid, the plate current will consist of a series of half-sine 
waves, similar to those which obtain in the case of a luilf-wave nn^tifier. 
Such amplifiers are used principally in radio transmitters, and occasion- 
ally in audio amplifiers. The class B amplifier is characterized by highei* 
efficiency and higher output than the class A type. 

A third form of amplifier is designated by the term class C. In this 
type, high output is the chief consideration. To attain this, the grid is 
biased considerably beyond cutoff, and a relatively high signal voltage 
is impressed on the grid. In operation the grid may swing positive, with 



Fig. 356. — Relation of the dynamic charact.(Tistic of a triode to its static characteristic. 

the result that the plate current may reach the saturation value. The 
efficiency and power output are higher than in the case of class B opera- 
tion. Such amplifiers are employed only at radio frequencies. 

It is to be noted that the essential difference between the several 
classes of amplifiers above described depends upon the magnitude of the 
biasing potential. It should also be observed that if the grid potential 
becomes positive during any part of the cycle grid current will flow, thus 
causing a distortion of the input wave form, which in the case of audjp 
amplifiers is to be avoided. 

The foregoing discussion has been based, for simplicity's sake, on the 
assumption that the static characteristic is identical with the operating, 
or dynamic characteristic. Actually, this is not the case except in one 
or two special instances, 

A static characteristic curve, such as that shown in Fig. 3546, is made 
under the contlition that there is no external impedance in series with the 
plate potential source When a tube is operating into a load (Fig. 
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351a), there will be a variable drop in potential in the anode circuit due 
to the pn^sence of the load impedance. This will change, somewhat, the 
form (jf the characteristic cAirve. A curve taken under operating condi- 
tions is referred to as a d5mamic characteristic. 

As indi(‘ated above, the presence of impedance in the plate cinuiit will 
tend to change the slope of the characd/Oristic curve; in general, the curve 
will be straightened and the slope decreased. Since any tube used as an 
amplifying device will operate into a load, as indi(aited in Fig. 354a, any 
increase in plate current will result in an increased drop over the load 
impcHlance; hence the potential actually applied to the plate will be 
decr(‘ased. As a result, the operating, or dynamic, characteristic will 
lie below the static curve, as shown by the slanted line in Fig. 350. Since 



the load impedance may be, and often is, at least in part, a pure resistance, 
it may be said that the larger the load resistance the longer and straighter 
will be the dynamic characteristic curve. If, then, the load resistance 
Rb is large, there is less danger of distortion due to relatively large signal 
swings. 

In the event that one triode tube with its associated circuit 
(single-stage amplifier) does not yield a sufficiently high amplification, 
one may arrange to couple successive tubes in such a manner that the 
output of one t\ibe supplies the input potential difference to the succeed- 
ing stage. The three most common methods of coupling are (1) by means 
of a resistance and a capacitance; (2) by means of an inductive reactance 
and a capacitance; and (3) by means of a transformer. The circuit of a 
resistance-capacitance coupled amplifier is sketched in Fig. 357. The 
grid of the second stage utilizes the drop over R^ as its impressed potential 
difference. This alternating potential is passed by the coupling con- 
denser C. If necessary, Ra may serve to supply a drop (potential 
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difference between its terminals) by which a third stage may be acjtuated. 
In the case of an audio amplifier, C will have a value of the order of 0.25 
/xf. The value of the coupling resistor Ri will be in the region of 100,000 
ohms. 

A resistaiK^e-coupled amplifier operated as a class .1 imit giA'<Ns a 
relatively high fidelity response. 




Fig. 359. — Transformer-coupled amplifier. 

In the reactance-capacitance coupled amplifier (Fig. 358) an induct- 
ance replaces the coupling resistor R^. of the resistance-coupled organiza- 
tion. In order to secure a suitable voltage drop across the resistor of the 
resistance-type coupling, a high value of resistance must be used. This 
results in a low plate current. This is avoided in inductively coupled 
amplifiers by making the magnitude of the inductance high and the 
resistance of the coil relatively low. Reference to a-c theory (Sec. 161) 
will show that the magnitude of an inductive reactance is a function of the 
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frequency. Hence this type of coupling will show some frequency dis- 
crimination. In practice, a compromise is usually made between the 
L and R values so that the distortion is not serious. In an audio amplifier 
(jf this type the coupling inductance would have a value of the order of 
100 nih.' 

The circuit diagram for a transformer-coupled amplifier is seen in 
Fig. 359. This is a widely used type of coupling. The over-all gain per 
stage is relatively high, and, with well-made transformers, a high degree 
of fidelity can be attained. For mid-range frequencies the gain per stage 
is fin, where n is the step-up ratio of the coupling transformer. 

Thus far in our discussion of amplifiers we have considered them only 
as a means of increasing the alternating potential difference (signal 
voltage) applied to the grid of the first tuV)e. The triode may also be 
utilized for the purpose of augmenting the energy conveyed to the 
amplifying organization. Before discussing how this may be accom- 
plished let us examine the power relations involved in the amplification 
process. 

The power output of a triode operating in a circuit such as we have 
sketched in Fig. 354a would be 

P = lauRt; 

and, since we have already seen that 

r _ fiPs 

R, + 


tlie above expression for power may be written 

p _ fi-Es^Rh 

{R^ -h R,r 


(280) 


If Eq. (280) is differentiated, and the result equated to zero, it will be 
found that the value of P will be a maximum when Rj, == Rh. Under 
those circumstances 



(281) 


In this important relation, Es is expressed in rms values. 

To summarize, then, it may be said that, in order to secure maximum 
voltage amplification, the load resistance should be as high as feasible; 
and, to secure maximum power output, the resistance of the load or 
leceiving circuit should be equal to the plate resistance. Our discussion 
might have been generalized — f.e., we might have replaced resistance by 
impedance — but the form of the final result would have been the same. 
A general statement would be to the effect that the load impedance 
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should match the tube impedance in order to secure maximum transfer 
of power. It is to be observed, however, that a tube, when used as an 
amplifying device, does not create energy; the energy that it passes on 
comes from the local anode source of potential — from a battery or othi^r 
d-c source. An ordinary transformer passes on only the energy supplied 
to it; the electron tube releases energy from a local source. This fact 
should be kept clearly in mind when dealing with electronic amplifiers. 

There are many types of electron amplifiers, some of them using 
multielectrode tubes (Sec. 241). Each is designed for a particular pur- 
pose and to meet the general requirement of maximum power output 
with a minimum of distortion. We have confined our discussion to 
certain basic principles; details are available in any standard work on 
engineering electronics. 

238. The Triode as a Generator of Alternating Currents. A second 
and highly important function that the triode is capable of performing 
is that of serving as a generator of alternating currents at frequerudes 
ranging from a fraction of a cycle per second to several billion. When 
operating as an a-c generator it is commonly referred to as an oscillator, 
an oscillator being officially defined^ as a ‘^nonrotating device for pro- 
ducing alternating currents, the output frequency of which is determined 
by the characteristics of the device.'^ It is because of its amplifying 
characteristics that a triode can function as an oscillator. Indeed a 
vacuum-tube oscillator may be thought of as a self-excited amplifier; 
instead of receiving an exciting potential difference from some outside 
source a part of its own output energy is fed back, under proper condi- 
tions, to the grid. Various circuits have been devised whereby this 
'Teed back'' may be brought about. We shall examine only one, by 
way of illustration; the diagram of a representative circuit is indicated 
in Fig. 360. It will be noted that the plate and grid circuits are induc- 
tively related, and that the plate inductance Lp is shunted by a capaci- 
tance Cp. If we think of the tube as an a-c generator, it will be seen 
that the L-C combination in the plate circuit forms a closed circuit that 
will have a definite oscillation frequency, and that this circuit is in parallel 
with the generator. (At this point the student should carefully reread 
Sec. 166.) Ec is a suitable source of biasing potential, and C is a so-called 
"blocking" condenser, its only function being to prevent a direct con- 
nection between the positive terminal of Eh and the grid. It is also to 
be noted that the source of plate potential Eh is connected in parallel 
with the tube and the plate circuit, instead of in series as in the amplifiers 
previously examined. (Any amplifier could be so connected, and often 
is.) With tins type of Eh connection, no direct current flows through the 

^ Standards, IRE. 
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L-C circuit. L is an inductance the impedance of which is of such a magni- 
tude that it will not pass an appreciable amount of alternating current 
of the frequency which is being generated by the tube; it is referred to as 
the '‘plate choke coiiN 

Having examined the ciremit as such, the next question that presents 
itself is: How are the electrical oscillations started, and once started how 
are they maintained? 

To find an answer to that question, let us suppose that the filament is 
heated and that thermionic emission is taking place; but let the connec- 
tion to Eh be open. Suppose now that we close this circuit. Space 
curi'erit Ip will at once begin to flow, and a potential pulse will also have 



Fig. 300. — Th(* triode as an a-c generator. 

been impressed on plate L-C circuit. This potential pulse will initiate a 
minute oscillating current in the Lp-Cp circuit. The situation is some- 
what analogous to the case of a pendulum when slightly touched. The 
pendulum will be set into mechanical oscillation in its own natural period 
of vibration. So, too, will the circuit being considered; it will oscillate 
electrically at a frequency determined chiefly by the constants Lp and 
Cp, though the amplitude of the oscillations will be exceedingly small 
and they will quickly die out unless additional energy is supplied from 
some outside source. 

Now, since Lp and Lg are inductively related or “coupled, the small 
alternating current in the circuit LpCp will, by induction, give rise to 
an alternating emf in Lg. Thus an alternating potential, having a 
frequency determined by the constants of the parallel resonant circuit, 
will be impressed on the grid of the triode. This alternating grid poten- 
tial will, as we have seen, cause corresponding variations in the direct 
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current through the tube. These current variations will give rise to a 
variable potential difference between the points x and x'. This will 
result in an augmented oscillating current in the L-C circuit, which, 
in turn, will give rise to a wdder swing of the inducted grid potential. 
Hius it is seen that the process is cumulative, the additional energy 

required being supplied by tlu^ d-c 
sour(‘e Eh. The grt)wth of the 
oscillating current in the parallel 
resonant (nrcuit is subject to 
certain well-d(‘finod limitations, 
which we will (‘\amine shortly. 
But for the moment let us glance 
at the phase relations that, must 
obtain if oscillations are to start. 

Keeping in mind that the tub(‘, 
in effect, acts as a generator that 
is developing an alternating pot en- 
tial equivalent to nnd also 
noting that the grid of the tube 
has a fixed negative bias, it will 
be seen that the alternating (com- 
ponent of the plate j)otential will 
differ in phase by 180° from the 
alternating comi)onent oi the 
plate current. This a-c potential, 
which ai)pears betw^een the points 
X and x', constitutes the voltage 
across the primary Lp of an air- 
core transformer of w'hich L„ is the 
secondary. We have seen (Sec. 
146) that the voltage induced in 
the secondary of a transformer 
differs in phase by 180° from that in the primary. Hence the alternating 
potential induced in the grid circuit will be in such a direction as to tend 
to sustain the oscillations, if and when the coils Lp and Lg bear the proper 
inductive relation to one another. This condition obtains when the wind- 
ings in the two coils have their turns in the same direction. The phase 
relations above referred to are graphically represented in Fig. 361 ; the 
chart should be carefully studied. 

If the energy supplied to the anode circuit by Eh is less than that, 
necessary to compensate for the loss of the L-C circuit, the oscillations 
will decrease in amplitude and eventually cease. If, however, the 
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THERMIONIC TUBES AND THEIR USES 


527 


energy supplied is equal to the loss above mentioned, the oscillations 
will just be sustained. In the event that energy is abstracted from the 
L-C circuit by means of an associated load circuit, additional energy 
must be supplied by Eh. The degree of excitation can be changed by 
adjusting the coupling between the plate and the grid circuits. In order 



Fig. 362.— Typical air-cooled triode Fig. 363— Water-cc»ol(‘d triode for 
designed for use as an r-f power oscillator use as an r-f power oscillator or amplifier, 
or amplifier. {Courtesy of Radio Cor- {Courtesy of Western Electric Co.) 
poration of America.) 

to accomplish this, if the case be one of electromagnetic coupling, the 
relative physical position of the grid and plate coils may be changed, 
or their turn ratio modified. If the coupling is electrostatic, the value 
of the coupling capacitance is varied. 

The maximum oscillating current amplitude mil be limited by two 
conditions which depend upon the characteristics of the particular tube 
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being used: (1) the anode current cannot have a value less than zero, 
and (2) the saturation value of the plate current will limit its maximum. 
'Fhere is also an additional factor that must be considered in determining 
the maximum energy that any given tube can deliver to a load circuit. 
This factor is the energy-dissipating ability of the anode. The bombard- 
ment of the plate by the electrons produces heat, and this thermal 
energy must be dLsposed of or the tube will be electrically and mechani- 
cally wrecked. In tubes rated at a few watts oscillating-currmit out])ut, 



(c) 

Fig. 364. — Circuits most commonly used for the production of electri(^ o.siullatioii.s 
(o) Hartley; (6) t^olpitts; (r) tuned-plate tuned-Krid. 


simple radiation from the plate is depended upon to accomplish this end. 
In the case of tubes rated in kilowatts, some form ol air or water cooling 
is provided. An air-cooled triode is shown in Fig. 3(52, and a water- 
cooled unit is illustrated in Fig. 363. The power rating of a tube is 
based upon its ability to dissipate thermal energy at the plate. For 
example, a 50-watt tube will dissipate 50 ivatts as thermal energy at the 
anode. Triodes used as oscillators operate at efficiencies ranging from 
60 to 75 per cent. 

Various circuits have been devised by the use of which a triode may 
be made to serve as an a-c generator. Several commonly u,sed circuits 
are sketched in Fig. 364. These circuits illustrate various ways of 
feeding back to the grid a certain part of the output (iiiergy in the proper 
phase relation. 
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In the tun(Hl-])late tuned-grid oscillating circuit c, tlie energy transfer 
from the plate to the grid takes pla(*.e electrostatically, the interelectrode 
capacitance acting as the condenser. All of tliese circuits ar(‘. ecpially 
efficient. The particular cinuiit to be used is determined, in part at 
least, by the nature of the electrical load. 

In dealing with the triode as an a-c generator, the (piestion of fre- 
(luency stability naturally arises. In general terms, the magnitude of 
the inductance and capacitance of the plate circuit detc^rmines the 
frecpiency of the electrical oscillations being dc^veloped. (This circuit 
is fre([uently referred to as the ^H-ank^’ circuit.) It may however be 



(a) (b) 

Fig. 365. — Use of a (ciartz ])lai(‘ for the control of the frequency in an oscillutinji»: 
eircaiit. (a) (^ircuit commonly employed; (6) the cinmit which is equivalent to that 
shown in (a). 

showid that the frequency of a tuned-plate oscillator is given by the 
expression 



where Ro is the resistance of the oscillating (tank) circuit, L„ its induct- 
ance, and R p the tube\s plate resistance. It will be recalled [Eq. (276) 
and Fig. 353] that the plate resistance is not a fixed (piantity. Any 
variation in the emission or the anode-supply voltage will cause slight 
changes in Rp, and hence, because of relations indicated by Eq. (282), 
will result in a change in the frecpiency. If a high degree of frequency 
stability is desired, as is usually the case, recourse is had to the use of 
piezoelectric control (Sec. 110). 

The circuit assembly in which a quartz crystal may be used for the 
control of frequency is sketched in Fig. 365a. The mechanical char- 

’ A clear discussion of this topic, in mathematical form, is to be found in ‘^Princi- 
ples of Radio Engineering,” by R. S. Glasgow, p. 264. 
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acteristics of a piezoelectric crystal are equivalent to certain electrical 
quantities, as indicated in Fig. 3656. C" represents the capacitance 
of the two plates of the crystal holder. The series-resonant circuit 
elements C, L, and R represent the corresponding mechanical quantities 
of mass, compliance, and friction. When the plate circuit is adjusted 
to approximate resonance with the natural frequency of the (irystal, 
oscillations take place at the crystal frequency. The energy recjuired 
to maintain the oscillations is fed back electrostatically through th(^ 
capacitance existing between the plate and the grid electrodes. The 
output of such an oscillator unit is commonly augmented by one or more 
stages of amplification, as w^e shall see later. A very high degree of fre- 
quency stabilization may be secured by such a combination. 

239. The Triode as a Modulator. Energy in the form of a h-f 
alternating current may be conveyed to an antenna system and from 
thence radiated into space; or energy may be impressed upon a physical 
line and thereby guided to some distant point. In either event, if 
intelligence is to be transmitted, some means must be provided whereby 
the h-f current (the so-called carrier wave) can be modified in con- 
formity with a system of signals, or by sound waves. Such a process 
of modification is known as modulation, and we shall see that a triode 
tube may be made to accomplish this end. 

There are three methods by which a modification of the carrier 
wave may be effected; these are amplitude, phase, and frequency modula- 
tion. Our limitations will permit discussion of the first type only, which, 
incidentally, is the most widely used, at least for sound transmission. 

Amplitude modulation consists in modifying the amplitude of the 
carrier wave in conformity with the character of the signal. The process 
of amplitude modulation may be graphically illustrated as shown in 
Fig. SfiG. The upper trace a represents an unmodulated carrier wave 
whose frequency is, say, 10® cycles/sec. If by some means we could 
modify the amplitude of the carrier by means of, for instance, a 
sinusoidal 1,000-cycle signaling wave 6, the modulated wave would take 
the form shown in c. The curved line would be spoken of as the envelope 
of the modulated carrier wave and would correspond to the shape of 
the modulating signal. 

The degree to which the carrier wave is modulated is given by 

M - (283) 

A and A' having the significance indicated in Fig. 366c. For purposes 
of measurement, the degree of modulation is given by the relation 
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Percentage modulation = — X 100. (284) 

■* max 

A case where the modulation is 100 per cent is illustrated by the trace 
marked d. The fundamental principles involved in amplitude modula- 
tion can be outlined as follows. 

Assuming, by way of illustration, that the carrier is a simple sinu- 



>» /vx/wv 




Fig. 366. — Amplitude modulation, (a) Carrier wave; (b) modulating wave; (r) 
partial modulation ; (d) 100 per cent modulation. 

soidal Avave, the instantaneous value of that current wave would be 

i == sin (i) 

where the subscript c refers to the carrier current. If the amplitude 
of such a current wave is caused to vary in a sinusoidal manner and 
at a frequency less than that of the carrier, the maximum current 
amplitude would be given by 

= le(\ + m sin (ii) 

where h is the carrier maximum; the signal radian fretiuency ; and m 
the modulation factor, Avhich may be anywhere between zero and unity. 
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If the value of Im given by (ii) is substituted in (i) we have 

i ~ /<•(! + 7n sin co^/) sin av-/. (iii) 

Expansion of (iii) by ti-igonometric inetliods leads to the interesting 
and significant relation 


Z — I r 


m 


sin (jict -f 2 


\ / I \ 


(2S5) 


An examination of the above equation indicates that three (uirrent 
waves coexist, one having the original carrier fixHiuencty, one having a 
frecpiency of /r — /«, and another ha\hng a freciiKmcy of + /«, where tlu^ 
subscripts indicate carrier and signal frecpiencies, respectively. Return- 
ing to the numerical values of/r and/s, as cited on page 530, it may be 
seen that the three frequenci(‘s would be 1,000,000, 1,001 ,000 and 000,000; 
the two last frequencies being referred to as side frequencies. If the 
sound to be transmitted is composite, as is usuall,y the cas(\, each ccnn- 
ponent will constitute a signal frecpienc}^ and each such component 
will give rise to a pair of side frecpiencies. Thus there will exist two 
groups of side frequencies, which are commonly referred to as the side 
bands. It is thus evident that the transmission and reception circuits 
must be designed to respond simultaneous!}^ to several different fre- 
quencies, and that the range of frequencies thus involved is twice as 
great as the corresponding range of frequencies in the original signal 
wave. For instance, if music having a freciuency range lying betwx^en 
100 and 10,000 is Ixnng transmitted, the required transmission band 
would have a width of 8,000 cycles. In the case of speech the approxi- 
mate frequency range is from 200 to 3,000 cycies. The transmission 
band would be 5,000 cycles. If the transmission and reception circuits 
are not capable of transmitting the required band of frequencies, dis- 
tortion occurs. 

There are a number of methods by whicii amplitude modulation 
may be effected. Only the plan most widely used will be touched upon 
here. For the transmission of voice or music, this method involves a 
low-power class C stage of r-f amplification whose plate circuit is coupled 
to the output of an audio amplifier, operated class A or B. The mini- 
mum elements of such a circuit assembly are sketched in Fig. 367. The 
triode Fi, and its associated grid and plate circmits, functions as an 
intermediate r-f amplifier stage. The triode V 2 is the output stage 
of an audio-power amplifier. It will he noted that the anode circuit 
of Vi contains two sources of emf in series — one the usual d-c supply 
Ehy and the other the a-f emf developed in the seciondary of the trans- 
former T, If, then, an audio signal is impressed on the grid of the 
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modulator V^, the plate potential of will be ehan{j;ed (at audio fre- 
(jU(‘ii(*y) from a valium l(\ss than to a value p^reater than Ei,. As a 
result, the output of the r-f amplifuu* will vary in a (‘orresponding mariner, 
and the carrier wave will be modulated. It should be understood that it 
is necessary, in actual practice, to modify the above indicatenl circuit in a 
number of important details, but the essentials of so-(ailled ^ Opiate 
modulation’’ are as outlined. 

In passing, it, should be mentioned that another modulation technicjue 
has re(‘ently come into lirniteid use. R(‘f(‘ien('(' is made to the so-called 



Fig. 367. — A coininon method of effoeding amplitude modulation. 

frecpiency-modulation system. In the system which has just been 
described (amplitude modulation), the freiiuency is held constant while 
the amplitude of the carrier wave is modified. In the system to which 
we are now referring, the amplitude of the carrier is held constant and 
the frequency is caused to change in response to an audio signal. There 
are several methods by which frequency modulation may be brought 
about, the fundamental principles having been known for many years. 

In Sec. 238 it was shown that a triode may be caused to produce an 
alternating current of any desired frequency, and that the frequency 
thus developed is determined by the values given to the inductance 
and the capacitance in the plate circuit (Lp and Cp, Fig. 360). It follows, 
therefore, that any change in either the inductive or the capacitive 
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reactance of the tank (plate) circuit will result in a change in the fre- 
quency of the alternating current developed by the oscillator. In a 
system of frequency modulation developed by Dr. E. H. Armstrong, 
and now being utilized commercially to some extent, the total reactance 
of the tank circuit is caused to change at audio frequency. This variation 
in the total reactance of the oscillator plate circuit is accomplished by 
the use of a multigrid tube, such as the 6L7, and its associated circuits. 
Thus the carrier frequency is made to deviate from a mean value by 
an amount called the deviation frequency. The rate at which this 
change in the carrier frequency occurs is a function of the modulation 
frequency, and the magnitude of the frequency deviation is controlled 
by the strength of the microphone signal. 

In order to demodulate an f-m carrier wave, and thus recover tlie 
signal, it becomes necessary first to convert the f-m carrier current into 
an a-m current, and then to demodulate the a-f component by any one 
of the methods described in the following section. 

Because of the nature of the process, a relatively wide band of fre- 
quencies is required for each channel operated on a frequency-modulation 
basis. For this and other reasons, frequencies of the order of several 
hundred megacycles are employed. The chief advantage claimed for 
this type of modulation is that the signal-to-noise ratio is better than 
when amplitude modulation is used. A part of this gain is probably 
due to the use of a h-f carrier, rather than to the particular type of 
modulation. 

A description of the details of the process of frequency modulation 
and the demodulation of such signals is outside the scope of this text. 
The interested reader will find a brief account of this type of modulation 
in ^'BasLc Radio,” Chap. XXXIII, by J. B. Hoag. A thorough treat- 
ment of the subject is to be found in a paper by W. L. Everitt in Elec- 
trical Engineering for November, 1946. 

240, Demodulation or Detection. If we assume that a modulated 
r-f carrier current set up in some form of receptor circuit has been, by 
r-f amplification, raised to a suitable energy level, it then becomes neces- 
sary to demodulate the carrier in order that the original intelligence 
may be recovered. In other words, we must in some way separate the 
signal wave from the carrier. This is usually accomplished by means 
of some agent whose electrical response is nonlinear, i.e., by some device 
that shows nonsymmetrical conductivity. There are various such 
agencies; only the two most commonly used will be mentioned. 

One method (called plate detection) involves the triode, the circuit 
of which is sketched in Fig. 368. It will be evidence that this circuit 
constitutes a simple amplifier having a resistive load. The grid bias 
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and anode voltage are so chosen that the tube operates on a nonlinear 
portion of its static characteristic, usually at the lower knee of the curve. 
(The grid bias is secured from the d-c drop over the resistor Ri, The 
condenser Ci serves to by-pass both r-f and a-f current around Ri.) As a 
result, the dynamic characteristic will be of such a nature that the 
upward swing of the r-f carrier wave in the plate circuit will be more 
pronounced than the lower swing, as indicated in Fig. 8()9. It will 
thus be seen that the triode functions as a partial rectifier. [The r-f 
component, in the plate carcuit, is by-passed by the condenser C‘x (0.001 
to 0.002 /zf)]. SirK^e the device causes a diiference in amplitude between 
the upper and lower swings, the average amplitude is not zero, and 
hence a current that has the frecjuency and wave form of the signal 



Fig. 368. — Demodulation by means of a triode. 


wave will exist in the plate circuit. This a-f current will flow through 
the resistor R^ (50,000 to 100,000 ohms), and the drop across the resistor 
becomes the recovered signal wave, which, in turn, may be made to 
undergo sufficient audio amplification to operate a loud-speaker, or 
other signal-translating device. From the nature of the circuit, this 
method of recovering the signal wave not only effects demodulation but 
also serves to amplify somewhat the incoming signal. A more com- 
prehensive discussion of plate detection will be found in ‘‘Principles of 
Radio Engineering’^ by R. S. Glasgow, p. 345. 

A somewffiat less complicated method of demodulation makes use of a 
simple di(xle as a rectifying device. A common circuit layout is shown in 
Fig. 370. The diode as a rectifying agent has already been discussed 
(Sec. 232) ; in this instance a diode is used to rectify an h-f current. The 
varying, but rectified, current flowing through the series resistor R wull 
have the wave form and frequency of the signal wave, and thus demodula- 
tion is accomplished. The drop over the resistor R (0.5 to 1 .0 megohm) 
becomes the signal output, and this is amplified to the desired level, as 
in the case of the plate-circuit demodulator previously described. The 
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(condenser C (order of 1(X) M^f) serves to (‘onduct any unreetified eairier 
eiirrent around the high resistance R and thus prevent its transfer to the 
associated audio-amplifier circuit. Both methods of demodulation 
described above have their advantages and disadvantages; in any given 



Fig. 369. — Showing the nnuiiior in which demodulation is effected l)y the use of the 

cinniit shown in Fig. 368. 



Fig. 370. — Demodulation by means of a diode*. 


instance that method is used which will best meet the particular require- 
ments of the case in hand. 

241. Multielectrode Tubes. A certain amount of capacitance exists 
between the several electrodes of a triode; each electrode acts as one 
element of a condenser. Therefore there is plate-to-grid, plate-to- 
cathode, the grid-to-cathode capacitance, the first mentioned being the 
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greatest (of the order of 1 to 15 and therefore the most significant. 
In a tnned-plate, tuned -grid, r-f amplifier, tiie interelcctrode capacitance 
of the grid and plate may be great enough to bring about electrostatic 
coupling between the plate and the grid circuits; and thus give rise to 
oscillations. This is highly undesirable, and external or internal means 
must be provided to prevent or suppress sucdi an electrical i-eaction. In 
triodes, used either as audio or r-f amplifiers, the grid-tO“plat(i capaci- 
tance, by j)ermit,ting alternating current to pass between these two 
electrodes, has the effect of reducing tlie tube impedance to a low value, 
thereby changing the characteristics of the tube for different fre- 
quenenes The net result of these effects is to limit the maximum ampli- 



Fig. 371. — Functioning of a four-electrode tube, the tetrode. 

fication obtainable. By introducing a fourth electrode into the tube, the 
grid-to-plate capacitance (^an be greatly reduced, and thus the perform- 
ance of the tube be materially improved, particularly when used in r-f 
amplifying circuits. Such a tube is called a tetrode. The fourth elec- 
trode commonly takes the form of a shielding grid structure which 
surrounds the plate. The relative positions of the several elements are 
sketched in Fig. 371. The by-pass condenser C enhances the shielding 
effect due to the so-called screen grid. The presence of the screen grid 
reduces the interelectrode capacitance from several micromicrofarads to 
a small fraction of a micromicrofarad. The screen grid is operated at a 
positive potential with respect to the cathode, and at a value of about 
half that of the anode. The screen grid, therefore, attracts electrons 
toward itself, though most of them eventually reach the plate. However, 
the screen grid aeffs as an accelerating electrode, and thus the potential 
of the plate is not as effective in determining the space current as it is 
in the simple triode. In fa(;t, over most of its characteristic, the plate 
current is largely independent of the magnitude of the plate potentiah 
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But the screen grid does not materially affect the action of the control 
grid. Hence the amplification constant of such a tube is high. In a 
type 36 tube, for instance, m has a value of nearl}^ 600. 

A family of characteristic curves for the type 36 tube is shown in 
Fig. 372. Several features of these curves are to be noted. It will be 
seen that the plate current is nearly independent of the plate potential, 
thus indicating a high dynami(* plate resistance. The dip in the curves at 
low plate-potential values (below 100) is due to secondary emission. 
In the triode, any setHjndary electrons liberated at the plate are soon 
recaptured by the plate itself, but in the tetrode some of the secondary 



electrons are collected by the screen grid, and thus there is a certain 
inverse electron current which has the effect of reducing the total plate 
current; hence the dip in the characteristic at low plate voltages. A 
tetrode of this type is seldom operated at plate potentials below 100 
volts. Under any circumstances, there is a relatively small screen-grid 
current. 

It has been found possible to suppress the secondary electron current 
that appears in the tetrode tube by the introduction of still another grid 
into the tube structure. This third grid is positioned between the plate 
and the screen grid, as indicated in Fig. 373. This fifth electrode, called 
the suppressor grid, is commonly connected to the cathode, as shown. 
Because the suppressor grid is negative with respect to the plate, it repels 
the secondary electrons so that they are recaptured by the plate. This 
feature makes it possible to utilize a wide swing in the plate potential 
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and thus obtain a relatively high power output from the tube. Further, 
in r-f amplification, the suppressor grid makes it possible, due to addi- 
tional shielding of the plate, to secure high-voltage amplification even 
when using comparatively low plate potentials. Indeed, the amplifica- 
tion may reach a value of 1,500. Because the inverse electronic current 



Fig. 373. — Fuiu^tiouing of a tive-clectrode the^ pentode. Note that the sup- 

[iressor ^rid is connected to tlie cathode. 



Fig. 374. — Operating characteristics of a pentode?, ('oinpare these curves with those 
for the tetrode, as shown in Fig. 372. 


is eliminated, the characteristic curve for the pentode (as this tube is 
* called) does not show the dip that appears in the curve for the tetrode. 
A family of pentode curves for a 6C6 tube is shown in Fig. 374. In the 
pentode the screen grid is operated at about half the potential of the 
anode, as in the tetrode. Pentodes are used chiefly in r-f amplifying 
circuits, though they are sometimes used as audio-power amplifiers. 
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It is possible to utilize a pentode as a triode by eonnecting the suppressor 
grid and the screen grid to the plate. As a triode, such a tube would 
have a m value of the order of 20. 



An electron tube, known as the beam-power tube, has been developed 
that brings about the suppression of secondary emission effects without 
the use of a third grid, as in the pentode. Physically this tube is a 
tetrode; but it functions as a pentode, and has certain advantages over 

the conventional pentode. The suppression of 
secondary electrons is accomplished by so arrang- 
ing the electrodes that rather definite electron 
beams are foi-med, as indicated by the diagram 
appearing as Fig. 375. (Beams are actually 
formed on both sides of the structure, though not 
shown in the diagrammatic sketch.) It will be 
seen that there is a region where a concentration 
of moving electrons exists. Such a concentra- 
tion amounts to a space charge and a consequent 
low-potential region. The secondary electrons 
emitted by the plate will accordingly be repelled 
and eventually recaptured by the anode. Thus 
the space-charge region performs the function of a suppressor grid. The 
screen grid is so positioned that it is in the electron shadow of the control 
grid, with the result that the screen-grid current is low. Since no physical 
suppressor grid is present to obstruct the flow ot electrons, all electrons 



Fig. 376. — Structure of 
the beam-power tube. 
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will reach the plate, thus augmenting the tube output. The tube has two 
special plates that are connected to the cathode, their function being to 
assist in the confining of the beam to rather definite regions. A con- 
ventional diagram showing the spatial relations of the several tube ele- 
ments is sketched in Fig. 376. Beam-power tubes will deliver a greater 
power output than any other tube of corresponding size; they are operated 
at plate potentials ranging from 250 to 400 volts. 

As a further example of thermionic tubes, mention may be made of 
the electron multiplier. We have seen that, in the case of (pertain tubes, 
secondary emission proves to be a troublesome feature. It has been 
found possible, howevc'r, to utilize secondary emission advantageously. 
In Fig. 377, P is a photoelectric surface; Pu p 2 j and P 3 are electrodes 


\ 



Fig. 377 . — Electron multiplier. {Courtesy of Proceedings of the Institute of Radio 

Engineers.) 

whose surfaces readily emit secondary electrons; and P' is the con- 
ventional anode. P^ach successive emitting surface is maintained at a 
higher potential than the preceding one. Luminous energy incident on 
P liberates, say, one electron. This will leave the emitting surface 
normally. An externally applied magnetic field (not shown) causes this 
electron to travel in a curved path until it strikes Pj. Tor simplicity’s 
sake let us suppose that this impinging electron liberates two secondary 
electrons. These two in turn are magnetically deflected so that they 
strike Pi. At this electrode each will in turn liberate two other electrons, 
and so on, until, after leaving the last emitting surface, the beam of 
electrons impinges on the anode P' and thus becomes the output current. 
In the simple case cited, eight electrons \vill be delivered to the output 
electrode. It is not difficult to arrange conditions so that as many as 
five secondaries are liberated for each impinging entity, and as many as 
ten such cathodes are feasible. Under those circumstances, the total 
multiplication factor would be 5'«. A tube giving a multiplication of 
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that order would deliver sufficient energy at the output to operate a 
moderately large loud-speaker without additional amplification. 

Such a plan of multiplication is, of course, applicable to an assembly 
in which the primary emission is thermionic instead of photoelectric. 
In such a case a control grid would be located near the cathode, and the 
organization as a whole would function as an extremely compact multi- 
stage amplifier. I^lectron-multiplier tubes are in practical operation. 

Perhaps the most unique electron tube yet designed was developed 
under the direction of Dr. V. K. Zworykin. It consists of an electron 
gun and a light-sensitive mosaic, and is called the iconoscope. Figure 



Fig. 378. — Diagram .showing the essential eoinponei»ts of the iconosc^ope and 
associated circuits. {From a paper by V. K. Zworykin, ^^The I conoscope, courtesy of 
Proceedings of the Institute of Radio Engineers.) 


378 is a diagrammatic representation of the design and method of opera- 
tion of this modern ‘^electric eye^^ which is now being used in the rapidly 
expanding field of television. 

The most important feature of the iconoscope is the light-sensitive 
mosaic, which, in certain respects, bears a striking resemblance to the 
retina of the eye. The sensitive surface consists of a large number of 
tiny caesium-on-silver photoelectric areas. These minute light-sensitive, 
or picture, elements are electrically insulated from one another by being 
deposited on a common surface such as a sheet of mica. The mica sheet 
is backed by a thin metal film. Each tiny light-sensitive area thus 
becomes one element of a condenser; the metal backing sheet forms the 
©ther condenser electrode. 

When light, in the form of an optical image, is incident on the mosaic 
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plate, each light-sensitive element emits electrons in proportion to the 
intensity of the illumination at that point. These photoelectrons are 
collected by an anode and pass around the circuit, as in the ordinary 
photoelectric cell. Since certain of the photoelements lose electrons, 
these elemental condensers manifest a positive charge on the image side 
of the receiving plate. The magnitude of the charge on any given con- 
denseir element will be proportional to the intensity at that point and to 
the length of time the image is allowed to fall on the surface. In the 
ordinary photoelectric tube the liberated electrons are replaced through a 


TRANSMITTER 



RECEIVER 



Fig. 379. — Block diagram showing the essential elements of a television trans- 
mitting and receiving system. {From a paper hy V, K, Zworykin, The 1 conoscope,'' 
courtesy of Proceedings of the Institute of Radio Engineers.) 

connection to a local d-c supply. In the iconoscope the replacement is 
brought about by means of a suitably focused cathode beam that is 
caused to scan the entire sensitive surface. This scanning process con- 
sists in a succession of horizontal sweeps (441, as of this date) from top to 
bottom of the image plate, the entire plate being covered in sec. As 
the cathode beam touches a positively charged light-sensitive element the 
electron deficit is replaced. This has the effect of discharging that 
particular elemental condenser with the result that a potential pulse will 
be conveyed to the grid of an associated amplifier tube, and thence to a. 
transmission circuit. It will thus be seen that, as the cathode sweeps 
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over the image area, aeuccessioii of potential pulses will be delivered to 
the amplifier, and that a complete set of such impulses will occur 30 times 
per second. The output of the video amplifier is caused to modulate a 
carrier wave that, in turn, serves to control the intensity of an electron 
beam of a cathode-ray tube as it sweeps over the receiving screen, thereby 
reproducing the original image. Thus we have a television circuit. A 
block diagram of a television transmitting and receiving layout is 
reproduced in Fig. 379. The reader will find a series of eight technical 
papers in the August, 1945, number of the Proceedings IRE devoted to 
the theory and functioning of television eciuipment. 

There are various otlier thermionic tubes that have important special- 
ized uses, the theory and design of which will be found treated in books 
devoted entirely to electronic subjects. 

PROBLEMS 

1 . Using the graphs shown in Fig. 350, determine the value of the amplifica- 
tion fa(4or when a 6C5 triode is o{>erated at the three plate potentials shown, 
and when the plate current is 8 ma. Also determine its value when the plate 
current is 4 ma. 

2 . Using the curve given in Fig. 351, determine the dynamic plate resistance 
for the 6C5 tube w^hen the grid bias is —8 volts and the plate (airrent is 2, 4, and 
<S ma, res{)ectively. 

3 . Again referring to Fig. 350, determine the transconductance of the 6U5 
wdien the ])late potential is 250 volts and the plate current 2 ma. Also indicate 
the transconductance when the plate current is 8 ma. 

4 . Using the values for the amplification factor and the dynamic plate resist- 
ance found in Probs. 1 and 2 above, compute the value of the transconductan(‘,e 
from those factors, and compare with the result found in Prob. 3. 

6. Compare the values that you found for the tube coefficients in Probs. 1, 
2, and 3 with the values as read from the chart shown as Fig. 353. 

6 . If the plate resistance of the 6C5 is 10,000 ohms and the amplification 
factor is 20, what voltage amplification may be expected if the tube operates into 
a load resistance of 10,000 ohms? 

7 . Suppose that a signal whose rms value is 35 volts is impressed between 
the grid and the cathode of a triode whose amplification factor is 4.2, and which 
operates into a load resistance of 2,500 ohms. What a-c power will the tube 
deliver? 
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ELECTROMAGNETIC WAVES AND 
SOME APPLICATIONS 


242, Equations of Electric and Magnetic Fields Referred to Rec- 
tangular Coordinates. Most students who pursue the course in elec- 
tricity and magnetism, for which this text is intended to serve as a basis, 
will probably not have the mathematical background which will enable 
them to follow in detail the mathematical procedure involved in a con- 
sideration of MaxwelFs theory of electromagnetic phenomena. It is 
possible, however, for any reader who has (carefully read the preceding 
chapters to follow an outline of this important theory. 

Faraday was not skilled in the processes of mathematical analysis; 
he did however possess what amounted to a prophetic insight into the 
processes of nature. Faraday could not conceive of ‘^action at a dis- 
tance^’; to his way of thinking, some form of medium was involved in all 
electrical and magnetic effects that make their appearance at a distance 
from the primary cause of the phenomenon. Maxwell gave mathematical 
form to Faraday’s concepts, and thereby evolved a theory that pointed 
the way to significant conclusions, and ultimately to important practical 
results. Let us glance at the analytical technique whereby Maxwell 
attained these ends. 

Let us suppose that we have a region in which an electrostatic or 
magnetic field obtains. Consider an elemental volume in such a field, 
as sketched in Fig. 380. Let 8 be the electric intensity (es field strength) 
at the point p. By applying Gauss’s theorem (Sec. 9) to such an ele- 
mental electrostatic field, it may be shown that 


dS* dZz __ 47rp 

^ ~d^ ^ ~K' 


(286a) 


where such terms as d&x/dx signify the rate of change of 8 in a direction 
parallel to the specified axis; p is the volume density of the charge within 
the volume dx dy dz; and K is the dielectric constant. 

Likewise, for a corresponding elemental magnetic field, 
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where // indicatcH magnetic-field strength, 5 the volume density of 
magnetism, and m the permeability. Obviously, if p and b are zero, the 
sum of the space rates in the above two expressions becomes equal to 
zero. 

Next let us consider the situation from the standpoint of any current 
that may exist in our hypothetical field. We have shown (Sec. 123), in 




Fig. 381. — Current in an electromagnetic field. 


general, that the work done in carrying unit pole around a closed path 
along which a current is flowing is numerically equal to 47r/. Assume a 
path ABCD (Fig. 381) about a current whose density per unit area is /. 
On this basis it may be deduced that 
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where the I terms signify the current density in the directions indicated ; 
the H terms the magnetic-field intensity in directions parallel to the three 
axes; and the differential coelBScients the space rate at which these com- 
ponents vary. 

Still another set of relations may be obtained by making use of two 
facts: (1) that the magnitude of an induced emf is given by — f/</>/V//; and 
(2) that emf can be (expressed in terms of work, whicli in turn involves 
electric flux and distances. The application of these principles leads to 
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It is evident that we now have three sets of field equations based on well- 
known fundamental concepts. It is possible to work out a fourth set of 
jelations which, when combined Avith those already developed, will lead 
to several important deductions. 

It is at this point tliat Maxwell made his most significant contribution. 
Before proceeding further it would be well for the student to reread Sec. 
8. In that discussion it was pointed out that, if and wdien the charge 
on the bounding surfaces changes in value, the electrons of a dielectric 
undergo a displacement within the atoms. This electronic movement 
constitutes what might be spoken of as a form of displacement current 
in the dielectric; it results from the polarizing process. But this is not 
the whole story. MaxwelFs conception of the case was to the effect that 
all electric circuits are closed. Even though the tw o plates of a condenser 
are separated by free space, it w^as Maxw^elFs thought that the ether 
undergoes a distortion due to the existence of the electrostatic field. He 
further held that any change in this condition constitutes, in effect, a 
current, and that this space current w ould give rise to the usual mag- 
netic effects. According to this reasoning, then, one might expect to 
observe a changing magnetic field in the region between the plates of a 
condenser that is charging or discharging; and this even though a vacuum 
exists between the condenser electrodes. As used by Maxwell, the term 
displacement current was applied to the hypothetical space current just 
referred to. It is possible to derive an expression for such a space current. 

To carry out such a derivation let it be assumed that the area of each 
plate of our condenser is A, and that the plates are very near together. 
Further, assume that at any instant each plate bears a charge Q. Under 
these conditions it would follow that the total number of lines of force 
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between the plates would be given by 

^ = 4x0, 

and the number of lines per unit area would be 

I 4 ^ ^ „ 

A .1 


(i) 


(ii) 


By definition, the flux density D is numeri(*ally ecjual to tJu^ field strength 
8. We therefore have 


D - 8 
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(iii) 


If now we find the time rate of change of both 8 and Q, we have 
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If the space 
Ecjs. (5) and 


between the plates contains a dielectric, it follows from 
(G) that 
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But 
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dt 
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(vi) 


which is the current passing to the condenser as Wu) (‘barging process 
takes place. From (iv) it may be set down that 


1 

A 





(vii) 


where I is the space-current density through the surface, 
we may therefore write that 

dT _ At j 


Fiom (v) 


(viii) 


From (viii) it follows that 



(ix) 


In free space K becomes unity. 

The last equation is the mathematical embodiment of the central 
concept of MaxwelFs electromagnetic theory. It means that, if at any 
point in free space the electric field 8 is changing with time, we may 
deduce from this that a hypothetical current exists whose density is 7, 
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and that this space current has a direction determined by the direction 
of the changes in 8. Are the Maxwellian displacement currents real- 
ities? If so, do they produce magnetic effects? In other words, does 
the last equation above have any significance when we are dealing with 
free space, f.c., when X = 1? In 1929 Van C'auwenberghe proved 
experimentally that a current, as defined by the relation 



actually may exist, and that such a current will develop a magnetic field. 
Further, as we shall see shortly, the existence of electromagnetic waves 
supplies convincing evidence that Maxwell’s assumptions were correct. 

In general d^/dt, and hence 7, may have any direction. However, 
we can set down their components that are parallel to our axes of refer- 
ence, thus: 



Hy the aid of the above relations, Eqs. 289a, and c may be rewritten 
in the form 
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These relations constitute our fourth set of eejuations. 

The two foregoing sets of equations (288 and 289) should be carefully 
examined and compared. It is to be noted that all six of these equations 
involve rates of change of electric and magnetic flux, but the dielectric 
constant K appears in one set while the factor of permeability enters into 
the other group. Since both sets of equations contain 8 and II terms it is 
possible, by the aid of the (286) group, to combine these relations into 
one set of expressions — a group of equations which led Maxwell to make 
an exceedingly important deduction. 

If, for instance, one begins with Eq. (289a), and proceeds as sug- 
gested above, the result is 


^ 4 _ ^ ^ =: K ^ 

dx^ di/ dz^ ^ di^ ' 


(290) 


Treated in like manner, the other (289) equations, will yield corre- 
sponding expressions. Now it can be shown that the general equation 
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for wave motion has the above form except for the term Kp. In the 

wave equation the corresponding factor is 1/y^, where v is the velocity 
of the wave disturbance. If, then, v = l/vXju, Eq. (290) would rep- 
resent a wave motion. It is known that the term 1 / y/'Kyi is numerically 
equal to the velocity of light. It thus becomes evident that concomi- 
tantly changing electric and magnetic fields constitute a wave disturb- 
ance in space, and that the wave velocity is the same as the velocity 
of visible radiation. Thus it becomes evident that electric and mag- 
netic forces do not instantly produce an effect at a distance but are 
propagated through space with a finite velocity, i.e,, with the velocity 
of light. 

The significance and the utility of Maxwell’s equations will become 
apparent if we apply them to the case of a plane wave in which the 
intensity at any one instant is the same ov^er the entire wave front. 
For convenience, let us assume that the wave front is in the yz plane 
(Fig. 381), and that the wave is traveling in the positive direction of x. 
Under these assumptions, the differential coefficients with respect to 
y and z will be zero. On that basis the 288 eejuations become 



dHy _ dFyx 
^ d( dx 


and 


dlTz _ d^yy 

^ dt dx 


From the first relation of the above group it follows that Ih is zero, 
which means that there is no magnetic vector in the x direction. 

By proceeding in a similar manner with our 289-e(i nations we find 
that 




dZy dllg 1 zr d^g dHy 

-77 = ~ -T-" and ^ -rr == “7“ * 

dt dx dt dx 


From the first relation above we see that 8^ = 0; hence there is no ele(‘> 
trie component in the x direction. From the foregoing we may conclude, 
therefore, that both the magnetic and the electric vectors are in the plane 
of the wave. It remains to be seen Avhat spatial relation these two 
vectors bear to each other. 

Let us assume that the electric vector 8 is parallel to the F-axis. 
On that assumption, 8|, = 0. From the second equation of the last 
group it is to be seen that when 8^ — 0, II y is also zero. There remain, 
then, only 8* and Hyj which means that the electric vector is parallel to 
the Z-axis and that the magnetic vector is parallel to the F-axis. These 
two vectors are, therefore, at right angles to each other, and to the 
direction of propagation. From the last equation of the last group it 
is evident that the electric and magnetic vectors (electric and magnetic 
field strengths) are interdependent; a variation in the magnitude of 
one gives rise to a change in the other. 
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In concluding our consideration of MaxwelFs equations and their 
relation to the propagation of electromagnetic waves, the energy rela.- 
tions should be noted. In Sec. 16 it was established that the energy 
content per cubic centimeter of an electric field is given by the expression 
K82/8ir, and in Sec. 32 we saw that the corresponding energy in a mag- 
netie field is It may be shown that — K8>^, from which it 

follows that, at any instant, the energy in an electromagnetic wave is 
equally divided between the two fields. The total energy per imit vol- 
ume can therefore be expressed in several ways, thus, 

+ = up 

Stt Stt At At At 

The above expressions indicate that, at any instant, the energy per unit 
volume of the medium through which the wave is moving is proportional 
to to 8^ or to the product of the electric and magnetic vectors. 

The introduction of the electromagnetic theory of wave propagation 
was an epoch-making step in scientific history; and, as we shall presently 
see, far-reaching results have followed. It should, however, be noted 
in passing that Maxwell’s theory does not account for several important 
phenomena that are encountered in the field of optics. One such instance 
lies in the fact that the theory does not account for the emission or 
absorption of radiant energy. But even though the theory fails in certain 
particulars it has served a useful purpose in pointing the way to investi- 
gations that have resulted in discoveries that have profoundly influenced 
the history of mankind. 

For a more complete discussion of this subject the reader is referred 
to a monumental work by the late Professor J. A. Fleming, “Electric 
Wave Telegraphy and Telephony,” Chap. V. For a treatment based 
on the vector method, see “Principles of Electricity and Magnetism” 
by Professor G. P. Harnwell. 

243. Discovery of Electromagnetic Waves. Maxwell introduced his 
electromagnetic theory of wave propagation in 1865. For many years 
the only direct evidence in support of the theory was the experimental 
confirmation of the relation between the known velocity of light and the 
factors n and K, 

In 1880, Professor Heinrich Rudolph Hertz, ^ a German physicist, 
made the highly important announcement that he had been able to pro- 
duce, and to measure, electromagnetic waves. 

^ Hertz was born at Hamburg on Feb. 22, 1857, and died at the early age of 37. 
He graduated from the University of Berlin w^here he was a favorite student of Von 
Helmholtz. It was while he was a professor of physics at the Technical College of 
Karlsruhe that he carried out his epoch-making research. 
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Hertz made use of the oscillating discharge of a capacitance as a 
generator of such waves. It has already been shown that the discharge 
of an electrified capacitance through a circuit containing an indin^tance 

and a resistance of small magni- 

^ ^ tude gives rise to electrical oscilla- 

1 ^ ^ ) tions whose period is given by the 

I ) expression 27r \/LC. The setup 

1 2 employed by Hertz consisted of 

i.n 1.1. .1, T T I. an induction coil to the terminals 

□ —I of which were connected capaci- 

—1 tance areas A and A \ as sketched 
’ in Fig. 382. When a discharge 

I'ZG. 382. Assciiibly used by Hertz in took place at the spark gap S, 
studying electromagn<.tio waves. found that he could detect 

electrical effects at a distance of several meters. His detecting device 
consisted of a single loop of wire that was all but closed by a micrometer 
spark gap. When his oscillator was in operation he found that, under 
certain conditions, tiny sparks would appear in the gap of his receptor 
loop, thus indicating that energy was being transmitted through the 


intervening space between the oscilla- 
tor and the detecting device. The 
constants of the circuits employed by 
Hertz were of such a magnitude that 
the oscillations had a fre(iuency of the 
order of 5 X 10^. This frequency 
corresponded to a wave lengtli in the 
region of 60 cm, tliough in certain of 
his experiments he used waves con- 
siderably shorter than that. In fact, 
all of Hertz’s original work was done 
with waves that we now refer to as 
high-frequency radiation.” Because 
of the resistance of the spark gap that 
formed a part of Hertz’s generator, 
the oscillations were highly damped; 
each spark that occurred gave rise to 
oscillations of the character shown in 
Fig. 383. 



Fig. 383. — Dampened electrical 
oscillations. (From ‘M Textbook of 
Physics'^ by C, A. Culver^ courtesy of 
The Macmillan Cornpany.) 


Notwithstanding the limitations under which he worked, Hertz experi- 
mentally established the following facts in addition to proving the exist- 
ence of the form of radiation predicted by Maxwell : 
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1. Elect romagnetic waves may be reflected (the basis of present-day 
radar) . 

2. Rectilinear propagation occurs. 

3. Such waves can be refracted by nonmetallic mediums. 

4. They can be polarized. 

5. Diffracition phenomena may be produced. 

Thus it will be seen that, though much longer than light waves, electro- 
magnetic waves obey all of the laws that obtain in the case of light. 



Fig. 384. — Electric and magnetic field in the region of a Hertz oscillator. Broken 
curves indicate lines of electric force; heavy trace shows a inagiu'tic line of force. 

While we now make use of undamped waves in radio communication, 
we frequently utilize a radiating system that is essentially the same as 
that employed by Hertz. For this reason, and also because general 
principles are involved, it will be worth while to glance at the electric 
and magnetic field conditions as they exist in the region of a Hertz 
oscillator. 

Referring to Fig. 384, as the capacitance areas acquire a charge, 
the electric field may be represented as in (a). If the potential differ- 
ence is increased until a spark passes between the terminals, there will 
be a sudden movement of charges along the conductors, that will, in 
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effect, bend the lines of force, as indicated in (6). Since the discharge 
is oscillatory, the electrons will move to and fro along the conductor 
with the result that loops of strain will be, as it were, ^'snapped off’’ 
as shown in (c), and a new set of lines of force will form. It is to be 
noted that the direction of the electric strain in the new loop is opposite 
to that of the original loop. (Why?) These alternations in the electric 
field travel outward with a finite velocity equal to i/y/K\x. Remember- 
ing now that any change in the value of 8 will give rise to a magnetic 
field, we see that magnetic lines of force will appear as indicated 
in (d). Thus we have concomitant electric and magnetic fields, both 
alternating in character, and each at right angles to the other. Actually 
today we use conducting rods a few centimeters in length as oscillating 
elements, but we generate the electric oscillations by means of electron 
tubes rather than by means of a spark gap, and thus develop continuous 
undamped electromagnetic w’^aves. 

244. Marconi’s Contribution. Following the disclosures made by 
Hertz, a number of investigators made attempts to utilize these so-called 
Hertzian waves for the purpose of transmitting intelligence through 
space, but without marked success. Improved detecting devices, how- 
ever, were developed by Lodge and Branly. The record is not clear as 
to when Marconi first began the researches which eventually led to a 
practical system of space telegraphy. We do know that his experiments 
were in progress in 1895, and that his first trials were made at or near 
Bologna, Italy. At first Marconi utilized the Hertzian type of oscillator, 
consisting of two capacitive areas and a corresponding receiving system. 
He, how’^ever, made use of a more sensitive detecting device than did 
Hertz, viz., the Branly-Lodge coherer. It occurred to Marconi that 
one might utilize the earth as one of the two capacitive areas of a Hertz 
oscillator system. Herein lay Marconi’s great contribution to “wireless 
telegraphy.” Eventually he used a simple wdre as one member of what 
amounted to a condenser, the earth forming the other electrode. A 
similar arrangement was utilized as a receiving system, as shown in 
Fig. 385. 

In 1896, Marconi went to England and applied for his first patent. 
In the following year he demonstrated transmission over water up to 
10 miles or more, and in 1899, he established communication across the 
English Channel, a distance of 32 miles (50 km). From this point on, 
the story of space communication unfolds rapidly, and the end has not 
yet been reached. 

The reason for giving the foregoing brief review of Marconi’s con- 
tribution to this all-important means of communication has been to 
point out that various able investigators, over a period of some fifteen 
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years, had striven to make a practical application of the discoveries of 
Hertz but largely had failed. Marconi, a young man in his early twenties, 
by the introduction of the earth connection, took the Hertz apparatus 
out of the laboratory and gave it world-wide application. 

In passing, however, it should be recorded that Sir Oliver Lodge 
introduced what he called syntonized space telegraphy Lodge ^s inven 
tion was made in the early days of Marconi’s transmission experiments 
and contributed materially to the success of those early tests. Lodge’s 
contribution consisted of circuit arrangements whereby the radiating and 
receiving systems could be brought into electrical resonance (Sec. 164). 


TO INDUCTION 
COIL 


± 


TO DETECTING 
DEVICE 


Fig. 385. — ^ryp<' of rarliating and receiving Hystorns us(m 1 hy Afarconi in his early 

experiments. 




Fig. 386. — Process by which radiation takes place from a Marconi antenna. 


246. Radiation from, and Absorption by, an Antenna. Let it be 

assumed that there is available some means whereby the free electrons 
in a simple vertical wire, connected to earth at its lower end, may be 
caused to oscillate in that conductor. Further, let us consider what 
happens when a single electron moves rapidly from the position a (Fig. 
386a) toward the earth end. Electrostatic lines will exist between the 
electron and corresponding positive charges on the conducting plane, 
one such line being shown. If the electron moves to the position a' 
as shown in (6) the line of electric flux will be bent as indicated. Still 
further displacement toward the plane xx' is shown in (c). The dis- 
tortion of the ether caused by the electronic motion will spread outward 
from the source with the velocity of light. Since we have assumed the 
to-and-fro movement of the charge to be of a high frequency, all of the 
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energy resident in the electrostatic field cannot return to the source 

before the electron is again moving through any given point in the same 



Y 



r^ro. 387. — Showing the relation of the electric and magnetic vectors as radiation 

takes place. 

direction. Hence a part of the energy given up to the field never 
returns to the source, but continues to move outward as a wave dis- 
turbance, At low (commercial) frequencies most of the energy in the 
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field has time to return to the source before reversal occurs; hence there 
is little radiation under these circumstances. 

But, as we have })reviously seen, this is only a part of the story. 
As a line of electric flux sweeps through space it gives rise to a magnetic 
field. This generated magnetic field, in a(*,cordance with tlu^ principles 
already laid down, will be at right angles to the electric field and to the 
direction of its motion. The vector relations corn^sponding to both of 
these fields, at a given point in the field, is indi(^ated in Fig. 387a, where 
8 represents the electric vector and 77 the coiTesponding magnetic ele- 
ment. This created magnetic field is in time phase with the electric 
field but in space quadrature as shown in (5). 
electric field, the magnetic field cannot return 
all of its energy to the source l)etween reversals 
of the electron, and so it continues to travel 
outward from the source, as does the concomi- 
tant electric pulse. Indeed, these two fields 
are not to be thought of as separate and distinct 
disturbances but rather as two aspects of the 
same phenomenon. If, then, we provide means 
whereby our electron will (iontinue to oscillate 
— Z.C., if we continue to supply energy to the 
moving charge — it is evident that we may cause 
energy to be radiated into space in the form of 
electromagnetic waves. A vertical section of a 
detached group of the electrostatic pulses is 
shown in (c) . If one were to view the plane XX' 
from the point Y the magnetic aspect of the 
field would consist of a series of expanding concentric circles, as indicated 
in (d). The manner in which continuous electronic oscillations are main- 
tained in the radiating system will be indicated in Sec. 247. The fre- 
quencies currently employed range from 1,000 kc to more than 3,000- 
megacycles. 

In dealing with the radiation from an oscillating system, it is neces- 
sary to take into account the form of the radiator. It is possible to set 
up standing electrical waves on conductors of finite length,^ just as one 
may set up standing sound waves in an organ pipe. In the case of a 
radiator of the Marconi type (Fig. 388a), where the physical length of 
the conductor is equal to X/4, there will be a potential node at the earth 
end and a current node at the upper end. On that basis, the funda- 

^ For an analytical discussion of the theory of electrical waves on conductors, see 
Chap. IV of Professor Fleming’s treatise on “The Principles of Electric Wave Teleg- 
raphy and Telephony.” 


As in the case of the 


1 = ^ 



Fig. 388. — Current and 
potential Halations (a) in 
th(‘ ease of a (piart(ir-wave 
Marconi antenna, and (6) 
of a Hertz radiator. 
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mental wave length is 4/. If the radiator is excited at its mid-point, its 
simplest mode of resonant oscillation is as indicated in Fig. 3885 ; current 
nodes are to be found at each end, and a potential node at the center. 
This form of radiator is commonly referred to as a Hertz (or doublet- 
type) antenna. A Hertz antenna may be erected horizontally or ver- 
tically. The Marconi type is more suitable for long-wave radiation 
while the Hertz form is better adapted to short-wave operation. (Ho 



you see why?) Many broadcasting stations utilize a tower as a Marconi 
form of radiator. 

The radiation characteristics of the Marconi and the Hertz types of 
antennas, as they are commonly used, are not the same. Figure 389a 
depicts approximately the radiation pattern in the case of an earthed 
vertical antenna whose physical length is X/4. It is obvious that such 
an antenna emits low-angle radiation equally in all directions in a hori- 
zontal plane. (Radial distances from the base of the antenna are pro- 
portional to field intensity in that particular direction.) Analysis* 

‘ For a complete discussion of the theory of radiation from a quarter-wave aiitenna, 
see p. 420, Principles of Radio Engineering by R. S. Glasgow. 
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shows that the field strength varies inversely as the distan(!e from tlu*, 
base of the antenna (point of maximum current). Because the hori- 
zontal field is a maximum for a given power input, the half-wave antenna 
is widely used in connection with broadcasting installations. 

The radiation patterns for the vertical and horizontal positions of 
the Hertz doublet are shown in Fig. 3895 and 389c, respectively. Both 
positions are widely used for short-wave communication, the particulat* 
form depending upon the type of communication being carried on. 

In dealing with emission phenomena, it is to be kept in mind that 
radiation from an antenna is, in general, polarized. The polarization of 
an electromagnetic wave is taken to be the direction of the electric 
vector. The horizontal radiation, for instance, from a Marconi-type 
antenna is vertically polarized, i.c., its electric field is perpendicular to 
the surface of the earth. A wave is said to be horizontally polarized 
when its electrostatic component is parallel to the earth’s surface. A 
horizontal Hertz-type radiator emits horizontally polarized w'aves. 
The magnetic vector wdll be at right angles to the plane of polarization. 

Reference was made above to the matter of field strength. It has 
been i)reviously pointed out (Sec. 242) that the energy radiated from an 
antenna is divided equally between the electric and the magnetic com- 
ponents. One might therefore express the field strength either in terms 
of the magnitude of the electric vector 8 or tiie magnetic vector H. If 
the first plan w-as followx'd, the field intensity would be expressed in 
volts per meter, as w^as done in the case of j)otential gradient (Sec. 43). 
If the latter method w^as used, tiie field strength might be expressed 
in terms of lines of magnetic flux per square meter, the area being tan- 
gent to the w ave front at the point in question. It is the custom, how^- 
ever, to express this characteristic of the field by the first method, f.c., 
in volts per meter. In practice, field strength, or field intensity, means 
the ernf that will be induced in a conductor 1 m in length so placed that 
its axis is parallel to the direction of polarization. For example, if an 
emf of 5 microvolts is developed in a conductor wdien electromagnetic 
weaves cut across it, the field strength is said to be 5 fxy/m. In radio 
broadcasting a field strength of the order of 100 /xv/m is considered 
necessary in order to give satisfactory radio reception. 

When the alternating magnetic field of an electromagnetic wave 
moves across a coiiductoi* (a receiving antenna) an alternating potential 
difference is established between the terminals of the conductor. If 
the wire, together with any associated capacitance, is not in electrical 
resonance with the incident wave, the emf developed is extremely small. 
If, however, the receiving system is ‘Huned’’ to the same frequency as 
the traveling wave, a greater potential difference will be set up. The 
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alternating current that results from the alternating potential difference 
in the conductor may be amplified and subsequently converted into an 
audible or visual response. 

Since, in general, an antenna system radiates more or less equally in 
all horizontal directions, it will be obvious that a receiving conductor 
absorbs only an exceedingly small amount of the total energy emitted by 
the radiating system; the over-all efficiently is extremely low. Efforts 
have been made to concentrate the energy emitted by a radiator into a 
beam, and thus increase the field strength in a given direction. This was 
first accomplished by Hertz. In certain of his original experiments he 
placed one of his doublets at the focal line of a (‘ylindrical parabolic 
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Fig. 390. — Uadiatioii patU'rii produced by curved reflectors having different 
contours. {From Principles of Radio Engineering^' by R. S. Glasgow^ McGraw-Hill 
Book Company, Inc.) 

reflector, thus producing a parallel beam of radiant energy. The receiv- 
ing conductor was also backed by a similar mirror. It is interesting 
to note that we have in recent times reverted to this identical scheme in 
order to establish ultra h-f communication. This principle is utilized in 
connection with that form of radio communication designated as radar 
(Sec. 250). A diagrammatic representation of a reflector arrangement is 
shown in Fig. 390. 

It is, however, not necessary to have a continuous metallic reflecting 
surface in order to bring about radiation in some particular direction. A 
relatively large percentage of the total energy emanating from a trans- 
mitting system may be concentrated into a beam by means of a system 
made up of simple conductors. 

Imagine two simple vertical antennas located one-fourth wave length 
apart, and that we are looking at these aerials from above (Fig. 391). 
Further, assume that energy is supplied to antenna A and that A' is 
tuned to the same frequency as A, but receives no energy except by radia- 
tion from A. A* wall be set into oscillation as a result of the incident 
energy received from A and will therefore reradiate a part of this energy. 
The energy reaching some distant receiving point to the right of A will 
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consist of two parts, energy coming directly from A and energy reradiated 
from A'. What phase relation will exist between these two wave 
trains? A wave in traversing the distance from A to A' will change (lag) 
in phase by 90°. In the process of generation in A' there will be another 
loss of 90°, and in reradiation a third change of 90° will take place. In 
addition to these three phase shifts, tla^re will be a loss of 90° because of 
the time consumed by the wave in passing back from A' to A. We there- 
fore have a total phase change of 360°, which means that the reradiated 
wave will be in phase with the wave which originally leaves A. The 
reflected waves will therefore serve to augment the energy being 
radiated directly from A and the field strength at any given receiving 
point p to the right of A will thus be increased. 





^ — *1 

Fio. 391. — (k)nc(;ntrati()ii of radiation in a given direction by means of a “refiecting 

antenna. 

If we examine the phase relations behind the reflecting antenna wire, 
f.c., to the left of A', we find that the energy radiated directly from A 
and that rcradiated from A' arrive at any given point P' 180° out of 
phase, and hence the direct waves and the reradiated wave trains tend 
to nullify one another. This is due to the fact that the reradiation from 
A' is 270° out of phase with the wave emerging from A, and that the wave 
in passing from A to A' loses 90° in phase and will therefore differ by 
180° from the wave leaving A'. 

If the combined effects of a single antenna wire and one reflecting wire 
in directions other than those already discussed is examined and plotted, 
it will be found that the polar curve will take the well-known form shown 
in Fig. 391. If, however, an antenna array, such as that sketched in 
Fig. 392, is employed, the field pattern is seen to be considerably narrower. 
It will be noted that the secondary radiators (reflector elements) are 
placed one-fourth of a wave length behind the primary radiators, and 
that a quarter wave length separates the adjacent elements. The length 
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of the individual conductors is equal to X/2. The radiation represented 
by the small lobes on either side of the principal beam is, in general, 
inconsequential. 

It will be apparent that if we concentrate the energy that would 
ordinarily be radiated throughout 360® within a beam w^'hose limits are, 
say, 36®, the energy required to produce a given field strength at a certain 
receiving point w^ould be but one-tenth that necessary without the reflect- 
ing system. 

But the gain in efficiency does not end here. A refl(H*ting system may 
also be utilized behind the receiving antenna. If the gain at the receiv- 
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Fig. 392. — Radiation pattern due to a multiple-antenna array. The secondary 
maxima are negligible. (From “Principles of Radio Engineering'' by R. S. Glasgow^ 
M cGraW’-Hill Book Company ^ Inc.) 

ing end is also on the basis of 1 to 10, the over-all efficiency of the system 
would be increased as the square, or one hundred fold. Experience has 
shown such an increase in efficiency to be entirely practicable. 

In 1926 a two-w'ay beam channel between England and Canada was 
put into commercial operation, utilizing a wave length of slightly over 
26 m. This channel was arranged for duplex operation at a speed in 
excess of 100 words per minute. With this system a 20-kw transmitting 
plant mil produce the same strength of signal at the receiving station 
as a 200-kw installation employing the older nondirectional radiating 
system. kSince the Canada-England circuit was installed many other 
transoceanic beam channels have been established, some of them extend- 
ing halfway around the world. The frequencies used on these long dis- 
tance channels are, at present writing, in the 10 to 20 me band, which 
corresponds to wave lengths ranging from 15 to 30 m. The directive 
arrays arranged for use in television are designed to operate at frequencies 
of the order of 300 me (X == 10 cm), and radar beams are operated at 
still higher frequencies. The advantages resulting from the use of the 
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higher frequencies are (1) greater radiation for a given power input 
(radiation varies inversely as the square of the frequency) ; (2) less elec- 
trical atmospheric disturbance in the higher frequency ranges; and (3) 
a greater number of available channels. 

246. Propagation of Electromagnetic Waves. AVe have already 
discussed (Sec. 245) the principles involved in the radiation process. 
It remains to consider the modus o'pcraiuii by which these waves reach 
distant points on or above the earth^s surface. 

The form of the moving wave front due to radiation from any given 
antenna system will depend, largely, on the electrical and mechanical 
characteristics of the radiator. For the sake of simplicity, let it be 
assumed that we have a hemispheri(^al wave front. That portion of su(;h 
a wave that is adjacent to the earth is commonly referred to as the 
ground wave; that part of the wave, whose radius vector makes a con- 
siderable angle with the earth’s surface, say 45° ±, is spoken of as the 
sky wave. These waves are simply different sections of one wave front 
and not independent wave disturbances. The surface of the earth is a 
semiconductor; hence the ground wave undergoes attenuation. The 
magnitude of this attenuation is a function of the frequency; the higher 
the frequency, the greater the attenuation. This known fact gave rise 
to the use of relativel}^ long waves (several thousand meters) in the 
early period of radio communication. But even this fact did not fully 
account for the success of Marconi’s first transatlantic experiment. 
Why do even long waves follow the curvature of the earth? 

Shortly after the First World War the United States government 
assigned the wave lengths of 200 m and below to the amateur radio 
operators ; such frequencies were officially considered to be of no particular 
engiheering value. Because of the resulting congestion in the immediate 
vicinity of 200 m, amateurs began to experiment with the higher fre- 
quencies (shorter wave lengths) and, at least in some cases, were success- 
ful in transmitting messages over great distances when using quite low 
power. Soon research laboratories, folkming the path blazed by the 
youthful experimenters, discovered that the propagation of short waves 
did not follow the laws commonly applied to long- wave transmission. 
It was then found that reflection from the ionosphere (Sec. 203) was 
responsible for the phenomenal results attained when using the higher 
frequencies. The propagation process is shown diagrammatically in 
Fig. 393. When the angle made by the ray is not too great, the refrac- 
tion in the ionosphere experienced by the sky wave results in the wave 
being bent back to the earth, as indicated in the sketch. The ground 
wave may be so attenuated in passing from the transmitter at T to an 
observer at R\ that a signal could not be detected at that point; but a 
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refracted sky wave might deliver a readable signal at a much greater 
distance, say at or even /fa. While the return of the sky wave to 
earth is apparently due to a refraction process, it is convenient to think 
of it as a case of reflection, the reflecting'^ plane being at a distance 
above the earth known as the virtual height. (See the dotted extension 
of the sky wave.) If the ground wave and the reflectt^d wave were both 
to reach a given point out of phase, the interference effect might (>})literate 
the signal. Since the height of the ionosphere is not a fixed (quantity, 
this interferenc^e effect will vary, thus giving rise to fading. The wave 
band between 10 and 40 m has been found to be useful for sky-wave 



Fig. 393. — The ionosphere and its effect on radio transmission. 


transmission. Waves below about ten meters are refracted by the iono- 
sphere at an angle so great that the refracted beam misses the earth, and 
hence cannot be utilized for sky-wave transmission. Waves below 
approximately ten meters (30 me) are accordingly useful only in those 
cases where ‘direct vision" is possible. Waves below 1 m (300 me), 
and shorter, are useful for point-to-point communication, particularly 
since at those frequencies fading and atmospheric disturbances are largely 
absent. 

247. Radio-transmitting Circuits. The several components which 
go to make up a radio-transmitting assembly have already been discussed. 
There are many forms of circuits utilized for the purpose of exciting a 
radiating system and modulating its output in conformity with an 
impressed signal. One simple transmitter layout is sketched diagram- 
matically in Fig. 394. The r-f circuit is shown in the upper part of the 
diagram, and the audio circuit in the lower. The first r-f tube A i func- 
tions as a crystal-controlled master oscillator of 5 to 50 watts output. 

The second tube ^ 2 , and its associated grid and plate circuits, is a 
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trirodo of about the same energy-handling (*,aj)aeity as the oscillator unit. 
A tetrode is used in order to avoid self-oscillation. The purpose of this 
stage is not to provide amplification, but to prevent any change in r-f 
load, due to modulation, from affecting the electrical stability of the 
master oscillator; hence it is called the buffer stage. 

The third tube which is also a tetrode for the same reason as in 
the previous case, is designed to handle, perhaps, 50 watts. The anode 
of this tube is provided with a d-c plate supply The secondary of 
an audio power transformer 7h is in series with this plate supply. This 
second r-f amplifier stage serves to drive the output r-f power stage 



Fio. 394. — Sc!hcTiiati(* diMj^raiii of radiotelephone transmitter circuit employing 

amplitude modulation. 

employing a tube A 4 which may deliver several hundred watts to the 
radiating system. If a still higher r-f output is required, one or more 
additional r-f amplifier stages would precede the output stage. Radio 
transmitters arfe now in use which will deliver in excess of 100 kw to the 
antenna system. 

The audio-amplifying system, shown in the lower part of the diagram, 
consists of two or more voltage-amplifying stages, which in turn serve to 
drive a push-pull power stage. The output of this stage delivers a signal- 
controlled voltage to the plate circuit of the r-f power amplifier. Thus 
the potential applied to the anode of that r-f stage varies in conformity 
with the signal, and modulation of the amplitude of the carrier wave is 
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effected. If the signal consisted of vocal or musical sounds, the situation 
would be as depicted in Fig. 395. 

Before leaving the subject of transmitting circuits, it will be noted that 
in the representative layout above discussed (Fig. 394) the last r-f (power) 



Fig. 395. — Showing the signal-wave form and the resulting modulated carrier 
wave. The last trace indicates the character of the output current after demodulation 
has taken place. This current is utilized for the purpose of operating telephone 
receivers or a loud speaker. 

stage involves the use of a triode rather than a tetrode. Self-oscillation 
in this stage is prevented by feeding back a small amount of energy from 
the plate circuit to the grid, this energy being out of phase (by tt radians) 
with the energy being impressed on the grid from the preceding r-f stage. 
Such a method of preventing a tuned-plate, tuned-grid, r-f amplifier from 
developing oscillations is referred to as neutralization. The particular 
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carcuit arrangement shown in Fig. 394 for accomplishing this is only one 
of several circuits which may be utilized to prevent self-oscillation. 

In the transmitting circuit indicated in Fig. 394, the inductive react- 
ances A^i to Xa, inclusive, constitute what are known as h-f ''chokes”; 
in each case they function to prevent a r-f "short circuit” of the grid. 
The capacitances, Ci, C 2 , and C 3 form, in each case, a h-f path from tlu^ 
tuned plate circuit to the cathode. 

The several anode circuits in both the audio and radio networks are 
supplied from well-filtered rectifier assemblies. 

248. Radio-receiving Circuits. A great many different forms of 
circuits are utilized for the purpose of intercepting and dcunodulating 


RECEIVING 

ANTENNA 



Fig. 390. — 8c hematic- diagram of the circuit of a simple radiotelephone receiver. 

electromagnetic waves. It will suffice for our purposes if we examine a 
simple receiving network that embodies only the essential elements 
required to recover the signal originally impressed on the carrier. Figure 
396 is a diagrammatic sketch of a receiver circuit layout consisting of an 
absorbing, or antenna, system; a two-stage, r-f amplifier; and a thermionit; 
half-wave rectifier A 3 acting as a demodulating member. It is assumed 
that the drop over the resistance R is being amplified by a suitable rnulti- 
stag(^ audio amplifier, which in turn feeds a loud-speaker or other trans- 
lating device. The potential that appears acaoss R has the foim shown 
in the bottom curve in Fig. 395. 

As shown, the antenna can be tuned to the incident carrier wave by 
means of the series variable capacitor, though often (unfortunately) 
the antenna is arranged to function as an untuned absorbing unit. 
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The radio transformers T 2 and T 3 have tuned secondaj-ies. The r-f 
amplifying tubes, Ai and A 2 , are pentodes, thus giving high amplifi(;a- 
tion. Often more than two stages of r-f amplification are employed. 
The rotors of all tuning capacitors are usually mechanically connected 
(‘‘ganged'’) so that they can be adjusted simultaneously b}^ means of a 
single control member. Anode potential is supplied by a well-filtered, 
full-wave thermionic rectifying unit. 

249. Guided-Wave (Carrier-Current) Communication. In 1910 i\m 
late General Sciuier (then Major) of the U.S. Army, by a bold and 
ingenious adaptation of the fundamental priiKuples and apparatus 
previously employed in radio transmission, developed a new and highly 
important system of communication. Prior to Gemu'al S(iuier's inven- 
tion it had, of course, Ix^en possible to transmit simultaneously several 


uNe 



LINE 

Fig. 397. — ( 'arrier-ciirrent transmission and reception. 


telegra])h mc^ssageA over a single circuit, and while {;ertain earlier attempts 
had l)een made to develop a system of syntonic multiplex telegraph.y, it is 
to General Scjuier that the world owes the prodiudion of a multiplex 
system of communi(‘ation by which it is possible to carry on many simul- 
taneous two-way tele])hone conversations over one electrical circuit. In 
other words, the possible traffic-carrying capacity of a simpk^ metallii^ 
telephone or telegraph circuit has been increased many fold. How this 
is accomplished will be evident from the following description of tlie 
essentials of the Sciuier system. 

The transmitting and receiving equipment utilized in the guidod-v ave 
system is essentially that employed in ordinary radio communi(‘<ation. 
However, instead of being connect, ed to a radiating or absorbing system, 
(jonsisting of an antenna and the ground, the transmitter and re<?eiver are 
bridged aci-oss a physical telephone or telegraph pair, or between a singk^ 
wire and the ground. By this arrangement, the energy is guided along 
the physical circuit in the form of an h-f alternating curnnii instead of 
fxdng radiated into space. This is shown diagrammatically in Fig. 
397. The eipiipment there sketched would be recpiired for a single t wo- 
way conversation. Transmitter A would be adjusted to deliver a modu- 
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lated carrier wave to the line, the frequency of the carrier current being, 
say, 60 kc. By means of the variable capacitance Ci, the line is then 
brought into resonance with A. Transmitter B would be set for some 
other noninterfering frequency, for instance, 40 kc. The receiving 
organization A' would be adjusted to resonance with transmitter A, 
and receiver is adjusted to resonance with transmitter B, Each party 
to the conversation would thus utilize a given carrier wave. At the same 
time that this ''super-channel” is in operation, communication may also 
be maintained by ordinary telephonic or telegraphic means. Additional 



Fig. 398. — C'irouit arrangoinciit l>y incan.s of which interaction between transmitti.j" 
and r(H;eiving circuits is avoided in carrier-current transmission. 


h-f channels may be established over the same physical pair, a definite 
pair of frequencies being assigned to each two-wa}’' channel. By using 
relatively high frequencies, and a coaxial cable instead of the usual two- 
AN'ire circuit, it is now possible to provide for more than 200 guided-wave 
channels while utilizing only one physical circuit. 

In practice it becomes necessary to provide means whereby inter- 
action between adjacent apparatus, and also lietwwn interconnected 
c4i-cuits, may be eliminated. In Fig. 398 is shown how i*eac.tion between 
interconnected circuits is avoided. The biidge circuit (sometimes calletl 
a hybrid coil) should be carefully noted. By means of this arrangement 
of circuits the energy from the receptor is prevented from feeding into 
the transmitter and thus giving rise to regeneration and the consecpient 
production of a-f oscillations (''howling”). The artificial line serves to 
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balance the constants of the local physical telephone circuit. When a 
multiplicity of two-way super channels is set up, the high frequency 
chokes are replaced by band filters (Sec. 107). A setup of circuits similar 
to that shown in the figure is required for each two-way h-f telephoni(; or 
telegraphic channel. Guided-wave (carrier-current) multiplex telephony 
and telegraphy are in extensive comnna-cial use in this country and 
abroad. 

The giiided-\vave system is employed to some ext(*nt as a means of 
communication over power transmission lines, \\lien utilized for this 
purpose the transmitting and receiving circuits are electrostatically 
couphnl to the power wires. Coupling is etfected in one of two ways. In 
some installations one or more wires several hundr(*d feet in length ai-e 
supported parallel to and slightly below the power wires. In other plants 
the carrier current equipment is coupled to the power wire system through 
special high-potential condensers. 

Recently considerable attention has been given to a method of con- 
trolling the propagation of el(?ctromagnetic waves by means of what are 
called wave guides. Such a conductor consists of a long metallic 
box that is circular or re(!tangular in cross section, the cross-sectional 
dimension being of the order of 2 or 3 cm. Alicro waves generated by 
suitable means, at one end of such an enclosure, will be propagated down 
the guide as a result of repeated reflections from the side walls. It has 
been found that the attenuation is less than when using a standard trans- 
mission line or a coaxial cable. Waves of several different frecpiencies 
may be transmitted simultaneously through a given guide of this charac- 
ter. It is possible that suc^h wave guides may come to be used for multi- 
plex telephony and telegraphy, at least under certain circumstances. 
The reader will find an authoritative but simple discussion of such wave 
guides in a book by J. B. Hoag entitled Basic Radio, pages 330 j^. 

260. Radar. Radar, or radiolocation, may be said to be the science 
of the use of electromagnetic waves for the detection and location of an 
object, either fixed or moving. It is based on two fundamental principles : 
(1) that such waves can be concentrated into beams by means of suitable 
reflectors, and (2) that at least partial reflection of these waves will take 
place at the bounding surface between two mediums whose electrical 
properties differ. These principles were established by the original clas- 
si(;al experimcuits of Hertz (Sec. 243). The determination of the distance 
of the reflecting body from the source of radiation also involves an old 
technique. The method used is an adaption of Fizeau^s classical experi- 
ment to determine the velocity of light. The pro(iess by whi(;h air- 
planes, ships, and land masses may be located and their distance 
determined may be briefly outlined as follows. 
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In f'ig. 399, S represents an ultra h-f transmitter (order of 1,000 me) 
whose radiation is concentrated into a beam by means of a suitable wave 
reflector, consisting of a metallic mirror or wire grid. Equally spaced 
groups of waves are sent out as the beam is made to sweep over a certain 



area, in much the same way a search-light is operated. If and when this 
beam strikes a target, a limited amount of reradiation will occur. Some 
of this secondary radiation will reach the receiver (consisting of a dipole 
at the focus of the receiving mirror) and can be amplified. The amplified 
energy enn be made to operate a timing device. 

It is this timing device which is, in some re- 
spects, unique. 

It consists of a cathode-ray oscillograph so 
connected that, as a pulse of waves is emitted 
by the transmitter, the electronic beam is 
started on its sweep movement. The amplified 
returning wave (echo) pulses are applied to the 
vertical deflecting plates of the cathode-ray 
tube. I f the sweep circuit is synchronized with 
the outgoing pulses, the received pulses (if the 
target is at a fixed distance) will appear super- 
imposed on one another as vertical displace- 
ments from the horizontal time axis. The 
general character of the indication appearing on the fluorescent screen of 
the oscillograph is shown diagrammatically in Fig. 400. The line OA 
represents the time base, the distance OE indicating the time taken by an 
emitted pulse to traverse the distance from the transmitter to the target 



Fig. 400. — Ai)pearance 
on th(5 cathodo-ray-tubo 
Kcreon of a reflected radar 
pulse. 
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and return. Knowing the velocity of electromagnetic waves to be 
186,000 miles/sec and having at hand data concerning the sweep fre- 
quency, it is possible to calibrate the time base in miles. If a target were 
25 miles away as shown in the figure, the distance OE on the time axis 
would represent 0.000269 sec. If the target is moving ^^in the line of 
sight the pulse record on the screen will move toward or away from the 
point 0. By increasing the frequency of the sweep circuit one can 
measure time intervals of the order of a few microseconds. Thus it 
becomes possible to determine accurately the location and distance of 
objects which may be relatively near, but which may not be visible. In 
this way, by the aid of portable radar units in airplanes, specific targets 
can be identified. Thus the equipment can be made to function as an 
altimeter. 

When utilized for military purposes, such as the spotting of airplanes 
from a ground station, it of course Ix^comes necessary to determine the 
angle {6) made by the echo beam with the horizontal (altitude) and also 
its bearing, or azimuth. These observations are made by means of angle- 
measuring devices attached to the reflector assemblies. 

By causing the cathode-ray beam to scan rapidly the entire fluorescent 
screen at the same time that the radio search beam scans a given target 
area, a maplike image of the target area will appear on the screen. Such 
a procedure can be carried out from great heights and when clouds or 
darkness make direct visual observation impossible. Thus we have a 
form of television based on the use of radio waves rather than on ordinary 
light. Both marine and aerial navigation will undoubtedly make wide 
use of radar equipment. 

261. Facsimile Transmission. One of the important applications of 
the principles discussed in previous chapters is the transmission of pictures 
by wire and by radiotelegraphy. It is now possible to transmit photo- 
graphs, including facsimiles of checks, drafts, legal documents, and the 
page of a newspaper between points separated by thousands of miles. 
Figure 401 is a reproduction of a photograph transmitted by this means. 
Several forms of equipment have been worked out for accomplishing this 
type of transmission, but the basic units in each case are the photoelectric 
cell (Sec. 186) and the thermionic tube used as an amplifier (Sec. 236). 
In Fig. 402 are shown the essential elements employed in a typical system 
for the transmission of pictures. 

The transmitting equipment consists of a motor-driven cylinder C 
about which is wrapped the photograph, printed matter, or other copy 
to be telegraphed. The cylinder is caused to advance longitudinally as 
it revolves. Light from a suitable source S is focused, by means of the 
lens L, to a small point on the revolving picture. The light reflected 
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frc^in the cop}^ is collected by the parabolic mirror M and directed by the 
plane mirror M' into the photoelectric cell. As the pencil of light 
explores the surface of the picture a variable amount of light will be 
reflected, the (juautity of reflected energy depending upon the degree of 



Fig. 401. — Photograph transinitt(3d over a wire telegraph (hrcaiit. (Coiirlefiy of 

V nderwood and Underwood A 



Fig. 402. — Diagrammatic sketch of a facsimile transmitter assembly. 

coloring of the copy. The variation in intensity of the reflected beam of 
light thus incident on the sensitive surface of the photoelectric cell results 
in a corresponding variation in the photoelectric current. Amplification 
of this photoelectric current is necessary. This may be accomplished by 
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means of a d-c amplifier, or by the use of an ordinary audio amplifier 
operated in conjunction with a so-called ^‘chopper/’ This is the plan 
sketched in Fig. 402. In order to make the potential supplied to the 
amplifier alternating or variable in character, a rotating disk Z>, having 
a row of apei‘tures near its periphery, is positioned l)etween the liglit 
source and the lens system. This ^Vdioppcr^^ serves to interrupt the 
l)eam of light at a frecpiency of the order of 3,000 times per second, thus 
(•ausing the output of the light cell to be of an intermittent cliaracter. 
The variations in the light iruadent on the cell, due to the scanning proc- 
ess, act to vary the amplitude of these regular variations imposed by 
the chopper. Various other plans are used for accomplishing this 
purpose. 

The output of the photoelectric amplifier system may be made to 
modulate the carrier wave of a radio transmitler, tlu' (airric^r current of a 

ADDITIONAL 

amplifier photographic 



Fi(i. 403. — Showing the method by which facsimile rcc('ptio7i is accomplished. 

guided-wave circuit, or produce signals that may be transmitted 
over an ordinary physical telephone or telegraph line. 

The re(x.‘ption of a picture or other copy is effected in a comparatively 
simple manner, one common method being indicated in Fig. 403. At 
the receiving terminal of the channel the picture-modulated carrier wave 
is passed into a standard receiving amplifier (to compensate for the 
attenuation which occurs during transmission) and thence to a special 
one-stage amplifier in the plate circuit of which is a glow tube. This 
glow tube is a simple two-electrode unit containing a gas such as argon or 
helium at low presvsure. A current will pass through such a tube when 
a potential difference of from 200 to 400 volts is applied to its terminals, 
the gas being rendered incandescent by the passage of the current. The 
variable voltage due to the amplified signal being in series with the fixed 
potential difference supplied by E will give rise to a variable current 
through the glow tube. The intensity of the light emitted by such a 
unit is proportional to the strength of the current through the tube. 
Variations in the voltage impressed on the grid of the amplifier tube A 
due to the picture signals thus give rise to corresponding variations in 
the intensity of the light emitted by the glow lamp. This variable light 
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is focAised by means of a suitable optical system on a piece of photo- 
graphic paper which is wrapped about a revolving cylinder C; thus tlie 
gradations in light and shade of the original copy are impressed on the 
light-sensitive receiving sheet. The photographic paper later undergoes 
chemical development in the usual manner. 

In carrying out facsimile transmission it is necessary that the receiving 
and transmitting cylinders revolve at synchronous speed. This may be 
accomplished by any one of several methods that need not be descrilxHl 
here. 

Facsimiki j)icture transmission has been developed to the point wIkux^ 
a 5- by 8-in. picture, or other similar copy, can be transmitted in about 


X x' 



one minute. This is e(iuivalent to a rate in excess of bOO woj’ds pei* 
minute, in the case of a printed or typed page. It seems probable that this 
form of transmission vill in time replace the pi'esent code method of 
telegraphy. It is also prol)al:)le that automatically recorded daily news 
bulletins will come to be distributed to offices and homes by means of 
facsimile transmission. 

262. Transmission Lines. In view of the impoi tant part played by 
transmission lines in all branches of communication engiiKHuing, we may 
well conclude our study of ele(dromagnetic waves by a consid(^ration of 
the factors whi(!h have to do with the propagation of such waves along 
wire circuits. 

The portion of the line between x and x' in Fig. 404 represents a very 
short section made up of ohmic resistances R, inductive and capacitiv(^ 
elements L and C, together vdth a certain amount of conduc.tance (/ 
due to leakage between the conductors comprising the line. The line, 
as a whole, may be considered as extending to infinity. Ph 3 ^sically, of 
course, there is no such thing as an infinite line. It is, however, con- 
venient to assume that such a line may exist electrically. Such a line 
may be represented by a large number of small T sections connected in 
tandem, as shown in Fig. 405a. For our purposes we may consider one 
section only, as sketched in Fig. 4055. In that diagram, Zi is the total 
series impedance per sectitin, Z 2 the total shunt impedance per section, Z,, 
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the characteristic impedance of the network, and 7jJ a load impedance. 
By characteristic impedance is meant the input impedance of one or more 
sections of the line as measured at the input end. If a line of finite 
length is terminated by an impedance 7jJ ecpial to the charaeteristict 
impedance, the line will behave electrically as if it were infinite in length. 
Under these conditions, all of the energy supplied to the line will be dis- 
sipated in the line and in the load impedance 7jJ \ no reflection will take 





2^2 V 2 



place. Such a line is said to be nonresonant. It may be shown that 


The characteristic impedance may also be expifvssed in terms of the* linr^ 
constants, thus, 
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From Eq. (292) it is evident that the value of Zo, for any given frequem^y, 
may be computed if the line constants are known. At very high fre- 
quencies, G is negligible and coL be<‘omes very large in comparison with R. 
Under these conditions, 7,, becomes practically a pure resistance whose 
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value is given by the expression 



and is thus seen to be independent of frequency. In general, the ampli- 
tude of the potential and current waves decrease as the waves move 
along the line toward the far end. However, the ratio of the potential 
difference across the line at any point, such as x in Fig. 405a, to the cur- 
rent at the same point is the same as the corresponding ratio at any other 
point, say at x\ This ratio gives the characteristic impedance Zo of 
the line, and incidently provides us with another definition of this 
important line constant. 

A knowledge of the impedance offered by a line is important for several 
reasons. The magnitude of the current at the input end of the line will 
he determined by the applied voltage and the characteristic impedance 
of the line, thus, I \ = V\/Zo. Furthermore, the percentage of the energy 
that ultimately reaches the receiving end and is there a})sorbed by th<^ 
load circuit depends upon the relation of the load impedance to the line 
impedance. It may be shown^ that to attain a maximum transfer of 
power from the generator to a receiving network the impedance of the 
receiving circuit should equal the impedance of the generator. It is also 
true that to bring about a maximum transfer of energy from a transmis- 
sion network to a load circuit the impedance of the load circuit should 
‘ ^ match that of the line. Thus it becomes necessary to compute, and 
to adjust, the impedance of the line in order that a maximum amount of 
energy may be transferred from the generator to the load circuit. 

By the aid of Eq. (292) it is possilde to develop working relations for 
the more common types of transmission lines. In the case of a pair of 
parallel wires for use at radio frequencies, the relation takes the form 

= 276 logic ohms, (294) 

where S is the distance between the wires and d the diameter of the wires. 

For coaxial cables operated at high radio frequencies the equation is 

Z„ = 138 login Y ohms, (295) 

where do is the outside diameter of the inner cylinder and the inside 
diameter of the outer cylinder. Coaxial cables have a Zo value in the 
region of 77 ohms. 

(It is suggested that the student consider this question: Dot\s the 

‘ See ‘^Comnninication Engineering,” 2d ed., p. 49, by W. L. Everitt. 



578 


KLKCTHICITY AND MAGNETISM 


length of a transmission line have any bearing on the magnitudti of its 
characteristic impedance?) 

In discussing the behavior of nonresonant lines, at least one other 
factor should be taken into account, viz., attenuation, t.c., the decrease 
of the amplitude of the wave as it moves toward the receiving end of the 
line. It has been found that the decrease in the current value from 
section to section may be represented by the expression 
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where Ii and I 2 represent the currents indicated in Fig. 405a, and p a 
factor known as the propagation constant per unit length or per section. 
Actuall}^ the constant p is a complex quantity, but for our purposes we 
will consider only the real part, wdiich is designated as the attenuation 
constant. The last equation indicates that the attenuation is loga- 
rithmic and can therefore be expressed in decibels per unit length of lin(j. 
Expressed in decibels the line attenuation will be 


Loss in db = 20 logi 


V 


(2*^8) 


where /, is the magnitude of the current entering the line and h the cur- 
rent leaving a given section of the line. For a No. 19 cable operated at 
1,000 cycles the line loss is about 1 db per loop mile. Coaxial cable has a 
lower attenuation factor than open-line wires. When long transmission 
lines are operated at audio frequencies, the attenuations is of such magni- 
tude that it becomes necessary to install amplifiers at intervals of 30 to 
50 miles along the line. 

The attenuation constant is a function of the frequency. It thus 
becomes evident that the components of a complex wave will not undergo 
equal attentuation; distortion will therefore result. This raises the 
question as to whether it is possible to arrange conditions so that all 
audio frequencies will undergo the same percentage attenuation, and thus 
preserve the quality characteristics of the signal being transmitted. 

It may be shown^ that distortionless transmission will obtain when 


Zo 




^ See ^‘Communication Engineering,” pp. 116 ff., by W. L. Everitt, or 
iminication Circuits,” p. 64, by Ware and Reed. 
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‘ Corn- 
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In j)ractice it is difficult, if not impossible, to attain the condition where 
R/G == L/C. Since, in the case of well-built lines, G is small, in order to 
reduce distortion to a minimum, it becomes necessary to make L large 
or R very small. If G is increased the attenuation will ]>e increased; 
hence such a st(^p is not feasi])le. lOngineering economi(;s pla(*(\s a limit 
on the maximum siz(i of the conductor, and therefore upon the extent to 
which one can redu(‘e R, In 1900 Professor Pupin suggested that the 
line inductance })e increased by tlie introduction of loading coils at 
frequent intervals along a teh^phone line. By incn'.asing the L factor in 
this way, hjng-distanc^e transmission was greatly improved. That the 
transmission characteristics of a line may be materially improved is 



l-’ic. 40(). — ^Sliow'ing comparative attenuation in the case of loaded and nonloaded 

transmission lines. 


indic.ated by the graphs shown in Fig. 406. In recent years, however, 
carrier current transmission is replacing loaded-line operation. 

Thus far in our discussion of transmission lines we have considered 
only the infinite line, or its electrical ecpiivalent. If a lino does not 
terminate in an impedance corresponding to the characteristic imped- 
ance, wave reflection will take place. The percentage of energy reflected 
will depend upon the degree of impedance mismat(ffi that obtains. If 
the impedance ratio differs from unity, some reflection will occur. If 
the line is open, or if it is shorted, all of the energy reaching the far end 
of the line ^vi\l be reflected; and under suitable conditions standing waves 
will be produced. 

Suppose we have a situation such as that sketched in Fig. 407a. A 
pair of relatively long wires (IF, IF') spaced a few centimeters apart are 
coupled inductively to ati oscillator that is capable of supplying a few 
watts of r-f energy. B is a conducting movable bar. Arrangements are 
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provided whereby a hot-wire or thermocouple type of milliammeter may 
be moved along the system while its terminals are in contact with the 
wires. First the oscillator is adjusted to give a frequency of such a 
magnitude that the wave length will be a fraction of the length of the 
wires W and W\ Then, if the bridging meter is set at some position 
such as A , and the shorting bar B is moved along the wires, it will be found 
that for some position of B the meter will read a maximum. If now" we 
keep B in a fixed position and move the meter along the system, points 
will be found w"here maximum and minimum readings occur. This means 
that there are points where no potential difference exists between the 
wires; this in turn indicates that, due to interference, standing potential 
Avaves have been established on the wires Avhich constitute the system. 
The line is noAv in resonance with the driver. Such points as r? and r/ 



are potential nodes; m and are current nodes. As in the corresponding 
case for an organ pipe, the distance nn! or rmn' is ecpii valent to a half 
wave length. Thus Ave have a means whereby the A\^ave length, and 
hence the frequency, of a given oscillator may be readily determined. 
The method is particularly useful Avhen dealing Avith oscillations Avhose 
wave length is expressed in centimeters. This plan of Avave length 
determination Avas originally suggested by Lecher, and such an assembly 
is referred to as a Lecher system. 

In the case of a pair of narrowly spaced w’ires, or a coaxial cable, the 
loss of energy by radiation is negligible. Because of this important 
property both resonant and nonresonant lines may be, and are, widely 
used for the purpose of connecting a radio transmitter with its associated 
antenna system. When a nonresonant line is utilized for such a purpose 
provision must be made for matching both the transmitting circuit and 
the radiating system to the line impedance. In h-f transmission, where a 
dipole is used as a radiating system, a resonant line of the quarter-wave 
type is frequently employed. Details concerning the use of transmission 
lines for the purpose of conveying h-f energy from a generator to a radiat- 
ing system Avill be found in any standard work on radio engineering. 
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263. What of the Future? By means of ek^ctromagnotic waves, 
guided or propagated through space, communication is now possible to 
all parts of the world. We speak to our neighbor in the next block or to 
some one halfway around the world. Distant scenes are made visible, 
(certain atoms have Ixhui made to yield vast quantities of energy, thereby 
changing t,h(^ course of history. X rays can be made to penetrate several 
f(‘(‘t of nu‘tal, thus revc^aling its int(u*iial structure. With the aid of the 
electron microscope man is able to probe more deeply into nature’s hidden 
s(‘cr(^t-s. And all these advan(*es have come about through the research 
work of tJios(^ pioiKHa’s of scientific progress whose contributions we have 
studi(Hl in the course now drawing to a close. 

Is theie mu(*h of conse(iuence yet undiscovered? The answer is an 
emphatic, Yes! As a matter of fa(*t, we have made only a beginning, 
'riie efforts of the analytical physicist and the reseandi worker will con- 
tinue to lead us into new and vast areas of discovcuy. The organizing 
and developm(mt,al skill of the engineer will make these new discoveries 
us(^ful to all pc^ople of the earth. The sciences of electricity and mag- 
netism has brought countless blessings to mankind. In the years to come 
it will make the earth a still l>etter place in which to live and have oui- 
b(‘ing. 
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Abaiiipere, 245, 397 
Absolute ehictronieter, 74 
Absolute eiigiiieeriiij< units, 397 
Absolute units, 389 
Absorption by an antenna, 555 
Accelerator, inclu(^tion, 474 
Accumulator, 204 
Actinium, 479 
Admittance, 356 
Agonic lines, 57 
Alpha particles, 1, 480 
Alternating-current circniits, parallel, 354 
Altcu’nating-cnirrent generator, 298 
Alternating-curn'iit instruments, 378 
Alternating-curnait quantities in terms 
of symbolic notation, 373 
Alternating currents, 332 
addition of, with emf, 341 
efifective value of, 334 
Alternalors, polyphase, 301 
single-phase, 299 
Ammc'ters, 258 
calibration of, 145 
j>V^npere, 100, 239 

absolute value of, 399 
definition of, 1 73 

determination of absoluD* values of, 398 
international, 173 
Ampere-hour capacity, 207 
Amplifi(ration factor, 514 
Amplifier’s, 519 

reactance-capacitance coupled, 522 
transformer-coupled, 523 
Anderson, 488, 499 
Anions, 169 
Anode, effect of, 414 
Antenna, absorption by, 555 
Hertz, 558 
radiation from, 555 
Arc furnace, 155 
Arc welding, 160 


Arrhenius, 167, 177 
Artificial transformation, 186 
Aston, 456, 457 
Atomic struct un;, 177, 199 
Attenuation, 3til, 578 
Attenuation constant, 578 
Audio transforriKTs 328 
Aurora, 447 

Autoelectron ic (mission, 416 
Autotransformer, 323 

Balance, Kelvin, 39t) 
Ballistic galvanometer, 255 
Barkhausen (‘ff(‘(*t, 268 
Barkla, 468, 472 
Bas(?-metal couples, 227 
Batteri(‘s, storage, 203 
Beam-power tube, 540 
Beckcir, 487 

Becquerel, 230, 477, 478 
Becquer(4 ('fleet, 230 
B('ta ra>’s, 480 
Bt'tatron, 473 
Bidw('ll, 268 
Biilmann, 194 
Biot, 240, 241, 243 
Bohr, 499 
Bosanquet, 261 
Bothe, 487 
Bottger, 181 
Boys, 225 
Bragg, 463 

Bragg's equation, 464 
Brainbridge, 157 
Braun, 431, 435 
Braun (dectrometer, 77 
Bridge, C'ar(*y-I''oster, 130 
conductivity, 136 
Kelvin double, 133 
Mueller, 137 
V^Tieat stone, 128 
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Cady, 236 

Calomel eleetrode, 182 
( -apac^itance, 86 

of coaxial cylinders, 91 
of condensers in series and parallel, 105 
of parallel plates, 90 
of spla^re, 86 

of telephone, telej^raph, power wires, 93 
of two concentric spheres, 89 
units of, 87 

Capa(‘itive circuit, 346 
Capacity, ampere-hour, 207 
( 'arey-Foster })ridge, 130 
(Wrier-current coinmuni(;ation, 568 
(^athode glow, 449 
( ’atliode-ray tube, 422, 431 
Cathode rays, 422 
properties of, 428 
Cations, 169 
C'avendish, 6 
Cell, Daniell, 185 
dry, 200 

Edison primary, 201 
gas-filled, 409 
gravity, 199 
KelliHT-Solway, 175 
nonreversible, 187 
photoelectric, 407 
photox, 231 
photronic, 231 
primary, 184 

euiergy relation in, 186 
reversible, 187 
Weston standard, 203 
Cells, concentration, 190 
grouping of, 211 
primary and secondary, 177 
secondary, 203 

Cgs electromagnetic unit of current, 397" 
Chadwick, 486, 487, 488 
Charge, 2 

units of, defined, 3, 4 
C'harging of a body, 7 
by induction, 8 
Chart, isomagnet ic, 57 
nuclear, 3 
Choke coil, 343 

C’hromel-alumel thermocouple, 228 


Circuit, magnetic, law of, 260 
series, 342 

Circuits, inductive and noninduct iv»‘, 285 
radio-receiving, 567 
radio-transmitting, 561 
Circular loop, field at point on axis of, 243 
Clamond, 216 
Clock diagram, 339 
(’loud cham})er, Wilson, 482 
(daxial cylinders, capacitance of, 91 
(dblentz, 216 

(^efficient, temperature, 189 
( dercivc force, 265 
( dld-cathode emission, 416 
( Communication, guided-wav(^ (carrier- 
current), 568 
('Omponent, energy, 368 
in-phase, 373 
quadrature, 373 
reactive, 368 
n'fenmce, 373 
wattl(‘ss or idle, 368 
Compound-wound geiu^rator, 309 
Compton, A, H., 471, 472, 497 
Cdmpton, K. T., 83 
Compton effect, 470, 471 
Compton el(‘(‘trometer, 83 
Concentration cells, 190 
Conc(‘ntric sphere's, capacitance of, 89 
(Widensers, 95 
capacitance of, 105 
charged, energy content of, 100 
electrolytic, 99 

Conduction in gases, electrical, 442 
Conductivity bridge, 136 
Conductors, 2 
Constant, attenuation, 578 
dielectric, 6 
propagation, 578 

( Constant-current transformer, 326 

Constant-voltage transformers, 325 

Control of electrons by means of grid, 419 

Converter, 298 

Coolidge, 460 

Cooper-Hewitt lamp, 161 

Corpuscles, 429 

Cosmic rays, 496 

Coulomb, 4 

Coulomb, C. A., 5, 6, 14, 27 
Coiilomb^s law, 19, 27 
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Couples, base-nietal, 227 
noble-metal, 227 
Coupling, coefficient of, 293 
Oitical-damping resistance, 255 
( 'ritical temperature, 50 
Crookes, 428 
(Vookes dark spa(;e, 449 
Curie cut, 230 
< 'Urie point, 50 
Curies, 232, 234, 478, 481 
(hirrent, alternating, 332 

in (aipacitive (arcuit, 340 
in circuit having resistance', inducrtance, 
and (‘apacitanoe, 348 
displacement , 547 
electric, 110 

electromagnetic unit of, 244 
(‘lectromotive forco, jind n'sistanc.e, 110 
electroni(^, 113 
induced, 274 

in inductive circuit, (haaiy of, 291 
with enif, 342 
growth of, 289 
linear, field due to, 241 
saturation, 410 
space, 414 
wattless, 308 
(Current strength, 110 
Cairrent transformer, 327 
Chirrents, eddy, 279 
Foucault, 279 
Curves, characteristic, 513 
Cutoff potential, 420 
Cyclotron, 491 

11 

Daniell, 185 
Dani(41 cell, 185 
Dark space, (Vookes, 449 
Faraday, 449 
Davisson, 503, 504 
Davy, 160 
Debierne, 479 
De Broglie, 501 

De Broglie’s equation, 502, 504 
Decibel, 361 
Decibel meters, 383 
Declination, magnetic, 54 
Deflection factor, 425 
De Forest, 421 


De VKUjnek’f 25, 53 
De Maricoiut, 25 
Demodulation, 534 
Demster, 457 
Density, flux, 10 
surface, av^erage, 14 
Derived units, 389 
Detection, 534 
Deuteron, 1 

Deviation frcqu(^iH*y, 534 
Diamagnetic substaiua's, 49 
Dielectrics constant , 6 
definition of, 1 1 
determination of, 107 
Dielectric hysteresis, 104 
Dielectric loss, 104 
Dielectric strength, 102 
Di(4ectrics, 1 00 
Diode, 507 
Dip, magnetic, 54 
Dipoh', (4ec,tric., 11 
magnetic, 30 
Dirac, 502 

Din^ct-cxirrent generator, 304 
Direct-current measurc'meiits, 128 
Direct-current motor, principles of, 310 
Discharge, at atmospheric pressure, 442 
at low gas pressures, 448 
Displacc'immt current, 547 
Dissociation, 168 
Diurnal variation, magnetic, 56 
Dolezalek, 78 
Double-cylinder lens, 433 
Double layer, tdectrical, 177 
Doublet, electric, 1 1 
Dry cell, 200 
Duane, 467 

Duane and Hui\t law, 468 
Duddell, 226 

Duddell oscillograph, 387 
^u Fay, 5 
Dumington, 429 
Dushman, 411 
Dynamic characteristic, 521 

E 

Earth inductor, 56 
Earth’s magnetic field, 53-56 
theory of, 59 
Eddy currents, 279 
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lulisoii, 1(53, 209, 411 
Edison primary cell, 201 
p]dison storage battery, 208 
Einstein, 404, 495 
Einthoven galvanomett'r, 257 
Electric current, 110 
chemical effects of, 167 
magnetic effects of, 239 
thermal effects of, 148 
Electric dipoh^, 11 
Electric doublet, 11 
Electric field, 5 
Electric furnace, 155 
Electric intensity, near charged infinite 
plane, 18 

outside charged cylinder, 17 
outside charged surface, 14 
Electric lighting, 160 
Electric and magnetic fields, equations of, 
545 

J^]lectric power, 150 
Electric welding, 159 
Electrical conduction in gas(‘s, 442 
Electrical double layer, 177 
Electrical units, 389 

definition of, adopted by AIEE, 396 
dimensions of, 391 
systems of, 390 

l*]lectrochemical equivalent, 170 
Electrod(^ potential, 177 
Electrodes, calomel, 182 
gas, 180 
glass, 195 
hydrogen, 180 
normal hydrogen, 180 
pasted-plate, 206 
quinhydrone, 194 
reference, 180 

Electrodynarnometer type of instrument, 
378* 

Electrolysis, 167 
Electrolytic condenser, 99 
Electrolytic process, applications of, 173 
Electrolytic resistance, measurement of, 
138 

Electromagnetic induction, 274 
Electromagnetic unit of current, 244 
Electromagnetic waves, 545 
discovery of, 551 
propagation of, 563 


Electromagnets, 269 
Electrometer, absolute, 74 
attracted dish, 74 
Braun, 77 
Compton, 83 
quadrant, 78 
string, 84 

Electromotive force (emf), 111 
indiUHHl, 274 
in linear condinUor, 275 
of polarization, 197 
in rotating coil, 276 
of self-induction, 283 
Electron beams, 421 
electrostatic control of, 423 
magnetic control of, 425 
l'4ectron current, 1 14 
Electron gun, 422 
Electron microscope, 435 
Electron multipluT, 54 1 
Ehadron volt, definition of, 403 
Electronic current, 113 
Electronic displacenu‘nt, 1 1 
Electronic emission, 402 
lOleidrons, 1, 168, 429 
control of, 419 
free, 2 

in free space, 402 
Electros<u)X)e, 76 

Electrostatic; control of ele(;tron bc^am, 
423 

Electrostatic field, 5, 423 
Electrostatic flux, 10 
Electrostatic induct ion, 10 
Electrostatic voltmeters, 82 
Electros tati(;s, first law of, 5 
second law of, 5 
Elster, 404 

Emission, autof4(H;troni(;, 416 
cold-(;athode, 416 
electronic, 402 
field, 402, 416 
photoelectric, 402, 403 
secondary, 402, 417 
thermionic, 402, 411 
Energy, electrical potential, 72 
per unit volume of medium, 20, 44 
potential, 62 
of a charge, 71 
Energy component, 368 
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I'jier^y (X)ntont of cliargod condoiiscir, 100 
iOnerKY relation in primary cell, 186 
KcpiatioiiH of electric and magnetic fields, 
545 

Kcpiipotential lines, 68, 69, 437 
l']q\uvnlent, electrocliemical, 170 
gram, 172 

I0th(‘r, polarization of, 12 
F 

Facsimile transmission, 572 
Farad, 88 
Faraday, 172 

Faraday, M., 5-7, 13, 271, 545 
I'^araday dark space, 449 
Faraday’s laws, 170 
l^'aure, 206 
F(‘rmi, 494 

Ferromagnetic substama^s, 49 
Field, earth’s, magnetic, 53 
variation of, 56 
(‘lectric, 5 

electrostatic, 5, 423 
magnetic, 28, 423 
Field emission, 402, 416 
Field intensity, 9, 28 
inside charged shell, Ki 
within helix, 247 
near magn(*t, 29 
near major axis of magru't, 34 
normal component of, 12 
j)erpendicular to major axis, 35 
Field strength, 9 
magnetic, 29 

Fields, comparison of, by oscillation of 
magnet, 37 
Filters, 359 
band-elimination, 360 
band-pass, 360 
high-pass, 359 
low-pass, 359 
Fission, 494 
Fleming, 411 
Fltigge, 495 
Fluorescent lamp, 163 
Fluorescent X rays, 471 
Flux, electrostatic, 10 
magnetic, 40 
refraction of, 45 
refraction of, 21 


Flux, total, 10, 42 
Flux density, 10 
Flux leakage, 293 
Flux turns, 318 

Force, between charged plates, 19 
coercive, 265 

on current in magnetic field, 249 
ehxdrorn ot i ve, 111 
lines of, 5, 31 

between magnetized surfaces, 43 
Form factor, 357 
Foucault curremts, 279 
Frahm frequeiu^y nuteT, 385 
Franklin, 96 

Frequency, threshold, 405 
Freejuenej^ indicator, 385 
Frequency met(;r, 385 
Friedrich, 462 
Fundamental, 332 
Fundamental units, 389 
Furnaces, arc, 155 
electric, 155 
resistance, 155 

(i 

Galvanometer rf‘sistance, me^asuremeint 
of, 138 

Galvanomete'rs, 252 
ballistic, 255 
Einthoven, 257 
string, 257 
vibration, 256 
Gambey, 279 
Gamma rays, 481 
Gas electrode, 180 
Gas-filled cell, 409 
Gas pressures, low, discharge at, 448 
Gas triodes, 511 

Gases, electrical conduction in, 402 
Gauss, 34 

Gaussian A and B positions, 35 
Gauss’s the^orem, 12 
Geiger-Muller counter, 457 
Geitel, 404 
Generators, 298 

altenia ting-current, 298 
compound-wound, 309 
direct-current, 304 
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Germ(T, 503, 504 
Gibbs, 190 
Giesel, 479 
Gilbert, 262 
Gilbert, W., 25, 53 
Gill, 497 
Giorgi, 400 
Glass electrode, 195 
Glow, cathode, 449 
negative, 449 
Gockeii, 496 
Goldstein, 451 
Goodspeed, 459 
Gradient, potential, 66 
Gram ecpiivalent, 172 
Gravity cell, 199 
Grid-controlled rectifier tube, 511 
Grid-glow tubes, 511 
Grondahl, 230 
Ground wave, 563 
Guided-wave communication, 568 

H 

H nucleus, 486 
Haber, 195 
Hahn, 494 
Hall, 175 
Hamilton, 435 
Harmonic, first, 332 
second, 333 
third, 333 
Harris, 74 

Heating, high-frequency, 283 

Heaviside, 447 

Heisenberg, 502 

Helix, field intensity within, 247 

Helmholtz, 190 

Helmholtz coils, 245 

Henderson, 495 

Henry, 284 

Henry, J., 274 

H6roult, 175 

Hertz, 403, 551-553, 570 

Hertz antenna, 558 

Hess, 497 

High-energy ions, production of, 490 
High-frequency heating, 283 
Hildebrand, 181 
Hittorf, 177 


Honda, 267 
Hopkinson, 50 
Hoskins, 228 
Hunt, 467 

Hydrogen electrode, 180 
Hydrogen-ion concentration, measure- 
ment of, 191 

Hysteresis, dielectrir^, 104 
magnetic, 265 
Hysteresis loop, 265 
Hysteresis loss, 266 

I 

Iconoscope, 542 
Tgnitron, 511 
Imaginary quantity, 372 
Impedance, 343 
characteristic, 57() 

Im^andescent lamp, 163 
Inclination, magnetic, 54 
Indicator, frcapiency, 385 
Indicators, volume-hwel, 383 
Induced current, 274 
Induced magnetism, 46 
Inductance, 285 
calculation of, 285 
mutual, 291 

Induction, charging ])y, 8 
electrostatic, 10 
lines of, 10 
magnetic, 41 

Induction accelerator, 474 
Induction motor, 313 
Inductive circuit, current and emf in, 342 
Inductive reactance, 343 
Inductor, earth, 56 
Instrument transformers, 327 
Instruments, alternating-current, 378 
electrodynamometer type, 378 
iron-vane type, 381 
Insulators, 2 

International ampere, 173 
Ionization, 167 

Ionizing potential, minimum, 449 
Ionosphere, 447 
Ions, 168 

high-energy production of, 490 
positive, 410, 454 
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Iron-vane instruments, 381 
Isoclinic lines, 58 
Jsodynamic lines, 58 
Isogonic lines, 57 
Jsoinagnetic charts, 57 
Isotopes, 455 

J 

Joliots, 487, 489, 490 
Joule’s law, 148 

K 

Kanalstrahlen, 451 
Kaufmanu, 431, 433 
Kay(i, 481 

Kellner-Solvay cell, 175 
Kelvin, 75, 76, 78, 82, 133, 138, 224 
Kelvin balance, 399 
K(‘lvin double bridge*, 133 
KenneJly, 447 

Kcnnelly-Heaviside layer, 448 
Kerst, 473, 474 , 490 
Kirchhoff’s laws, 122 
in symbolic notation, 374 
Kirchner, 429 
Kiiipping, 462 
KolhorstcT, 497 

L 

Lalaiuh*, 201 

Lamp, C ’ooper-Hewitt, 161 
fluorescent, 163 
incandescent, 163 
sodiurn-vapor, 162 
Lange, 231 

Langmuir, 163, 415, 460 
Langmuir’s equation, 416 
Laplace, 241 
Laplace’s rule, 240 
Lane, 462, 463 
Law, Duane and Hunt, 468 
tangent, 38 

three-lialves-power, 415 
l^awrence, 490 
Laws, C'ouloinb’s, 19, 27, 28 
Joule's, 148 


Laws, Kirchoff’s, 122 
of magnetic force, 26 
Ohm’s, 114 
Paschen’s, 451 
LoChatelier, 228 
Lecher, 580 
Ijccher system, 580 
Lenard, 404, 429 
Lenard ray, 422 
Lens, double-(‘ylinder, 433 
Lenz, 274 
Dmz’s law, 274 
Lighting, electric, 160 
Lightning, 445 

Linear current, field due to, 241 
Lines, agonic, 57 

equipotential, 68, 437 
of force, 5, 10, 31 

normal to equipotential surfa(;es, 70 
of induction, 10 
isoclinic, 58 
isodynamic, 58 
isogonic, 57 
Livingston, 490 
Ix)ading coils, 579 
Loadstone, 25 
Ix)cal action, 198 
liodge, 555 
Lorenz method, 398 
Ludwig, 511 

M 

M and i/, determination of, 38 
Mcljcmnan, 496 

Magnet, field intensity near, 29 
Magnetic elements, 56 
Magnetic field, 28, 423, 438 
earth’s 53 
theory of, 59 
revolving, 312 
Magnetic field strength, 29 
Magnetic moment, 32 
Magnetic shell, 34 
Magnetic storms, 57 
Magnetic testing, 270 
Magnetism, induced, 46 
permanent, 49 
terrestrial, 53 

Magnetization, intensity of, 33 
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Magnetization curves, 264 Neutrons, 1, 487 

Magnetized surfaces, force between, 43 Newmann, 178 


Magnetometer, 40 
Magnetomotive force, 261 
Magnetostatics, 25 
Magnetostriction, 268 
Maps, magnetic, 57 
Marconi, 554, 555, 563 
Mass spcH^trograj)!), 45() 

Matter, constitution of, 1 
Maxwell, J. 515, 547, 540, 55 
552 

Maxwell, 42 
Meloni, 216, 224 
Mercury-arc rcadibcT, 508 
Meridian, magnetic, 54 
Meson, 400 
Mesotron, 1, 499 
Met(Ts, decibel, 383 
Frahm frequency, 385 
rectifier type, 382 
watt-hour, 383 
Mks system, 400 
Microampere, 111 
Microhms, 116 
Microscope, electron, 435 
Milliampere, 1 1 1 
Millikan, 406, 407, 408 
Modulation, 530 
Morrison, 236 
Moseley, 468, 470 
Motor, 310 
direct-current, 310 
induction, 313 
single-phase, 314 
synchronous, 315 
Muelhir bridge, 137 
Multielectrode tubes, 536 
Mutual inductance, 291 

X 

Nagaoka, 287 
Needle spark gap, 85 
Negative glow, 449 
Negative resistance, 161, 445 
Nernst, 177, 179 
Neumann, 274 
Neutral point, 219 
Neutralization, 566 


Nicholson, 233 
Nobili, 224 

Noble-metal couples, 227 
Noll, 221 
Nonconductors, 2 
Nonreversibh^ cell, 187 
Normal hydrogen (‘h'clrode, 180 
Northrop, 158 
I, Nuclear chart, 3 

Nuclear physics, 487 

0 

Oersted, 29 

Oersted, H. V., 29, 239, 274 
Oersted effect, 239 
Ohm, 115 

absolute values of, 398 
Ohm, G. S., 114 
Ohm’s law, 114 
in symbolic notation, 374 
Optic axis, 235 
Oscillator, 524 
Oscillograph, 433 
Duddell, 387 
Oscilloscop(‘, 433 
Ostwald, 177 

F 

Paramagnetic substanccvs, 48 
Particles versus waves, 501 
Paschen, 451 
Paschen’s law, 451 
Pasted-plate electrode, 206 
Peltier effe(‘t, 222 
Pentode, 539 
Period, 255 
Permalloy, 267 
Permanent magnetism, 49 
Permendur, 266 
Perminvar, 266 
Perrin, 429, 435 
Hund, 216 
Phase relations, 339 
Photoelectric cell, 407 
spectral response of, 409 
Photoelectric emission, 402, 403 
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Photovoltaic effect , 230 
Photox cell, 231 
Photronic cell, 231 
Piezoelectric effect, 232 
converse, 234 
direct, 234 
PlaiK'k, 400, 501 
IMante, 204 

Plat(\s, parallel, capacitance of, 00 
Po^ji^endorff, 141 
Polarization, 107 
end’ of, 107 
of ether, 12 
of X rays, 472 

l^ole, unit magnetic, definition of, 27 
I’oles, magnetic, 20 
Polonium, 470 
l*olyphaH(' alt(‘rnators, 301 
J*ositi\e (rolumn, 440 
Positron, I, 487, 488 
JV)tential, 02 
cutoff, 420 
<‘liu*trical, 72 
<‘l(‘(itrode, 177 
electrostatic, 02 
in el(!ctrostatic. field, 04 
magnetic, 07 
measurement of, 74 
minimum ionizing, 440 
stopping, 405 
terminal, 113 

Potential difference, terminal, 208 
Potential eiUTgy of charg(\ 71 
Potential gradient, 00 
Potentiometer, 140 
measununent of resistance by, 140 
Potentiometer pyrometer, 228 
Power, actual, 365 
appanuit, 305 
(‘lectric, 150 
and power factor, 364 
Practical and ergs units, comparison of, 
301 

Primary, 202, 317 
Primary cells, 177, 184 
energy relation in, 186 
examples of, 198 
Propagation constant, 578 
Proton, 1, 486 
Prout, 487 


Pupin, 579 

Pyroelectric effect, 232 
Pyrometer, potentiometer, 228 
rayotube, 230 
thermoelectric, 228 

Q 

Quadrant (ihrctrometc'r, 78 
Quadrature compommt, 373 
Quantity, imaginary, 372 
real, 372 
vector, 10 

Quinhydrone electrode, 194 
It 

Radar, 560, 570 

Radiation, from an antenna, 555 
resonant, 450 

Radioactive transformat ions, 483 
Radioactivity, 477 
artificially indu(*-ed, 489 
and atomic structure, 477 
discov(;ry of, 477 
methods of measuring, 481 
nature of, 479 
Radiomicrometer, 225 
Radio-receiving (dreuits, 567 
Radio-transmitting (dreuits, 564 
Radium, discovery of, 478 
Radium emanation, 485 
Radon, 485 

Ratio c/m, determination of, 427 
Ray, Lenard, 422 
Rays, cathodi‘, properties of, 428 
cosmic, 496 
positive, 451 

Reactance, capacitiv(*, 346 
inductive, 343 

Reactance-capacitance coupled ampli- 
fier, 522 

Reactance curves, 353 
Reactive component, 368 
Rectifier type meters, 382 
Rectifiers, mercury-arc, 508 
rectigon, 507 
tungar, 509 

Reference componctff, 373 
Reference electrodes, 180 



592 


F.LEiriUlClTY AND MAGNETISM 


Hef Faction^ of lines of flux, 21 
of magnetic flux, 45 
of X rays, 472 
Reluctance, 262 
Remanencc, 50 

Resistance, critical-damping, 255 
definition of, 115 
d-c plate, 515 
dynamic plate, 515 

im^asLirement of, by potentiometer, 14() 
negative, 161, 445 
specific, 115 
stati<*, 515 

Resistance furnace, 155 
Resistance thermometry, 13(5 
Resistances, in series and parallel, 1 19 
Resistivity, 115 
Resonance, 357 
electrical, 351 
in si'ries circuit, 350 
sharpness of, 352 
Resonmit radiation, 450 
Rctentivity, 50 
Reversible cell, 187 
Richardson, 412 
Rontgen, 459, 460 
Roentgen rays, 459 
Root-mean -square, 336 
Rowland, 240, 261 
Rutherford, 479, 483, 486, 487, 496 

8 

Sadler, 468 

Saturation current, 416, 443 
Savart, 240, 241, 243 
Schmidt, 478 
Schrodinger, 502 
Screen grid, 537 
Secondary, 292, 317 
Secondary cells, 203 
Secondary emission, 402, 417 
Secular magnetic variation, 56 
Seebeck, 215 
Seebeck effect, 215 
Self-inductance, 285 
measurement of, 293 
Self-induction, coefficient of, 285 
emf of, 283 
Sensitivity, 265 


Se.nsitivity, ballistic, 255 
current, 254 
megohm, 254 
voltage, 254 
Series circuit, 342 
resonance in, 350 
Series macdiine, 308 
Shunt, standard, 145 
Side })ands, 532 
Single-phase alt tu na tor, 299 
Singltvphast* motor, 314 
Sky wave, 563 
Slepian, 511 
Soddy, 483 

Sod him -vapor lamp, 162 
Solution pressure, 177 
Space charge, 414 
Space current, 414 
Specific indu(‘tive capacity, 7 
Spectral response, 409 
Spectrograph, mass, 456 
Spectrometer, X-ray, 463 
Spectroscope, X-ray, 465 
Spectrum, X-ray, 466 
Sphere spark gap, 85 
Squier, 568 
Standing waves, 579 
Statcoulomb, 4 
Statfarad, 87 
Static resist an (Ui, 515 
Static transformer, fundamental theory 
of, 317 
Statvolt, 63 
Stebbins, 84 
Steinmetz, 266 
Stenstrom, 472 
Stewart, 447 
Stokes, 462 

Stopping potential, 405 
Storage batteries, 203 
Edison, 208 
Strassman, 494 
Suppressor grid, 538 
Surface density, average, 14 
Surface distribution, 13 
Surfaces, equipotential, 68 
magnetized, force between, 43 
Susceptance, 357 
capacitive, 357 
inductive, 357 
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Swan, lt)3 

Symbolic mcthori, 371, 374 
Symbolic notation, 373, 374 
Synchronism, 313 
Synchronous motor, 315 

T 

Tait, 220 
4anji:(Uit law, 30 
lemjKuaturc, critical, 50 
4empcrature coefficient, of luuf, 180 
of resistaiua', 1 16 

'r(‘rnp(Tatures, successive, law of, 217 
Terminal potcuitial, 113 
'rerininal potfuitial difference, 208 
Terrestrial magnetism, 53 
Tesla, 314 
dVtrode, 537 

Thermal (5ffVct, applications of, 155 
'riiermal effects, of electric current, 148 
TluTiual emf, laws of addition of, 21(5 
'rherrrdoni(^ emission, 402, 411 
Thermionic tulxis, 507 
'rhermocouple, 215 
chromel-alum(*l, 228 
ThermocoupU^s, applications of, 224 
'riiermoelectric diagrams, 217 
Th(Tmo(*lectric phenomena, 215 
Thermoelectric power, 210 
Thermo(4(Hdric pyromett‘r, 228 
Thermoelement, 215 
Thermogalvanomet(T, Duddeli, 22(5 
I'herrnometry, resistance, 136 
Thermopile, 224 

Thompson process of welding, 160 
Thomson, O. P., 442, 504 
Thomson, J. J., 404, 429, 431, 435, 442, 
451, 454, 455, 459 
Thomson effecd, 224 
'rhre(‘-halv(\s-pow<ir law, 415 
Threshold frequency, 405 
'rhyrat.rons, 511 
Toroidal winding, 249 
Transformation, artificial, of elements, 
486 

half period of, 485 
Transformations, radioactive, 483 
Transformer-coupled amplifier, 523 
Transformers, 317 
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Transformers, audio, 328 
constant-current, 326 
constant-voltage, 325 
core type, 322 
current, 327 

efficiency and regulation of, 324 

furnace, 328 

instrurmuit, 327 

opcm-con^ tyix'j 322 

sh(dl typ(\ 322 

types of, 322 

w(4ding, 328 

Transmission, fa(;simiU;, 572 
Transmission lines, 575 
Triode, as amplifying devic(', 517 
characteristics of, 512 
coefficients of, 514 

as generator of alternating currents, 
524 

as modulator, 530 
Triodes, gas, 511 
'Pubes, b(^am-p()W(T, 540 
(•athod(i-ray, 42, 431 
grid-controlled rectifier, 511 
grid-glow, 51 1 
multielectrode, 536 
thermionic, and uses, 507 
'Piinver, 497 

i; 

Unit magnetics pole, definition of, 27 
Units, absolute or cgs, 389 
of (capacitance, 87 
of charge, 3, 4 

comparison of practical and (cgs, 39 1 
electrical, 389 

fundamental and dcTived, 38t) 

V 

Van de (Iraaff generator, 9 
VanT IIoff\ 179 
Variation, annual, 56 
diurnal, 56 
of earth’s field, 56 
secular, 56 
Vector quantity, 10 

Vector representation of electrical quanti- 
ties, 338 

Vectors, algebraic, method of representa- 
tion, 371 
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